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BBE/JIEHUE
Pazgute u cucremMarndyeckoe IPUMEHEHHE ONEPALMOHHOTO HCYUCICHUS

Havyasiock ¢ pabotr Ockapa Xesucaiina (= 1922 rom), B KOTOPHIX OH MPEIJIOKHUI
npaBuwiio QopmasibHOro oOparmieHusi ¢ oneparopamu auddepennupoanus. Ho
CTPOro€ MaTeMaTH4YeCKOe OOOCHOBAaHHE ISl OINEPALMOHHOIO HCYMCIIEHUS OBbLIO
cAeliaHo ApyrumMu marematukamu (= ¢ 1953 ropga), korma ObUIO BBEIEHO MOHATHE
00001IEHHBIX (QYHKIIUH.

OnepallMOHHOE HCYMCIIEHUE SBIISIETCS OJHOM W3 TJIaB COBPEMEHHOIO
MaTeMaTH4ecKoro anainusa. MurerpansHoe npeobpasoanue Jlamnaca u mocTpoeHHOE
Ha ero 0Oa3e omnepanuoHHOE HcUUCIeHHE - dS()(PEKTUBHBIA amnmapaT peHIeHUs
muddepeHnnanbHbIX  ypaBHEHHH (Kak OOBIKHOBEHHBIX, TaK W B YaCTHBIX
MPOU3BOJIHBIX), U(PhEepeHIINATBHO-PA3HOCTHBIX W HWHTErPAIbHBIX YpPaBHEHUM, K
KOTOPBIM TPUBOJATCS 3a7a4d JJICKTPOTEXHUKH, PATUOTEXHUKH, IIICKTPOHUKH,
TEOpPUU ABTOMATHUYECKOTO PEryJUpPOBaHMS, TEIJIOTEXHUKH, MEXaHUKU M JPYTuX
obJyiacTeil HAyKU M TEXHUKHU. 3aMETHUM, YTO ONEPALMOHHOE HCUHCICHUE CTPOUTCS U
Ha JIPyTHUX peoOpa3oBaHusix, Hanpumep, Pyprve, Xankens, MemuHa u T.1.

MeTo/ibl ONEPallMOHHOTO HCYUCIEHUS MPEACTABISIIOT COOO0W CBOEOOpPA3HBIIA
Ccnoco0 peleHus pa3IuyHbIX MaTEMaTHYECKUX 3aJady, B IEpPBYIO OYEpElb
muddepeHnanbHbIX YPaBHEHHM, KOTOPHIMU OIKCHIBAIOTCS MHOTHE TEXHUYECKUE U
TEXHOJIOTUYeCKHe mpoiiecchl. Maes 3akmiouaercs B cienytouieM. Ilycts Tpebyercs

HaWTU (PYHKIIHIO f(t) 13 HEKOTOPOTO YPaBHEHMS, COJACPIKAIIETO ATy (YHKIUIO MO
3HAKOM MPOU3BOJIHBIX WU UHTErpanoB. OT UCKOMON (PyHKIHUU f(t) (ee Ha3BIBAIOT
OpUTHHAJIIOM) TIEPEXOAST K IpYyroil QpyHKIuu F(p) (ee Ha3BIBAIOT M300paKEHUEM),
ABJISIIONIICICS pe3yibTaToM MpeoOpa3oBaHus (yHKIUU f(t). B coorBerctBUM C

I[MpaBHJIaMH OIICPAOIUOHHOI'O HCYHCIICHHA OIICpalliid HaJl OPHUIHMHAJIOM 3aMCHAIOT
COOTBCTCTBYOIIMMU OIICpaAllUAMUN HaAJ I/I306pa}KCHI/IeM, KOTOPBIC ABJIAIOTCA Ooiee

POCTBIMU; Hanpumep, TudPepeHInpoBaHUIO f(t) COOTBETCTBYET YMHOXEHUE F(p)
Ha P, UHTETPUPOBAHUIO - JCJIICHUE HA P U T.[. DTO MO3BOJISET NEPEUTH OT CIOKHOTO

ypaBHEHUS! OTHOCUTEIBHO f(t) K 0oJiee MPOCTOMY YpPaBHEHUIO OTHOCUTEIHHO F(p),



Ha3bIBAEMOMY OIEPATOPHBIM; HAMpUMEP, OT AUPPEPEeHIINaTbHOIO ypaBHEHUS - K

anrebpanyeckoMmy. PemmB onepatropHoe ypaBHEHHE, OT HW300paKEHUA F(p)

NEePEeXOAT K  OpPUTHHAIY f(t)— UCKOMOW  (yHKIMU. Pemienme 3amaum
OTIEPaIlMOHHBIM METOJIOM, TAKMM 00pa30M, CBSI3aHO C JIBYMsI dTallaMU: HAXOXKICHUEM
U300paKEHUS UCKOMOTO PEIICHHUS M OOPaTHBIM MEPEX0I0OM K OPUTHHAIY.
[Ipumenenue ONEPALIMOHHOTO MeToaa MOYHO CPaBHHUTH c
JorapumMupoBaHUEM, KOTOPOE TO3BOJSET CJIOXKHBIE [JEUCTBUS HaJl 4YUCIaMU
3aMEHHUTHh 00Jiee MPOCTHIMH JEHCTBUAMH HAJ WX JIoTapudMamu, TOCIe 4Yero OT
HaliJlcHHOrO JiorapudMa CHOBa MEPEXOJAT K HCKOMOMY YHCIy. 37IE€Ch pOJib

OpPUTHHAJIOB UT'PAIOT YHUCIIA, & POJIb U300paKEHUI - X JOrapu(MBI.



1 TeopeTnyeckmne 0CHOBBI

1.1 MTIPEOBPA30OBAHMUE JIAIIJIACA. OPUT'MHAJI
N N30BPA’KEHUE

[TycTh f(t)— JNeUCTBUTENbHAS (QYHKUUA AEHCTBUTENBHOTO aprymenrta I,
olpezeseHHasi py JIIOObIX t.

OINPEJAEJIEHME 1. bynem Ha3bIBaTh OPUTHHAIOM (DYHKITHIO f(t), €CJIi OHA

YIOBJIETBOPSIET CIEIYIOLIUM YCIOBUSM:
10) f(t)— KycouHO-HernpepbiBHas (yHkuus npu t>0; 310 3HAUMT, YTO OHA

WX HCIPCPbIBHA, WJINW HMCCT TOYKH pa3pbiBa IICPBOTO poOad, YHCIO KOTOPLIX

KOHEYHO Ha JTI000M KOHEYHOM HHTEPBAJIC,
0
2°) f(t)=0 mpu t <O;
0 .
3%) f(t) ¢ BO3pacTaHueM t MoOKeT Bo3pacTaTh, HO HE OBICTpEC HEKOTOPOi
[0Ka3aTeIbHON (PYHKIUU. DTO O3HAYAET, YTO CymiecTBYIOT Takue umciaa M >0 u
St
Sy 20, uro mms Bcex t  BeIONMHSETCA ‘f (t)‘ <Me™; uncno S, Ha3bIBaeTCA

[oKa3aTeseM pocTa (GyHKIUU f(t). Jlist orpaHUYEeHHBIX (PYHKIUNA MOXKHO NPUHATH

S, =0.

PaccMOTpMM 3TH  YCIIOBMS HECKOJILKO MOApPOOHee. Y CIoBUs 1° u 3
BBITIOJTHSFOTCS JIUIst OOJIBIMMHCTBA (DYHKIMIA, OTBEUAIOIINX (DU3UUIECKUM IIPOIECCaM, B
KOTOpHIX | mIpHHUMaeTcss Kak BpeMs. YCIOBHE 20 OIPaBIaHO TEM, YTO IPH
M3y4YEeHUH Tpoliecca 0e3pa3InuuHo, KaK BeayT ce0s paccMaTpuBaeMble (YHKIHH 10
HEKOTOPOI'0 HAa4ajJbHOTO MOMEHTA BPEMEHH, KOTOPHIH, Pa3yMeeTcs, MOKHO [IPUHSATh
3a moment t=0.

B cBs3u ¢ ycinoBuem 2° B janbHEHIIEM M3I0KEHHH, TJIE 5TO norpebyercs,
OyleM 3amMchIBaTh JJIS KPATKOCTH JIMIIL TO BBIPAKCHHE f(t), KOTOPOE OHA MMEET

s t >0, mogpasymesas, uro s t <0 f(t) =0.



t>,t>0,
0, t<0.

Harpumep, 3amich T(t)=t* nomxua mormmarses Tax: f(t)=

Ananornuno, eciu gano Beipaxenue f(t-a), rme a> 0,10 pannas QyHkuus
Oyner opurunanom, ecou t >a u f(t-a)=0 npu t<a.
3ameuanue. Ecim f(f)ne ynosnerBopser xors Obl 0MHOMY M3 YKa3aHHBIX TPEX

YCHOBHﬁ, TO OHaA HE ABJIACTCA OpUTMHAJTIOM.

[Ipumep. Oyukuus f(t) =1/t - we sBisercs opuruHazoM, Tak Kak OHA He
onpeznenena npu { =0. B oToii Touke (QYHKIMS TEPIHT paspbiB BTOPOrO poja, TO
ecTh HapyIeHo ycioBue (1).

[Tpumep. OyHkUA f(t) = te" — me smasercs OpUTMHAJIOM, TaK KaK HapyIlaeTcs
ycinoBue (3) - oHa pacTeT ObICTpee MOKA3aTEIbHOMN (YHKIHH.

3ameuanne. Pynxuus f(t) Moxer ObITH M KOMILIEKCHO3HAYHON, MMETH BHUJL
f(t)=u(t)+iv(t). Ho urobsr f(t) cumrats opurmmanom, U(t) u V(t) JOKHBI GBITH

OpUurnHajiaMu.

ONPEJAEJEHUE 2. ®ynknust F(pP) HazpBaeTcs (pyHKIUEH-U300pakeHHEM

(wm mpocto wu3o0pakenmem) ans opurunana f(t), ecim oma ompenensiercs
MHTErPAJIOM:

F(p)= [ePH(t)et, (1.1)
0

rae P =X+I1y — KOMIUIEKCHas IepeMEHHAs.

HecobcTtBeHHbIii uHTErpan B mpaBod yacTu paBeHcTBa (1.1), Ha3pIBaeMBbIii

uHTerpanom Jlamaca, 3aBUcUT OoT napaMerpa p.

Takum o0pazom, pyHKIUU f(t) JNEHUCTBUTENBHOrO NiepeMeHHoro t mocraBieHa
B COOTBETCTBUE (DYHKIHA F(p) KOMILUICKCHOT'O TIEPEMEHHOTO .

Omnepanuro nepexoja OT OpUruHaIa f(t) K U300paKeHUIO F(p) B COOTBETCTBUU

¢ opmymoii (1.1) Ha3pIBalOT npeoodpazosanuem Jlannaca vnu, 4To, TO KE, HPAMBIM

npeoopaszosanuem Jlannaca.



Tot ¢akT, uTo F(p) €CTh U300pakeHue NIl PyHKIIMU-OpUTHHATIA f(t) (roBOpSAT

TaKKe, n300pakenue no Jlamnacy), CHMBONMYECKH 3alMCBIBAIOT TaK: f(t)z F(p),

F(p)zL{f(t)} 178)071 f(t):—F(p) (cTpenka HampaBlieHa OT HU300paXkeHUus K

opuruHainy). YHOoTpeOnsoTcs W JApyrue CcuMBOJIbl. B panbHeiimiem Oynem
NPUAEPKUBATHCS MOCIETHETO U3 ITUX 0003HAYEHUH.
OTbICKaHNE OpUTHHAIA f(t) 10 M300paXKEHUIO F(p) Ha3bIBAlOT OOpauieHuem
npeoopazoeanusn Jlannaca W, 4YTO TO XK€, O0OpAMHLIM npeodpazoeanHuem
: -1
Jlannaca; ero 0003Ha4alOT CHMBOJIOM L {F(p)}:f(t). O6 oOparHOM

npeoOpa3oBaHuU OyAET CKa3aHO HUXKE, BO BTOPOMl YacTH.

VYcenoBunuch 0003HaYaTh OPUTHMHAIBI MallbIMU OyKBamMu f(t), go(t),..., a ux

U300paKEHUS - COOTBETCTBYIOLIMMU 3arjiaBHBIMU OyKBaMHU F(p), CD(p),... WIN TEMU

e OyKBaMu, 4TO U OPUTHMHAJIBI, HO CHA0XKaTh UX YEPTOUKAMU CBEPXY: f(p), go(p), e

3ameuanue. OOBIYHO TIOJ OPUTHMHAIOM MOHUMAIOT TAaKyI (PYHKIIHIO f(t), y
KOTOpOil ee m300pakeHue cymiecTByeT. OmnpepencHue OpUTHHANIA, JTaHHOE BBIIIIE,
rapaHTUpyeT aOCONIOTHYIO CXOAMMOCTh HecoOcTBeHHoro wmHTerpama (1.2).

JletictBuTENnBHO, cormacHo (1.1)

F)|=| [ePf(dt < | e foldt< [ le|-Me'dt = [e~Me™dt =
0 0 0 0
T e M syl M 1 [ M
- M (x=So)tyt — (x=Sp)t|  _ B _ |
!e (x—so)e . x—SO( g -St| ) (x-S,)

rae X =Rep>S;. Orcroga cieayer lim F(p) =0, To ecThb MHTETPAI CXOAUTCS, a
Rep—+oo

9TO U CCTh HCO6XO,Z[I/IMOC YCJIOBUC IJIA I/1306pa}KCHI/IH.

1.2 TIPUMEPHI BBIYUCJIEHUA N30BPAXKEHUI
[TpuBenemM mpumepsl BBIYUCIEHUS M300pakeHHsl mo Jlammacy, MCXOAs U3 €ro

oTpeieIICHUsI.



1.2.1 ®ynxkuusa XeBucaiina m ee uzodOpaxenume. OyHKIUsA, ompenenseMas

0, ecn t<0, 5 3
cJIeayroumm O6p330M2 ﬂ(t): 1 ec t> O Ha3bLIBACTCS COUHUUHOI ¢ym<uueu
, Jqn =2V,

U gpynkuueit Xegucaiioa.
I'paduk ee m3oOpaken Ha pucynke 1.1. OueBumHO, 3Ta (QYHKIHS SBISETCS
OPUTMHAJIOM, TaK KaKk OHa yaoBieTBopser yenosusam 1°,2°,3° . Haiiem usoOpaxenue

yukiun Xesucaiina mo popmysie (1.1), nonaras B neit f(t)=1:

© b
n(t) F(p)=[1-e™dt =lim[e™dt =
b—o0
0 0
b
1 . e ™ 1,. 1
=lim| - —— =—I|m(1—e‘pb)=—.
b—w p 0 pb—>oo p
g 0 t g Ilocnennee  3akiro4YeHUE  MOXKHO
Prcyok 1.1 cleaTh TOJILKO B TOM Cilydae, KOrja
lime™ =0. TIlokaxem, uTto 5TO

b—o0

Boinosierest. 1o Gopmyite Diinepa nmeem €”' = (COSY +isiny). Torxa

e PP — g (Wb _ g2 070 _ a=X0(c05(yh) — isin(yb)). Beramcnsem mpemen oT
TIOJIYYEHHOTO COOTHOIEHUS IPH b cTpemsmieMcs K 66CKOHEUHOCTH:

lime ™ =lime ™ (cos(yb) —isin(yb)) = lime ™ cos(yb) —ilime " sin(yb) =0,

b—w b—ow b—w b—o0

T.K. l|)im e®=0 mpu X>0 wu cosyb,sinyb seusorcs orpannueHHBIMU
—o

- b (s —Xb
¢yukusmu. CieoBarensho, korma Rep =X >0, t|)Im e ™ lim™® =0,

—0 b—w
Takum oOpa3om, muTerpan Jlaruiaca Juisi €IMHUYHON (PYHKUMU CXOIUTCS TPH

Rep >0 u eec uzobpaxennem siBsiercss pyHkums —. Mraxk,

n()<L (Rep>0). (12)
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B cBs3u ¢ BBeneHueM (yHkuuu XeBucaiga 3aMeTuM ciienyrouiee. Korna naer

(V] t -
peyb O HEKOTOpoW (YHKIMU - OpUTHHAIe, Hampumep, € ,SINt u T.4., TO Bcerma

0, ecim t<O, 0, t<0,
f,(t)=

T.1.

t sint, t>0

nojpazymesaercsi, uto f, (t) =
e, ecnmu t>0,

C momorpio GyHKIUU n(t) MoxkHo 3amucats: T (t)= n(t)et, f,(t) = n(t)sint.
Posib MHOXUTES 77(’[) COCTOMT B TOM, YTO OH “racut”’ (oOpairaet B HyJIb) (QyHKIHIO
npu t < 0. OxHako 1is COKpalleHUs 3aMUCH MHOKHUTEIb n(t) MHOT'JIa OITyCKaoT.

1.2.2 N3o0paxenune ais nokaszareabHoil ¢pynkunmu. Haiinem ¢ynkuuo —
u3oOpaxenue ;s nokasarensHoi gymkimn  f(t) =e*, e a=a +if - moboe
KOMIUIEKCHOe 4nciio. CoryiacHo Hamel JOTOBOPEHHOCTH f(t) =0 mpu t<O.

at

at
=€ MOJXHO IIOJIOKHUTD

€

0 0
VenoBust 1° w3 BBIMOMHSIOTCS, MPUYEM B CHILY

M=1 S, =c«.CnenoBarensHo, e® — opurunan, Tax Kak

‘ept‘ — ‘e‘“‘y)“ —e". ‘e‘y“ =™ -[cosyt+isinyt|=e* - \Jcos? (yt) +sin?(yt) =e*.

[To hopmyine (1.1) Haitnem

e-(b-a)t|’

_ p—;gm(l— e Pl ) ﬁ.

(p-a)

© b
F(p)=[e"e™dt=lim [e""*)'dt =~ lim
0 0

b—o0 b—o0 p —a

0

: o a-(p-a)b
DT0 WMeeT MecTO B Ciydae, eclid Toipko liIme =0. Tocnennee xe

b—
BBIIIOJIHAETCS, KaK OBLIO MOKA3aHO B HPEABIAYIIEM IpuMepe, Korma RE (p—a)>0,

Takum oOpazom,
° 1
e’ «——— (Rep>Rea, tex>a). (1.3)
. p—a

C nomo1ibio eAMHUYHON PyHKIMH cooTBeTcTBHUE (1.3) MOXKHO 3amucath B BUJIC

1
n(t)e® «<———(Rep>Rea). Tomaras s3mece a=0, cHOBa moIyYaeMm
° p —a
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1
cootBeTcTBHE (1.2), KOTOpOE MOXKHO 3alKcaTh M Tak: 77('[)(—— (Rep > O), U TaK:

1<—% (Rep>0).

1.3 TEOPEMbI CYIHECTBOBAHUSA N30BPAKEHUSA
N EAUHCTBEHHOCTHU OPUT'MHAJIA

0 A0 A0 o
Tpebosanus 1°,2°,3" HamokeHbI Ha (DYHKIHMIO f(t) Hecny4daitHo. Tonbko mpu
TaKUX YCIOBUSIX HecoOCTBeHHbIM wuHTerpan (1.1) cxoguTcs u, clIeaOoBaTENbHO,
0 0

OTIpe/IeNIICT HEKOTOPYH (PYHKIIUIO F(p). VYcranosneno, uro ycmoBus 1 —37,
KOTOPBIM  YJIOBJICTBOPSIIOT OPUTUHANBI, SBJSIOTCS JIOCTATOUYHBIMH  yCIOBUSIMU
cxonumoctu uHTerpana Jlannaca. Ho ecinu f(t) SIBJISIETCS OPUTHMHAIIOM, TO BOSHUKAET
BOIMPOC, B KaKoi 00jacTu KOMIUIEKCHOH II0cKocTH [P mHTerpan Jlamaca cxoaures,
TO €CTh CYIIECTBYeT H300paKeHHE F(p)? NMeHHO ¢ TakuM BOIIPOCOM MbI

CTOJIKHYJIUCh U ]I HAa HEr0 OTBET MPU OTHICKAHWU H300pKEHUS €IUHUYHOU U
MOKa3aTeNbHON (PYHKITNHU, UCXOJIA U3 €ro onpenenacHusi. OTBET Ha 3TH BOMPOCHI JTA€T
cieayronias Teopema.

Teopema (cymecTBoBaHusi u3o0paxkenusi). Eciu GyHKIms f(t) SIBJISIETCS

OPHUIMHAJIOM, TO €€ H300pakeHue F(p):If(t) e ™dt ompeneneno mns Bcex
0

3HAYCHUH KOMIUICKCHOTO IIEPEeMEHHOr0 [J, yIOBIETBOpSIOMUX ycioBuio Rep > S,
rae S, — mnokaszaresb pocra (YHKIHH f(t), U U3 onpeneneHus 1 sBiIseTcs

aHaJTUTHYECKOW (QyHKIMeH B ATOH oOnacTu. ['eoMeTpHUYeCKH TeopeMy MOXKHO
HCTOJIKOBATh CIIEIYyIOMKUM o0pa3oM. Eciiu Ha KOMIUIEKCHOM TIJIOCKOCTH Yepe3 TOUKY

S, aeiicrButensuoi ocu OX (pucyHok 1.2)
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MPOBECTH MpAMyI0 X =S, MNapauIe]bHO

y P muaumoii ocu OY', To materpan (1.1) cxogures
/ Be3/le B 00JacTH, PACMOJOKEHHOU MpaBee OT
/ ATOM MPSAMOM, IpruueM (QyHKIIUS F(p) SIBJIICTCS
Re p =S, y y
aHAJIMTUYECKON B ATOW 00JaCTH.

/ Jloka3aTeabCTBO. I[J'Iﬂ JOKa3aTCJIbCTBA
HCpBOfI qacTHu TCOPEMBI JOCTAaTOYHO
/( YCTAaHOBHTD a6COJ'IIOTHYIO CXOAUMOCTB

o /7 /7 /"= uHTerpana Jlarulaca B obmactu Rep > S, .

H3BecTHO, 4TO  abcodroTHas  BEJIWYHHA
Pucynox 1.2

HHTCTPajia HC OoJbIIIe HHTCTpaIa oT

a0COIIOTHOM BEJIMYUHBI MOJIBIHTETrPaIbHOM byHKINH, TO €CTh

Tf(t)e‘ptdt
0

Sz‘f(t)e_pt‘dt. Ilo ycnosuio f(t)— opurmman u, cregoBarensHo,

Set
BBINOJIHAETCS YCIOBHE 3, COINIACHO KOTOPOMY ‘f(t)‘< Me™". Kpome Toro,

‘e—pt‘ _ ‘e—(x+iy)t‘ _ ‘e—xt

-‘e“y“ =e |cosyt—isinyt| =

—e ™ Jcos? yt +sin?yt =e .

[Toatomy ‘f (t)e‘pt‘ = ‘f (t)‘ : ‘e_pt‘ < Me>te™ = Me_(X_SO)t_

o0

Torza |[€ (1)t < M [e 0%t = —m
0

0

o (x=Solt ‘OO M

X—=S :x—SO’ (14

0 ‘o
ecmt X—S, >0. Orcroga B cmily NIpH3HAaKa CPaBHEHUS BBITEKAeT CXOAUMOCTb
uHTerpana Jlamnaca, a 3HAYMT, CYIIECTBOBAaHHE W300paKCHUS F(p) IS TeX
3HayeHud P,y kotopeix Rep > S, .

Jloka3aTenbCTBO BTOPOW YaCTH TEOPEMbI, & KIMECHHO aHATUTUYHOCTH (YHKIIUH
F(p) B moidymiockoctd Rep >S5, cnoxuee u 3necy He Oymer mposeneHo. OHO

OCHOBAHO Ha CBOICTBaxX PAaBHOMCPHO CXOAAIINXCA MHTCTPAJIOB.
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Cneocmsue (noBeneHue n300pakeHus Ha OeckoHeuyHocTH). Ecium P ctpemutcs
B 6ECKOHEYHOCTh TaK, 4T0 R€ P = X — 00, To n300pakeHue F(p) — 0.

CHpaBeI[J'H/IBOCTI) 9TOr0O YTBCPIKACHHUA HCIIOCPCACTBCHHO CICaycCT H3

HepaserctBa (1.4). JleficTBUTENBHO, ‘F(p)(<—s, Ho lim 5. =0, a
X — 0 X—o| X — 0

nostomy _lim F(p)=0.

Rep—o
IIpuBeneHHbIE TEOPEMBI U CIEACTBUE IIO3BOJIIIOT BBICKA3aTh CIIEAYIOLIEE
CyXKIEHHE: He BCsAKass (QyHKIUS F(p) KOMIIJIEKCHOI'O IIEPEMEHHOIO [ MOXKET
CIyKUTh U300paXKEHUEM HEKOTOPOTO OpPUTHHAJIA f(t). N3 ananutuyHOCTH QYyHKIUN
F(p) B nosymiockocty Rep=X>S; cuneayer, 4To Bce 0COOBIC TOUKH F(p)
JOJDKHBI JIeXKATh JIeBee MpsAMoit X =S, (wm Ha camoii npsmoit). ITo sToit npuunne

byHKUMS F(p): tgp He sBIAETCS M300paKEHHEM: OHA MMEET OECKOHEYHOE YHCIIO

2k—1ﬁ (

TMOJIOCOB P = k=0,21+2,...) Haocu OX. ®ynxmus F(p)=p> tawxe

2
HE SABJIACTCA I/I306pa)KeHI/IeM, TaK KakK p HC CTPCMHUTCA K HYJIKO, KOraa
Rep=X—>o.

O6cynum monydeHHble B 1.1.2 omepanuoHHble cooTHomeHus (1.2) u (1.3) B

CBSI3U C MpuBeAeHHON Teopemoil. [IpaBasg yactb (Gopmyll - COOTBETCTBUM, CKaKEM

, OIIPCACIICHA W aHAJIMTHYHA IIPH BCCX 3HAYCHUAX p, KpoMC

1
byswuns F(p)=

p:a, rac¢ OHa HMMCCT IIOJIIOC. OILHaKO, IMOJIB3YACH TCOpeMOﬁ CyIcCTBOBAHUA

U300pakeHHss, Mbl MOXKEM JIMIIb YTBEPXKIAaTh, YTO (YHKIUS MpEeACTaBUMA

nnterpanom Jlammaca F(p)=[e™e™dt rtomko mpu Rep>S, (S;=a) u B
0

noiymiockoctu  Rep > S, F(p) He OymeT WMeTh OCOOBIX TOYEK: BCE OHH
OKa3bIBAIOTCS JIOKAIIUMHU WM JieBee npsimoil Rep =S, (wm X =S;) win Ha Heil

caMoM.
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Takum oOpa3om, Teopema CYLIECTBOBAHMS YCTAHABIMBAET YCIOBHS, IPHU

KOTOPBIX i (DyHKUIUU f(t) JICUCTBUTENBHOIO TEPEMEHHOTO CTAaBUTCS B
COOTBETCTBHE EIUHCTBEHHAs (YHKIIHS F(p) KOMIUIEKCHOTO IIEPEMEHHOTO - €€

uzo0paxenue. Jlpyrumu ciioBamu, OyAeT JU KaxAOMy H300paxkeHHI0 (HEKOTOpOil
(GYHKIIMYA KOMITJIEKCHOTO MEPEMEHHOT0) COOTBETCTBOBATh €IMHCTBEHHBIN OPUTHHAIL.
OTBeT Ha ATOT BOMPOC JaH B CICAYIOUICH Teopeme, KOTOPYI MBI TpuBeneM 0e3
J0Ka3aTeNbCTBA.

Teopema (exMHCTBEHHOCTH OpuruHaJja). Eciu F(p) SBJISIETCSL U300pKEHUEM
JIBYX OPUTHHAJIOB fl(t) u f, (t), TO 3TU OPUTHHAJIBI COBHAJAIOT BO BCEX TOYKAX, B

KOTOPBIX OHU HENIPEPHIBHBI.
3ameuanue. Pa3nuunple paspbiBHBIE (DYHKIIMM MOTYT HMETh OJHMHAKOBOE

U300paKeHuUe.

1.4 TIPABWJIA BBIIIOJIHEHUS ONIEPAITAN
TP IPEOBPA3OBAHUMU JIATIJIACA (CBOMCTBA TIPEOBPA3OBAHUS
JIAIIJTIACA)

[Ipu mnpakTyeckoM mNpuUMEHEHHH TpeoOpa3zoBanus Jlarutaca omnepamuu
BBITIOJTHSIIOTCS HE HaJ 3aJaHHBIMU (QYHKIUSMH, a HaJ UX H300paxeHusmMu. Bech
npolecc nmpeodpazoBanus Jlamnaca MOXKHO MpeACTaBUTH ceOe Kak MepeBoJl ¢ OJHOTO
a3bIKa Ha Apyroi. Kak KaxqoMy CIOBY OJHOTO SI3bIKAa COOTBETCTBYET OIpPENEICHHOE
CIIOBO JIPYroro s3blka, TOYHO Tak >ke MNpu mpeoOpazoBanuu Jlamiaca Kaxkaoiu
(GYHKIIMA TPOCTPAHCTBA OPUTHMHAIOB COOTBETCTBYET OMpeeieHHas (QyHKIUS B
npocTpaHCcTBE U300paxeHuil. Poib ciioBapsi, HEOOXOIUMOTO JIJIsl IEPEBOJIA C OJHOTO
S3bIKa Ha JpYroil, urpaer TaOiuila COOTBETCTBUI MEXIy OpUTHMHAIAMHU U
U300pakeHUsAMH. JIBa COOTBETCTBUSI MBI YK€ TMOMydYuid B M. 1.2, MOIB3ysCh
HETOCPEJCTBEHHO ONpeAeieHneM u300pakeHuss ¢QyHkuuu. J[nsg Toro dYTOOBI
MIEPEBECTH 1IEJI0€ MPEMJIOKEHHUE, HEIOCTAaTOYHO 3HATh MEPEBOJ OTHAEIbHBIX CIOB;
HEOOXOMMO elle 3HaTh, Kak TrpaMMaTH4Yeckue oOpa3oBaHMsI OJHOTO s3bIKa

MepeIaroTCsl Ha JIPYroMm s3bike. B mpuMeHennm k mpeoOpasoBanuio Jlammaca 3To
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O3HAYaeT CJeNyIoIee: eciii Hall PyHKIMEH, HalpuMep, B IPOCTPAHCTBE OPUTHHAIIOB
NPOU3BOAMUTCS  Kakas-nmubo  omepanusi, ckaxeMm, aud@epeHnnpoBaHue WA
WHTETrpUPOBaHUE, TO B IPOCTPAHCTBE M300pAKEHUM ITON ONEpalii OTBEYAET BIIOJIHE
omnpenesieHHas apyras onepanus. Mnu, ecnu B IpOCTPaHCTBE OPUTHHAIOB HECKOJIBKO
byHKUMA KOMOWHHUPYIOTCS OJHA C JpYyroil, HampuMep NEpeMHOXKAIOTCS, TO B
IPOCTPAHCTBE M300pa)KEHUM TakOM KOMOWHAIMKM OTBEYAET OMpeJeieHHas apyras
KOMOUWHAITHA.

Takum oOpa3oM, HEOOXOJUMO 3HAThb HE TOJBKO M300paKEHUE OTAENIbHBIX
GyHKIMHA, HO W TMpaBWwia OTOOPAKEHHS BBIMOJHIEMBIX HAJ HUMHU OIEpaluii.
[IpaBuna, xKoTOphie HMKE OyAyT YCTAaHOBJIEHBI, MHAY€ CBOMCTBA IMpeoOpa3OBaHMUS
Jlannaca, MO3BOJISAT HAWTH HM300paKEHUs IS MHOTUX (DYHKIUM, HE BBIYUCIISISA
KaXIplii pa3 uHTerpan Jlammaca, 4to, BooOIe ToBOps, BEChbMa 3aTPyJAHUTEIBHO, H
TakKUM O00pa3oM COCTaBUTh TaOJMIly COOTBETCTBUUA MEXIYy OpUTHHAIAMH H
U300paXKEHUSIMHU.

HekoTopble 0CHOBHBIE TEOPEMbI OIIEPALMOHHOI0 HCYHUCIEHUSA

Ha3Banusi cneaylomux TEOpeM COOTBETCTBYIOT — ONEpaiusM, KOTOpPhIC
BBITIOJHAIOTCS  Hal (QYHKUMAMH — OpWTMHajJaMd ©  Haj (QyHKIUSIMHA —
M300paKEHUSIMHU.

1.4.1 Teopema JuHeHOCTH. JI)1s1 TOOBIX JTEHCTBUTEIBHBIX MJIM KOMILICKCHBIX

yucen C, u C,

Cif,(t)+ C,f,(t) « CR(p)+ C,R: (p). (15)
TO €CTh JINHEHHON KOMOMHAIIMY OPUTMHAIOB COOTBETCTBYET TaKasl XKe JIMHEHasI
KOMOUMHAIUS U300paKeHH.

[oxkazarenbctBo. IlycTh opurunan f(t) MpeJCTaBIICH JIMHEWHON KOMOUHaIuen

dyukmmn T (t) wm fz(t): f(t)zlel(t)—i-szz(t). U nycrs fl(t)<.—|:1(p),

f, (t)<.— F(p), a f(t)<.— F(p). Torma mo onpenenenuo n3oGpakenus Haiizem

F(p) = [e™[C.f,(t)+ C,f,(t)] dt = C, [ ™F,(t) dt + C, [ e ™f,(t) dt =
0 0 0
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=C,F(p)+C,F,(p), uto cremyer u3 cOOTBETCTRYIOIEr0 CBOMCTBA HECOOCTBEHHOTO

HWHTEerpasia.
3aMeTHM, YTO €CJIM HHTErpaibl cIpaBa aOCONIOTHO CXOAATCS B PAa3HBIX
nonymiockoctsix Rep>S;, u Rep>S,, To unrerpan cnepa cxoaurcs B ux oOriei

qacCTH.

PaSYMCCTCH, TCOpCMaA JIMHEMHOCTHU CIIpaBCaJINBa IJIA J000T0 KOHEYHOI'0 YMCIa

n * N
CIIaraeMBbIX: > C,f (1)<> CF (p). B wuacrmoctu, mpu N=1 mumeem
k=1 ® k=1

lel(t){_chl(p)

IHPUMEP npuMeHeHus: TEOPEMBI JIMHENHOCTH.

B kadecTBe mpuMEHEHUST TEOPEMBI TMHEHHOCTH HaiiIeM U300pakeHus ()yHKITHIMA

sin(yt), cos(yt), sh(yt), ch(yt), rae y — neitctBurensroe uncio.

) eiyt iyt eiyt +e—iyt
ITo popmyie Diinepa umeem: Sin(yt) = — cos(yt) = 5
|
Ipumensist cBoiictBo nuHeiHoctu (1.5), rae momaraem :l, C,= N
2i 2i

NOJIB3YSACh POopMyJIoi - cooTBeTCTBUEM (1.3), momyuum

. 1 . 1 ..*1 1 1 1 1 p+iy—p+iy y
e _ e = 2 . 4 2 = !
sin(yt) Zie zie (._2i p—iy 2i p+iy 2i (p—iY)(IO+iY) p*+y’

ecu Rep > 0.
1

1
AHQJIOTUYHO I COS(yt) rnojiaracM Cl = E’ C2 = E 1 HaXoJ1UuM

Cos(yt)=leiyt+le_iyt<.—1- 1_ +1- 1_ = 2p 2
2 2 «2 p-iy 2 p+iy p?+y

,ecmu Rep>0.

Urax, sin(yt)é% (Rep>0), cos(yt)é% (Rep>0). (1.6)
*p oty *pty

Hcxonas u3 onpeneneHus runepooinueckux GyHKIui

17



yt _ =yt yt -yt
sh(yt)="—_"—, ch(yt)="—""— (L.7)
2 2
HaiieM uX U300paKeHus, MoJb3ysch cooTHoIIeHueM (1.5) u (1.3):
sh(yt)=1eyt LT S NI P 5 y 5 (1.8)
2.2 +2p-y 2pty pi-y
ch(yt)zleyt +le—yt<_l.i+1. 1 _ : P =, (1.9)
2.2 +2p-y 2p+y p -y
OT0 crpaBeINBO, KOT/Ia OHOBPEMEHHO BhINONHAETCs Rep > M
1.4.2 Teopema nogodusi. Ecm f(t)<F(p), o ams mo6oro uncrma a > 0
f(at)e- T F(Ej | (1.10)
e a \a

TO €CTh YMHOXCHHUC aprymCHTa OpUInHaJIa Ha IIOJIOKUTCIIBHOC YU CIIO d IIPUBOAUT K

JICJICHUIO apTyMEHTa N300payKeHUs U CaMOTO N300paKeHUS F(p) Ha 3TO YKCIIO.

JoxkazarenscTtBo. Haiinem wu3o0pakenue  yHKIHUH f(at), TO  €CTh

L{f(at)} = Te_ptf (at)dt . Cremaem 3ameny mepemenHoi at =7, oTKya Haiizem
0

0 © P,
t=1, dt=3d1,0<r<oo. Torna je_ptf(at) dtzlje 2 f(r)drle(Ej.
a a 0 a o a

Taxum o6pasom, L{f (at)}<.—§ F(g) :

[Ipowmmtoctpupyem npumenenne dtorl Tteopembl Ha [IPUMEPE. Haittu

n3o0paxxenne Gyukuuu SIN(Yt). JlomycTuM, yTo HaM M3BECTHO cooTBeTcTBHUE (1.6)

TOJIBKO JUIA 4YacTHOI'O Cliy4dasl, Korjaa y:1, To ecTh SiNt<«— > (Rep>0).
s p°+1
[IpumenuB TEOpEMY noaoous K 3TOMY COOTBETCTBHIO, HalieM
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sinyt<.—§ 12 = Zy 5

. +

p] g Py
y

IIOJIy4YEHHBIM PaHEE PE3YJIbTATOM.

(Rep>0), 4TO, ECTECTBCHHO, COBIMAJACT C

143 Teopema cmemenusi. Ecnu f(t)(— F(p), TO JUIA JIFOOOro 4YWciia a—

HeﬁCTBHTeHBHOFO NI KOMIIJICKCHOT'O UMECT MECTO COOTHOILICHUEC
e®f(t)«<—F(p—a) mpu Re(p—a)>S,, (1.11)

at .
TO €CTh YMHOXEHHE OpuUruMHana Ha (yHKUMIO €° BiedeT 3a coboi ‘“‘cmerieHue”

aprymeHTa u300pa’keHus Ha a .

JokazarenscTBO. Ecnu ¢pyHkums f(t) SBIIIETCSI OPUTHHAJIOM, TO IIPH JIFOOOM a

dynxius  e*f (t) TaKXKe SBISAETCH OPUIMHAIOM, T.K. U3 OLIEHKH ‘f (t)‘< Me>!

BBITEKAET OILICHKA ‘eatf (t){ < I\/Ie(s'omea)t npu t>0. 3maunT, mokaszareaem pocra

GyHKIIMH eatf(t) SIBJISICTCSL YMCIIO (S0 +Rea), a ee u300paskeHre ONPEIENEHO B
nojiyriockoctd Rep > (SO + Re a), WHa4ye, JUIsl TE€X 3HA4YCHUM P, I KOTOPBIX

Re(p —a)>S, . Haiinem u306paxenue 310t ByHKIHM:
L{ ef (t)}z Te_pteatf (t)dt= Te_(p_a)tf(t) dt=F(p—a). Jlerko saxmounts, uTO
0 0
CIPABEUIMBO TAKXKE COOTHOIICHHE
e‘atf(t){— F(p+a), ecru Re(p+a)>S,. (1.11a)

Teopema cmelieHns 1aeT BO3MOXHOCTh PAaCIIMPUTh TAOJIMILy COOTBETCTBUI: 110

U3BECTHBIM ONEPALMOHHBIM COOTHOUICHUSIM HAaxXOJUTh M300paKEHUS TeX IKe
o t -at
(GYHKIMI, yMHOXKEHHBIX HAa SKCIIOHEHTY e” wm e ",

Ha ocuoBanuu ¢opmynsl (1.9) u momydeHHeix paHee coorBerctBuii (1.6),

HaWJIeEM
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e"“sin(yt)<.— y , eatcos(yt)<.— p-a
*(p-a)+y? *(p-a) +y?

Wcnonws3yss (1.11a) u Te xe coorBerctBus (1.6), HaiigeM H300paKCHHUS

(1.12)

3aTyXxarouux KojieOaHu:

e sin(yt) < y . e ®cos ). P8 a>0). 1.13
O ora oy (y).(p+a)2+y2( ) (113)

Amnanoruyno u3 (1.7) u (1.8) nonyyaem

e*'sh t<.— y , e%ch t<.— P-4 : 1.14
e‘atsh t (—. y , e‘atch t (—. p+a . 1.15
(y ) o (p a)2 y2 (y ) o (p a)2 y2 ( )

O61acTh KOMIUIEKCHOW IIOCKOCTH, B KOTOPOM MMEET MECTO KaXKJI0e W3 ITHX

COOTBETCTBHI, OTOBOPEHA B TEOPEME CMEIICHHUS.
1.4.4 Teopema 3amasabiBanus. Eciu f(t)(— F(p), TO A JIH0OOro 4ucna

7 > 0 umeer Mecto
f(t- r)<.—e_pTF(p), (1.16)

TO €CThb 3alla3JIbIBAHHUE apryMCHTa OpHUIruHajla Ha IIOJOXHUTCIBHYIO BCIWYHNHY T

IPUBOJUT K YMHOKEHHUIO M300paykeH!s OpUTHHAjIa O3 3ama3/blBaHus Ha € ' .

JokazaTeabcrBo.  Haiinem nzoOpaxenue (yHKIUH f(t—r), UCXOJsl U3 €ro

OIIPCACIICHUA
L{F(t—o)} = [e™f(t—7)dt = [ PF(t—c)dt+ [e ™F(t—)dt = [e PF(t—z)dt,
0 0 T T

rak kak f(t—7)=0, ecou t—7 <0, a suaunr, qna t €[0,7] B cuny yenosus 2° s

opuruHana. B TOCIeIHEM MHTErpane CciaellaeM 3aMeHy IEPEMEHHOM, IOJI0KHUB
t—7=U.Tormat=7+U, dt=du, O<u<ooun

Te‘p‘f(t —7)dt = Te‘p(”“)f (u)du = e‘pTTe‘p“f(u)du =e™F(p).
T 0

0
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prax, Lif(t - )} <e " F(p).

O6paTum
f(t)‘[ f(t—r)‘ BHUMaHWE Ha TO,
4TO rpagukom

dynxmm f(t—7 )

ABJIACTCS, KaK
W3BECTHO, TpaduK
0 t ol 1 t pad
GyHKIMN f(t)
Pucynox 1.3a Pucynox 1.36

(pucyHoK 1.3a),
cMenieHHbl Broib ocu { BopaBo Ha 7 enuuun (pucyHok 1.36). DtoT caBur
O3HA4yaeT, 4YTO MPOLECC, OINUCHIBAEMbI (PyHKIMEH f(t—z'), HAYMHAETCS C
3ama3gblBAHUEM Ha BpeMs 7 OTHOCHUTENIBHO MpPOLIECCa, OMHUCHIBAEMOro (DyHKIIME
f(t). BBuay Takoro (¢pu3nueckoro TOJKOBaHUS (YHKLUHUA TEeOopeMa O CMELEHUU
apryMeHTa OpuruHaa rnojlyyuia Ha3plBaHUE TeopeMa 3ana3/AblBaHusl OPUTHHAJA.
YuutsiBas 3amedanue B 1. 1.2.1 06 ucnons3oBannu GyHKIUU XeBUCAKHA IS

3aluCU OPUTHHANIOB, cooTHOIIEHUE (1.16) MOKHO 3anucath B BUJIE
n(t—7)f(t—7)<—e P F(p). (1.16a)

Teopema 3ama3napiBaHusl SBISAETCS YIOOHBIM CIIOCOOOM IS HAXOXKICHUS
U300pKEHUN KYyCOYHO-HENPEPHIBHBIX (YHKIUNA, KOTOPBIMH, KaK MPaBUIIO,

OIMMCBIBAIOTCA HMITYJBbCHBIC ITPOLCCCHI. Yacrto BCTpCUAOIIHUCCA B TCXHHYCCKHUX

IOPUIIOKEHUSX ~ KyCOUHO-HEINPEpBhIBHbIE M  NEPUOAMYECKHE (PYHKIIMH HUMEIOT
pa3iMyHble AaHAJIUTHUYECKHUE BBIPAXKEHUS B Pa3JIMYHbIX I[POMEKYTKaX 3HAYCHUI
apryMeHTa; ¢ MOMOIIbI0 (QYHKIMN XeBUCAa OHU MOTYT OBITh 3alHCaHbl €IMHBIM
AHAIMTHUYECKUM BBIPDQXKEHHEM, IIOCJIIE€ YEro YCHEIIHO IPUMEHSAETCS TeopeMa
3ama3fbplBaHUsl Il MOJYYEHUS HW300pKEHUN CTYNEHYaThIX U IMEPUOANYECKHUX
(yHKUUH.

INPUMEP. Haiitu u300pakeHue UMITyJIbca

21



; 0, ecim t<O,
o(t) o(t)=1a, ecm 0<t<t,,
a 0, ecmu t>t,,

JNEUCTBYIOIIETO B TEUECHHE IMPOMEKYTKA BPEMEHH

> t,. I'padux ero nsobpaxxeH Ha pucyHke 1.4.
0 t, t

Pemienne. C nomomipbio GyHKIIMU XeBuUcaiiia
Pucynok 1.4

JTaHHYI0 (QYHKIUIO MOXKHO 3alucaTh €IMHBIM

AQHAJTUTHYECKUM  BBIPOKECHUEM (o(t) = a[n(t) - 77('{ -1, )] Bocnonb3oBaBmmuch

. 1 (] e_pto
COOTBETCTBUEM 77('[)(—— U TEOPEMOM CMEIIEHUs, HauJIeM 77(1:—'[0)<——. u,
. p *

HAKOHEII, [10 CBOWCTBY JIMHEWHOCTH TTOJy4aeM

¢(t);a[l_ e'pt"]zﬁ(l_epto).

p

1.4.5 Teopema nuddepennupoBanus opuruHaiga. Eciau f(t) HENPEPBIBHO
middepermmpyema ma 0;00] u f(t) sBusercs opurmmanom, To u3 f(t)<:— F(p)
clenyer

f'(t)<~pF(p) ~(0), (117)
TO ecTh AU HepeHITnpoBaHNE OpPUTHHATIA CBOAUTCS K YMHOXEHHUIO €T0 N300PaKCHUS

Ha TlapaMeTp P U BEIYMTAHHIO f(O), TI€E TIO f(O) ClIeIy€eT IIOHMMATh Iirg f (t)
t—

JlokasarenscTBO. Haiinem nmpeobpaszoBanue Jlammaca mis f'(t):

L{f'(t)}= Te’“f '(t)dt. HamommmaeM p=X-+iy - KOMIUIEKCHAS TlepeMeHHas.
0

IIpOMHTErpEpyeM 10 YaCTAM, TIOMHs, uTo B Touke t =0 ¢ymxuus f(t) Moxer umers
paspelB  mepBoro  poma.  Ilomaraem U=e ™, dv =f'(t)dt, Torma,

du=—pe™dt, v=Ff(t)u
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Te_ptf'(t)dt _ f(t)e‘pt‘: T pTe‘ptf (t)dt = f('[)e_'m‘;o + pF(p). 3HaueHHe IIEPBOrO
0 0

CJIaraeMoro 3aBUCHUT OT IIOBEIECHHS f(’[)e_pt mpu t > u t—+0. B npomecce

A0Ka3aTCJIbCTBA TCOPEMBI CYIIICCTBOBAHUA I/1306pa}KCHI/I§I ObL1a IMOJIy4CHa OIICHKA

‘f (t)efpt‘ <Me %) pre S, — mokazaresnb pocra OpHTrHHAIA f(t). [Ipu ycnoBun

X>S, lim Me ! =0 Cnenosarensro, xorma Rep > S, !imf(t)e‘pt =0.

t—w

Opurunan f(t) B Touke t=0 sBusercs nub0 HempepbIBHON (YHKIUECH M TOrIa
f(O)zO, TaKk Kak, 0 OIpPEIEIICHHIO, f(t)zO npu t<0, mubo mmeer paspsiB
[IEpBOTO poOJa M TOTJa CYIIECTBYET KOHEYHBIA IIpaBblii IMpeael, TO €CTh

lim f(t) = f(O) #0. CnenosarensHo, lim f('[)e_'ot = f(O). WTak, OKOHYATEILHO

t—>+0 t—+0

nonyuaem L{f'(t)} < pF(p)—f(0). B wactrocrn, xorma f(0)=0,

F'(t)<pF(p) (1.17a)

IlpumennM  mpaswio (1.17) ko Bropoit mpomssommoir ()= (f'(t)),
Ipeanoaaras, 49ro IPOU3BOAHBIE JIOOOTO IOpSAAKA OpPMIMHANA CYIIECTBYIOT U
SABJIAIOTCS OPUTHHAIAMM.

L{f"(t)} = pL{F (1)} - 7'(0) = plpF(p) - F(0)] - F'(0) = p*F(p) - pf (0) - (0).

Taxk >xe HalineM

LF7(0)= LI}~ /(0)plp*F(p) - pF(0)-F0)-10)-
=p°F(p)-p*f(0)-pf'(0)-1"(0).

[Mpumenus npasuio (1.17) (N —1) pas, Haiigem
L™ ()= L")} £ 0(0) = p"F(p)—p" ' (0)- p" *F(0) ..~ pf 2(0),
rae f¥(0)= limfY9(t), k=12,...,n-1.

t—+0
Takum 00pa3oM, TIOJy4eHO OOOOIIEHHOE TMPABWIO COOTBETCTBUSA IS

HPOU3BOJIHOM JTIFOOOTO MOPSIIKA OPUTHHATIA!

f(”)(t)<.— p"F(p)—p"*'(0)—... - pf (”‘2)(0) —f (”‘1)(0). (1.18)
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Ecnu f’(O)zf”(O)z...=f(n)(0), t0 ¢opmyna - coorBerctBue (1.18)

npuoOpeTaeT MpocToil BUa

£ (t)p"F(p). (1182)
IMMPUMEP. Haiitu wuzoOpaxxenue GyHKIHH f(t)z cosat, ecnmu U3BECTHO
sin(at)eﬁ, sin0=0. Ucnone3ys (1.17a), noayunm
* p°+a
1, . re1 a
cos(at)z—(sm(at)) P = P 5> 4YTO COBIAJACT C MOJIYYCHHBIM
a ea p°+a° p°+a

panee pesynbrarom (1.7).
[IpuBenem  6e3  J0Ka3aTeIbCTB  BAXKHOE  CIEICTBUE U3  TEOPEMBI
nuddepeHIupoBaHms OpUrMHaa.

Creocmeue. limpF(p)=f(0), Iirrg pF(p)= !im f(t), ecim cymectyer mpenen
p—oo p— —o0

byHKIIIHU f(t) npu t—o00. DTO 03HA4YaeT, YTO TMOBEACHUE H300PAKECHUS B
OECKOHEYHOCTH OIpPECIseTCs MOBeAcHHeM opuruHaia B Hyine (mpu t=0), a
TIOBEJICHUE OpUrMHaNla B OeCKOHEYHOCTH (Tpu t —> 00) - moBepeHneM H300paKeHUs
B HyIne. [IpakTrueckoe 3HaYCHUE 3TUX ACUMITOTHYECKHX PABEHCTB COCTOUT B TOM,
YTO MO TMOBEACHUIO M300paKeHUs AJS MaJbIX M OOJBIINX 3HAUYCHUH mapameTpa P
MOKHO CYAWTb O TIOBEJICHUU pelieHus (opuruHana) s OOJBIIMX M MallbIX

COOTBETCTBEHHO 3HAYECHUN BPEMEHU.

1.4.6 Teopema unTerpupoBanus opurunana. Ecin f(t)(— F(p), TO

} f(t)dt[—@, (1.19)
) ;

TO €CTh MHTEIPHPOBAaHHUIO opurmHana B mpemenax or 0 mo U coorBercTByeT

JiesieHre n300paxeHus: Ha mapameTp P .
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JlokazaTenbcTBO. YOemumcss Tpexae BCero B TOM, 4TO  (YHKIUS

t
(p(t): I f(T)dT SABJISETCS opuruHagoM  (aus  ymnoOCTBa — IepeMeHHas
0

MHTErPUPOBAHU IIepeob03Hadena). Bemmonanumocts yenosuii 1° u 2° g opurunana

CJIE/LYET U3 CBOMCTB ONpPEIEIEHHOr0 HHTerpana. Beimonusercs u ycnosue 3°, T.K.

j;f(r)dz'

< [[f(e)dr < [Mede = SM(eSot ~1)< M.
0

0 0

ITycts ®(p)— u3obpaxkenue GyHKIMUHU ¢(t), TO €CTh (1)('[)(— (D(p). ITo Teopeme

b depeHurpoBaHus OpUrHMHAJIA Oynem UMETH

!

o(t)= @f(f)dfj < po(p)-0(0). Tax s [jf(f)dfj’t _£(t), 2 ¢(0)=0, 10

0

IIOCJIEIHEE COOTHOLIEHWE MOYKHO IIEpenucarb B BHJE gp’(t):f(t)<.— pCD(p). Ho

f(t)<.— F(p), CJIEI0BATENbHO, F(p): pq)(p), OTKYyJla HaxoJHUM, 4YTO CD(p)z @
t .
Urax, o(t)= J'f(r)dﬂ—@.
0 P
IIPUMEP. Haiitn opuruHan no ero n300paxeHuIo F(p) = aﬁ)
Penienue. Tax KaK <.—sin t, TO

p?+1 e

t
E(ﬁ)agsinzdr:—cosf\g =1—cost.

CootserctBus (1.17) m (1.19) urparoT BaKHEHIIYIO pOJIb B OINEPALIMOHHOM
ucuuciaeHuu. W3 HUX ciaeayeT, uTo CIOXHBIM  JEMCTBUSM  aHauu3a -
muddepeHUUpOBaHUI0O U HUHTETPUPOBAHUIO OPUTHMHAIOB -  COOTBETCTBYIOT
3JIEMEHTapHbIE JAEUCTBUS COOTBETCTBEHHO YMHOXKEHUS U JEJEHUS M300pakeHusl Ha

p. BenuumHy P MOXHO, TakuM 0Opa3oM, paccMaTpuBaThb Kak OIEPATOP
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1

g depeHIUPOBaHNs, a BEIMYUHY — — KakK ONepaTop MHTETPUPOBAHUS IO OTPE3KY

[0;t].

1.4.7 Teopema nu¢pepeHunpoBanus uodpaxennid. Eciu f(t)(— F(p), TO

(-0 ()< F(p), (1.20)

TO ecThb auddepeHupoBaHre HU300paXKEHUSI CBOJUTCS K YMHOXKEHHUIO

opurunana Ha (—t).

JlokazaTenbCcTBO. 3amuiineM uzo0paxeHue s QyHKIUN f(t):

F(p)= Te‘ptf(t)dt

Tax kak Gyrxuus F(D) sBnsercs ananurudeckoi B momymuiockoctn Re p > S,

TO €€ MOXHO U pepeHIpoBath Mo P

.
F(p)=—[e™ f(t)dt.
dp b
[Mepeiitu k audGepeHIUPOBAHMIO O] 3HAKOM HHTErpaja MPaBOMEPHO TOJIBKO
TOr/Ia, KOTJa MHTErpajll IO MapaMeTpy CXOAMTCSA paBHOMEpHO. JlokaszaHo, YTO
uHTerpan Jlammaca cXoAaWTCcs pPaBHOMEPHO OTHOCHTEIHRHO [) B TMOJNYIDIOCKOCTH

Rep >S,. B cuy aToro o0cTosTebcTBa MOKHO 3aIHCATh

o0 o0

F(p)= 0 (e F(O)dt= -t *F(O)ck = e (- (D).

o dp 0 0

[ToyueHHbIH pe3yTbTaT mokasbiBaeT, uro F(p) smmsercs m3obpakeHmeM
Gynxuun (—t)f (t), eciu Rep >S5, > S, rne S, — nmokasaresns pocra ol GyHKUUH.
[Tpumenss cBoiicTBO (1.20) HECKONBKO pa3s, MOXKHO HAaWTH OPUTUHAIBI IS

IMPOU3BOJHBIX F(p) BBICHINX ITOPAOKOB

F'(p)=Je (i (1)) dt, F"(p)= [e™ (- (1)) dt moodme
0 0
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F(”)(p): e ™ ((—t)”f(t)) dt. Takum o6Gpa3oM, Mbl NPUIIM K 000OLIEHHOM

O — 8

dopmyne (—t)"f (t)<.— F(n)(p) : (1.20a)

[MpaBuno muddepenmupoanus wnzodpaxkenus (1.20a) moxker OBITH BechbMa
3¢ ()EKTUBHO HCTMOIB30BAHO JJII MHTETPUPOBAHUS JIMHEUHBIX MU (epeHnanTbHbIX
ypaBHEHUM C IEpEeMEHHBIMU KO3 PUIIEHTAMHU.

[Tonp3ysace  Teopemoit  auddepeHuupoBaHuss  HU300paKEHUSA,  MOXKHO
HEMOCPEJICTBEHHO HAWTH HEKOTOpPbIE WHTEPECHbIC OMNEPAIMOHHBIE COOTHOIICHHUS.

Hanpumep, o u3BecTHbIM U300paXkeHUsIM GYHKUUNA HAXOAUTh U300PaXKEHHSI TEX Ke
(yHKImit, yMHOKeHHBIX Ha t", rIe N — Henoe NOI0KUTENEHOE YUCIIO.
IPUMEP. Haiitu usobpaxenue s pyukiuu f(t) =t".

Pewienne. IIpumensis nocnenoBarenbHo (1.20) kK U3BECTHOMY COOTBETCTBUIO

°1 °1 .
77('()(—— WJIW, YTO TO e, 1<——, HalineM

*°p P
—t(——i2 o t<—i2
P °p
° ° |
-2 e 22
* P °p
o ° |
R o el
P °p
aton
1 BooOme t <.—pn+1. (1.21)

1.4.8 Teopema nHTerpupoBanus u3zodopaxenus. Eciu f(t)(— F(p) n———

OpHTHHAII, TO @J—TF(p) dp, (1.22)
*p

TO C€CTb HHTCTPHUPOBAHUC I/I306pa)K€HI/IH B IIpeacjiax oT P A0 o COOTBETCTBYET

JEJICHUIO OpuruHaia Ha .
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f(t) *
Hokazamenbcmeso. ITycTh 9 «~O (p ) ITo IPABUITY (1.20)

f(t) °
mupdepeHurpoBaHusl  U300paKEHUS  MOIYYUM —t-¥(—®'(p), TO €CTb

f(t)<.——CI)'(p). Ho, mo ycmosmio, f(t)<—F(p). Cnenosaremsro, F(p)=—®'(p).

[IpouHTErpUpy€EM 3TO PAaBEHCTBO B Ipeaesax oT P 10 (|, 0003HaYMB NEPEMEHHYIO

I/IHTerpI/IpOBaHI/IH qepets Z.
q q
[F(z)dz = —[®'(z)dz = D(p)- D(q).
p p

[Mepeiiast B mociaenHeM paBeHCTBE K npezeny npu Re ( — o0 u yuuThiBas, 4To

IpU 3TOM HM300pakeHue CD(q)—>O (cM. cneACTBHME U3 TEOPEMbl CYIIECTBOBAHUS

n300pakeHus), OyJ1eM UMETh CD(p) = TF(Z) dz wm, 9To TO *Ke, @;— _|' F(p) dp.
p " p

sint
IMPUMEP. Haiitn nuzobpaxkenne QpyHKIIUu -

Pemenvie.  Tak Kak Juiss OpMTHHAja f(t):sint H300pakeHHe MMEET BUJI

1 sint * % T dz w T
p2+1=F(p),TO T<.—£F(z)dz=£22+1=arctgz\p = -arctgp.

CBepTka QpyHKIMI

OINIPEJAEJIEHUE. Cgepmkoit nByx QyHKIMIA f(t) " gp(t), HEIPEPBIBHBIX Ha

t
|0; 0), HaseiBaeTcs nuTerpan jf (r)p(t-7)dz.
0

Ona o6o3navaercs cumBojioM T * @ . Mrak, no onpeeneHuro

f *gz):jf(r)ga(t—r)dr. (1.23)
0

W3 onpenenenus CBEpTKU Kak MHTErpaia 1o napamerpy U cienyer, 4ro cBepTka

GyHKUMN TakKe ABISIETCS PYHKIMEH, TPUUEeM HETIPEPBHIBHON HA OTPE3Ke [0; t].
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Orepanuio MoTyYeHHs CBEPTKH Ha3BIBAIOT ceepmuiéanuem. Oneparys CBEPTKH
00J1a/1aeT CBOMCTBOM KOMMYTAaTHBHOCTH, TO ecTh f * @ =@ *f wunaue

t t

[f(0)p(t—7)dz =[p()f(t-7)d7 .

0 0

IpuMeM Takke 6e3 jgokasaTenbcTBa yTBepiaeHue, uto ecim T(t) u oft)-

OPUI'MHAJIBI, TO UX CBCPTKA ABJIACTCA OPUTHMHAIIOM.

1.4.9 Teopema cBepTbhiBaHMs (YMHOKEeHUS H300paskeHuii). Eciu f(t)(— F(p)

n p(t)@(p), 10 froF(p)o(p), (1.24)

TO C€CThb IIPpU CBCPTHIBAHHUH OPUTHHAJIOB UX I/I306pa}KCHI/I}I MMCPCMHOKAIOTCA.

Jloxazamenvcmeo. 1lo ompenenenuro mnpeoOpasoBanus Jlamimaca wumMeem
wo| t

] A {*(p}zjj' T)p(t—7)dr |e™dt.
oLo

{ B nmanHoM caywae wuHTerpan Jlamuaca

A Ipe/ICTaBIsAeT COO0N ABYKpATHBIM WHTErpal
mo obmactm D mmockoctu (t,7) (pucyHok
1.5). B 3TOoM uHTerpane M3MEHUM MOPIAOK

UHTErpupoBanHus. Ecoum B UCXOHHOM

A )

0 ¢ HHTCIpaJIc BHCIIHCC HHTCIPUPOBAHUC

OCYLIECTBISUIOCH 1O mnepeMeHHol 1
Pucynox 1.5

(0 <t< oo), a BHyTpEHHEE - 110 T(O <7< t),
TO TENEPh BHEIIHEE HHTETPUPOBAHUE OYJIET OCYIIECTBIATHCS YKE 110 T (0 <7< oo),
a BHyTpeHHee - 110 t (T <t< oo). Hrax,

Idtif(r)(p(t—r)e‘ptdf =Idroff(r)¢(t—f)e‘ptdt :If(r)drofe_ptgp(t—r)dt_

T
B MMOCJICAHCEM HHTCTpPAJIC CACIIACM 3aMCHY HCpCMGHHOﬁ, oJOXKHUB t—7 = u,

torna dt=du, O<u<oou
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[f(c)dr[e ™ot o)t = [f(c)dr e ™ p(u)du = [ F(r)dt [e -e™ - p(u)du =
0 T 0 0 0 0

o= 8

e—wf(f)dfze—pugo(u)du _ F(p)-o(p).

Takum 00pa3oM MbI MOKa3ajid, YTO L{f *go}: F(p)(D(p), TO €CTh OPHUIHMHAJ,

COOTBETCTBYIOIIMN MPOU3BEACHUIO JIBYX M300pakKeHUMH, PaBeH CBEPTKE OPUTHMHAJIOB
COMHOXHUTEJEH.

[IpoBenennslii B mnyHkTe 1.4 0030p cBOMCTB mnpeoOpa3oBanus Jlamnaca
no3BOJISIET C(HOPMHUPOBATH TAaONMUIy COOTBETCTBUH MEXAY OpUTHMHAIAMU M UX
n3o0paxeHusaMu. B Tabnuily kak NpuaokeHue K JaHHOU pa0oTe BKIIIOUCHBI JIUIIb TE
COOTBETCTBHS, KOTOpbIE 31€Ch BBIBEJCHBI WIH MOTPEOYIOTCA IMpH pElIeHUU
IPUBEJICHHBIX MPUMEPOB M 3aJady. B KHuUrax mno oOmnepalMoHHOMY HWCYHUCIIEHUIO
MpUBEAEHBI NOAPOOHBIE TaOuHLbl. B HUX, 3aMeTHM, IIMpE MPEACTABICHBI CBOWCTBA
npeodpazoBanus Jlamaaca u Jpyrue BOIpOChl ONEPAMOHHOIO UCUHCICHHUS.

IMPUMEP. Haiitu ¢QyHKIMIO - OpPUTHHAN 1O 3aJaHHOMY HM300pa’KEHUIO

OGP

1 "
Pemenue. OueBuaHO, > P = . 2p . 3Hasa, yto SINt<« 5 ,
(p +1) pe+1 p°+1 e p°+1
COSt« 2p 1 Ha OCHOBaHUH TCOPEMBI CBCPTbIBAHUA 3anuuIeM
° p +
sint*cost«———- 2p . Haiinem cBeprky ¢yukmuii Sint u  COSt  mo
e p°+1 p*+1

t
ompenenenuro: SNt * cost = jsin(t — T)COSZ'dT. Jlust BBIYUCIIEHHS HWHTErpajia
0

PUMEHHUM TpUTOHOMETpUUeckyto hopmyiy. Eciau

Sina-Ccos S = %(sin(a + ) +sin(a — B)), 1o
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. 1, . .
sin(t—7)-cosz = E(Sm t+sin(t—2r)) . Bepuemcs x unrerpany:

t t t t
[sin(t—7)coszdz = %j(sint+sin(t— 27))d 7 = %(Sin tfdz +[sin(t—27)dr) =
0 0 0 0

t t

1, . 1
=—(sIint- +—cos(t—-2
2( (z]) 5 (t—27)

=lt-sint.
2

0 0

b

1 .
Takum oOpazom —tSINt« )
P 2 . (p2+1)2

1.4.10 Teopema. (Onepe:xenne opurnnaia). Eciu f (t)(— F(p), TO

f(t+r)<—ep{F(p)—

O

f(u)e ™ du}, (1.25)

rne 7>0.

JlokazareianrcTtBO. UMeem

F(t+r)e [e P F (t4o)dt =
)

t+7=u,dt=du

u,=7, U, =+o0

+00

= [e?Uf(u)du = e'“Te"”u f(u)du =

=P’ JT' e f (u)du ++j®e‘p“ f (u)du —j e f(u) du) -

0 0

=eP’ Te‘p“ f(u)du —i e ”'f(u) du) =gP* (F(p)—i e P! f (u)duj.

Yrto u TpedoBanoCh J0Ka3aTh.

MPUMEP. Haiiti u3oGpaxenns pyrxuuii Sin(t+7), cos(t+7), 7> 0.

Pemenne. Ecnm Sint <« 5
e p°+1

, TOraa COrjiaCHO TCOpCMC

sin (t+ r)<.—e'“ (%—j sinue™®" duJ =

P +1 §
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~psinu—cosu .- _ —psinz—cosz 1 |
p?+1 0 p’+1  p+]

T
jsin uePdu=
0

_psinz+cost
pP+1
[Toctynas ananoru4yno, umeem COSt<— 2p :
s p°+1

cos(t+r)<.—e'“ (%—jcosuep“ duj =
* p°+1 %

—pcosu+sinu g

T —pc037+sinr+ 1
p>+1

[cosue™ du = . >
0 0 p°+1 p” +1

__pcost—sint
p>+1

psint+cost pcosz—sinz
p>+1 p® +1

Otser: . [Ipumep pemen.

1.5 UMITYJBbCHBIE ®YHKIIUU U UX NU30BPAKEHUE

[Ipumep wuszoOpaxkenuss wumnyiasca @(t) u  Haxoxkagenus (QyHKUMH —
m3obpaxenus F(p) = L{(o(t)} ObLT MpHBEIEH Kak WILTIOCTparms K teopeme 1.4.4.

PaccmoTtpum ceituac moapoOHee UMITYJIbCHBIE (PYHKIIHH.

1 NmnynbcHpie  GyHKIMM ~ OBITM  BBEACHBI
h 5,(t) JlupakoM ¥ OKa3aJuCh TOJE3HBIMH B  Psjie
(1) NPUKIAJHBIX 33/1a4, B KOTOPHIX MPUXOAUTCS UMETh
Ilh\L}
AeN0 C  BEIMYMHAMH, HWMEIONIUMH  XapakTep
h t | MIHOBEHHOIO TONYKA.
Paccmotpum dyHkuuio O, (t), rpaduk KOTOpoit
Pucynox — 1.6
M300pakeH Ha PUCYHOK 1.6
0, t<0, t>h,
5,(1)=11
h
s O<t<h
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Orta QyHKIHS MpencTaBiseT coOOi BENWYHMHY, KOTOpas JACUCTBYET JHIIb Ha

1

UHTEpBase (O;h), r7Ie UMEET MOCTOSHHOE 3HaYyeHUe e cymmapHbii 3ddexT ee

dt 1"

JeHCTBUS paBeH ]95h (t)t = ' Ejdt =1.
—00 0 0

[pennonoxum, uto h — 0; dyukums o, (t) IpU STOM HE UMEET Mpejieia, HO

BBOJISIT YCIIOBHYIO (DYHKIHIO O (t), KOTOPYIO CUMTAIOT MIPEAEIIOM TaKON (QyHKLIHH,

5(t)=lims, (t)=lim n(t)-n(t=h) (1.26)

h—0 h—0 h
U Ha3bIBAIOT MMITYJbCHOW (YHKIMEH  HyJIEBOrO MOpPSJIKAa WIH, KOpouye, O —
¢ynkuuen Jupaka. mnynbcHas QpyHKUUS 5('[) paBHA HYJIIO BCIOAY, KPOME TOUYKU
t=0, rme ona paBHa 0, U TeM HE MEHEC Il HEE CUYMTACTCS CIPABEJTUBBIM
%
COOTHOIIIEHUE j5(t) dt =1, xoropoe sBIsSETCS NPENEIbHLIM JUIS TaKOIO IKe
—o0
COOTHOUICHHUS JUIst QyHKIMHU O, (t)

Takum oOpa3oM, O — (yHKIHS MPEACTABISCT COOOI yCIOBHOE COKpAIICHHOE
0003HaUYeHHE AJIsl BIOJHE OMPENEICHHOIO MPEeNIbHOTO IMpoliecca, KOTOPbIH 4acTo
paccmarpuBaeTcsi B (u3MKe: OECKOHEYHO Oouiblias BEIMYMHA, JCHCTBYOIAs B
0ECKOHEYHO MaJblii POMEXKYTOK BPEMEHU C CYMMapHBIM 3 (eKToM, paBHBIM 1.

13 paserctsa (1.26) momysaem  S(t)=n'(t).

AHaNIOrMYHO BBOASTCS UMITYJIbCHbIE (DYHKLIMHU BBICIIUX MOPAIKOB. PaccMoTpum

GyHKITHIO

1

sI(t) = F(n(t)— 2n(t—h)+n(t-2h)). Ee npeznen npu h—0

5,(t)= Li_r)gé‘él)(t) Ha3bIBACTCS HWMITYJILCHOM (PYHKIMENH IepBOro mopsaka. s

paBeHCTEA 5gl>(t):h_lz(n(t)_n(t_h)m(t_zh)_n(t_h)):

_ 1 a(t)=nlt=h) n)-n(t=2n)_n'®)-n'(t=h) o mouho0
h h ’

h h
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imat ()= 1)
0, (t) =7"(t) HasbIBaeTCS MMITYIBECHOMN (YHKITHEH TEPBOro MOPSIKA.

AHAJIOTUYHO  OMpeensercs uMnyiibcHas (QyHKIus N —ro mnopsaka

5 (t)= d"*7(t)

dtn+1

s mroboit GyHKIMU q)(t), KOTOpasi SIBJISIETCSI OPUTHMHAIIOM, MO TEOPEME O

CPCOHCM I10JIy4acM

o0 h

jgp(t). s, (t)dt = %Jqo(t)dt = (p(t*), rie 0<t <h. Ilepexons k mpeneny npu

0 0

0

h — 0, monyuaem Igp(t)5(t)dt = (0).

0

B cootBercTBHM ¢ 3TUM mosiydyaeM u3o0Opaxenue O —¢dynkuuu Jlupaka:

5(t)=[ st *dt =1

0

Ha OCHOBaHMM MOCIEHETO COOTHOMICHHS M TEOPEMBbI 3aITa3/IbIBAHMS TIOTY4aeM
[ ]
S(t—r)«e".
]

Haiinem wu3o0OpakeHne UMIYJIbCHOM (GYHKIIMU TMepBOro mopsaka. bynem

CUMTATh, YTO €€ N300paKEHHE SIBJISIETCS MPEEIOM H300paKeHU I

e 1_9aMp —2hp o __=hp |, =0hp
5#1)('[)(—1 2€ 2+e , TO €CTb. 51(t)<—lim1 © 2+e =p.
. h“p e h—0 h“p

AHaJIOTUYHO MOKHO TMOJYYUTh H300paKeHHe HMIYJIbCHOM (QyHKIMu N —ro

mopsimka &, (t)<p".

2 n
CDyHKHI/II/I 1,p,p Yooy p MOXHO CUHUTATH I/I306pa>K€HI/IHMI/I JUIIb B COBCPHICHHO

YCJIOBHOM CMBICJIC, TAK KaK OHN HC CTPCMATCA K HYJIIO IIPpU p —> 00,
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1.6 OBPATHOE NIPEOBPA3OBAHMUE JIAIIJIACA
[Ipn wu3yueHum cBoOiCTB mpeoOpa3zoBanusa Jlammaca paccMarpuBaiach B

OCHOBHOM IIpsIMasi 3a/iaya: Mo 3aJaHHOMY OpHUTHHAILY f(t) HAWTHU €ro M300pakeHue
F(p). Bmecte ¢ Tem ObUIO TOKa3aHO, KaK B HEKOTOPBIX CIydasx C IOMOIIbIO

PUBEACHHBIX TEOPEM U BBIBEJEHHBIX ()OPMYJ - COOTBETCTBUM MOXKET OBITH PEIlIeHa

oOpaTHasi 3ajaya: OTBICKAaTh OpPHUIMHAJ f(t) 10 33aJaHHOMY H300paKEHUIO F(p).

Opnako MHOrMe 3aJayd MPUBOJAT K H300pPaKEHHUSIM, OT KOTOPBIX C MOMOUIBIO
Ta0JIUIBI COOTBETCTBUII M CBOMCTB HE ynaercs mnepedtu k opuruHany. [lo stoit
IpUYMHE B HACTOsIIEM naparpade npuseneM GopMyIty perieHus 00paTHOM 3a/1auu B
oOmeM BHUJE, a TakKe€ METOJl OTHICKAHMS OpPUTMHAaja, O0JIalaloliue JOCTATOYHOU
OOIIHOCTBIO.

1.6.1 Teopema oOpamenusi npeodpa3oBanus Jlamiaca

[TpuBenem opmyiy, MO3BOJSAIONIYIO MO 33JaHHOMY HM300PaKEHUIO HAXOIUThH
OpUTHMHAJL

Teopema oOpamenmns. Eciu  ¢yskus f(t)— OpUTHMHAJ, a F(p)ee

n3o0paxeHue, To B 000 Touke [ HempephIBHOCTH (PyHKIIHMH f(t) UMEET MECTO

dbopmyIia oopareHus

1 X +i00

f(t)=— [e”F(p)dp, (1.27)
2721 X—ioo
X+ioo X+iy
rae I = lim j u X —a000€e JEeUCTBUTEIBLHOE YHCIO OOJIBIIIE TOKa3aTelsl pocTa
X—ioo y_)oox—iy
f(t).
Kommiekcubii  unTerpan B (1.27),  ocymectBasiomuii  o0paTHOE

npeoOpazoBanue Jlamnaca, BBIUMCISETCS BAOJb JIOOOM BEPTUKAIBHOM MpSIMON

Re p =X, nexamieit B nonymiockoctu Rep >SS, cxoxumoctn unterpana Jlamaca

OT QyHKIIMHU f(t) (pucynok 1.7).
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Cootnomenue (1.27), nazeiBaemoe Qopmynoii Pumana - Memnuna, pemaer B

oO11eM ciaydae 3a7a4y OThICKaHUSI OpUTHHAJA f(t) 0 33/IaHHOMY €T0 H300pakeHUIO0

F(p).

Breruncnenne uaTerpana B ¢hopmyne (1.27) mias mpous3BOJIbHBIX GYHKIINAN F(p)

IpeacTaBiIseT OobIMe TPyIHOCTH. [Ipy mpakTHYecKOM HCIONB30BaHUU (HOPMYJIBI
Pumana - MennuHa myTh UHTETPUPOBAHUS BIIOJIb OECKOHEYHOM MPSMON 3aMEHSETCS
3aMKHYTBhIM KOHTypoM L. Tornma oka3piBaeTcsi BO3MOKHBIM BBIUMCIUTH UHTETpAl B
npaBoi yactu Gopmyinsl (1.27) ¢ moMonipio ocHOBHOM TeopeMbl Komn o BblueTax.

(ITpsimass Re p =X 3amMbikaercsi MONyOKPYKHOCThIO (pucyHOK 1.8) ¢ 1eHtpom B

Hayalle KOOpAWHAT, paauyc R KoTopod pacteT 10 OECKOHEYHOCTH, NMPUYEM BCE

0CO0BI€ TOUKU (HYHKIIHH F(p) OCTalOTCSI BHYTPH MOJIYOKPYKHOCTH).

}-"‘“"' /

FAF-E A S

/

Pucynox — 1.8

Pucynok — 1.7

Ecmu dymkims F(p) amanmutuysa Bo Beeil KOMIUIGKCHOM MITOCKOCTH, 32

UCKITIOUCHWEM KOHEUYHOTO (WJIM CYETHOTO) YWCa W30JHPOBAHHBIX OCOOBIX TOYEK

P, P,,-.. P, MeKammx JeBee npsimoir Rep =X, kxpome TorO, ‘I‘im F(p)=0, a
p|—x

‘ept‘ <e> 1o
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X+ioo

— [e”F(p) —I PF(p)d Res|e”F(p 1.28
= oo L tim feFlpkin =5 Rek"rp] @29

rae ResleptF(p)J 0003Ha4aeT BBIYET (YHKLIUU eptF(p) OTHOCHUTENBHO 0CO00M
P=Pk

TOYKHU Py .

IMPUMEP. Haiitu 1o ¢opmyne oOpaiieHuss OpUTHHAN  (QYHKIHH

p*—p+2
Flp)= :
®) p’—p®-6p
Permenue. ITo popmyie (1.27) umeem f(t I pp pp +§peptdp. JlanHas
p*—p+2
bynximms  F(p) = m aHaTUTHYHA BCIOAY, Kpome Touek P, =0

P, =—2,P; =3, KOTOpBIE SABISIOTCS Ul HEe NPOCTHIMU TorocaMu. O4eBUIHO, YTO

lim F(p):0. [TosTOMy I BBIYMCIICHUS HMHTErpajga MOKHO BOCIIOJIb30BAThCSA
pl—oo

dbopmynoit (1.28). HailimemM BbIYETHI MOABIHTETPATBHON (DPYHKIIUM OTHOCHTEIHHO

R(p) _ Rlpy)

OPOCTBIX TMOJIOCOB IO HW3BECTHOM (opmyiie Res = rae

= Fy(p)  F,(py)
Fl(p) = (p2 -p+ kat, F, (p) = 3p2 —2p—6. byaem umeTh
2 1 4e”! 8e”"
Res F(pe™ (=—=-=, ResiF(p)e (= , ResF(ple™ =——.
pzo{(p) ! Bl p=__2{(|0) ! s ResFpe™ ==¢
CrnenoBarenbHO, MCKOMBIM OPUTHMHAJ PABEH CYMME HAWICHHBIX BBIUYETOB:
F(f)=—s+ 224 et
3 5 15

1.6.2 YacTHble MeTOABI ONpe/iesieHNsi OPUTHMHAJIA 0 N300PaKeHN IO

B mpocreiimux ciydasx npu HaXO0XIACHUM OpUTHHATA MOKHO HE TpuOeraTh K
dbopmyne obpamenus (1.27), a, Kak yKe OTMEUaJOCh, ITOJIb30BAThCA TAaOJIUIICH
COOTBETCTBHI MEXIy OPUTHHAJIAMU M H300paXEHUSMU U OCHOBHBIMH CBONCTBAMHU
npeoOpazoBanus Jlamnaca. [IpoummocTpupyemM HEKOTOPBIE MPUEMBI Ha IPUMEpax.

INTPUMEP. Haiiti opuruHasl Mo JaHHBIM H300payKeHUSIM:
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_2p

p+8 6) F(p) = —

Fp)= P % .
9 F(p) p®>+4p+5’ p(p+1)

(p+2)+6
PP +4p+4+1

Pemienue. a) IIpeacraBum F(p) B  BHJIE F(p):

_ p+2 N 6
(p+2)%+1 (p+2)°+1

. MUcnonib3yst CBOMCTBO JIMHEHHOCTU U cooTBEeTCTBUA (10),

9) u3 TaOIHITBI OPUTHHAJIOB 151 150, U300paxXeHuN, HageM
f(t)=e* cost+6e ' sint;
1 1 1

————. CornacHo CBOWICTBY JMHEHHOCTH U3

p(p+1) p p+1

0) 3amerum, 4TO

—~1-et, Torpa s 3a1aHHOTO W300paXKEHUS F(p)

p(p+1) -

OpUTHHAI MOKCT OBITH H&IZI[@H C IIOMOIIBIO TCOPEMLI 3alla3/IbIBaHNA. Ilonaras B

T36HI/IHBI IMOJIY4YHUM, 4YTO

_2p

p(p+1) «

—>1 (- ).HpI/IMep pelieH.
+1
Ecmu m3o0paxenue ( ) npeAcTaBisieT co00M MPaBWIbHYIO pPallMOHATBHYIO

(1.16) 7 = 2, noayuum

1po0B Fl(p), rae F(p) u

F(p)

MCHBIIC CTCIICHM 3HAMCHATCIIA, TO IIPpM HAXOXIACHHHK OpPHIHHaIa IIOCTYIIarOT

p)— MHOT'OYWICHBI OT P, OPpUYEM CTCHCHb YMCIIMTECIISA

CIeAYIOIIUM 00pa3oM: pasiiararot Ipoobs Ha CyMMY IPOCTEUIINX Ipobeit Buaa
A A Mp + N Mp + N
p-a’ (p—a)" p’+ap+b’ (p>+ap+b)
Ka)/I0T0 CJIaraeMoro U, CyMMHUPYsI, TOJTy4atoT OpUTHHAT JAHHON (YHKITHH.
—4p?+14p+31
(p+2) 7 +9)

Pemienne. IlpencraBuM mNpaBuiibHYIO palMOHAIBHYIO ApOoOb F(p) B BHUJIC

, HaXOoIsAT OpHUIMHaJI IJIA

IIPUMEP. Haiitu opuruna f(t) IS H300paskKeHMsI F(p) =

—4p°+14p+31_ A , B Cp+D
(p+2)(p2+9) p+2 (p+2) p?+9

CYMMBI IPOCTEUIIHNX TpoOeit
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Yroboer Haiith kodhdunuenter A,B,C,D, mnpusemem npobu x ob6iemy
3HaMeHATeJI0, B pe3yJIbTaTe 4ero OyaeM UMeTh
—4p* +14p+31=A(p+ 2)<p2 + 9)+ B(p2 + 9)+ (Cp+D)p+2Y. Tonaras
p =-2, maiinem, uyro B=-1. [lamee, uroObl HaiiT ocTanbHbie KO3()PHUIIUEHTEHI,
npupaBHHBaeM KO3(PPHUIMEHTH P OJUHAKOBBIX CTCIEHSAX [, IMOJYyYUM CHCTEMY
p’l  A+C=0

ypaBHCHMIA p2 2A+4C+D=-4 orkyma wHaiimem A=2,C=-2,D=1.
p [9A+4C+4D =14,

Ha  ocHOBanum

2 1 p 1
= ° ~2 .
) p+2 (p+2)2 p2+9+p2+9

CrenoBaresbHO, F(p

CBOMCTBA JIMHEHHOCTH U COOTBETCTBUI U3 TAOJIHIIBI TOJIydaeM
2t g2t 1.
f(t)=2e —te® —2cos3t +§Sln 3t. IIpumep pemeH.

1.6.3 Teopema pa3no:xkeHus
PaccMoTpeHHBIN NpHEM OTBICKAHMS OpPHUTMHANa IMyTeM paslIoKEHUs IPOOHO-

palnroHaIbHON (YHKITHH F(p) Ha CYMMY I[poCTEeWIIMX JApoOel Xopoll CBOeH

OOILIHOCTBIO, OJIHAKO YACTO MPUBOAMUT K 'POMO3KMM BBIKJIAJKaM IPU ONpPEICICHUU
ko3(pduurenToB. B Takux ciyyasx OoJjiee MpPOCT NEpPEXod OT HU300paKEHUS K
OpUTMHAIY IPU IOMOIIY TEOPEMBI PA3JIOKEHUsS, KOTOpask HOCUT Ha3BaHUE BTOPOU
TEOpPEMBI Pa3I0KEHUs XeBucaiaa.

Teopema paznoxenus. Ilyctp uzoOpakeHHE MPEACTABISET MPABWIBHYIO

palMOHABHYIO IPOOb:

F(p) = F(p) _ bop™ +bip"™ " +...+b, p+b,

— 1.29
F(p) a,p"+ap" " +...+a,_p+a, (1.29)

[1pu paznoxeHuu F(p) Ha mpocTeiime ApoOu MOTYT UMETh MECTO JIBa CIydast:
I) Kopum 3namenarens F, (p) npocteie; |l) KopHu 3HameHaTenss KpaTHBIE.

PaccmoTpum o0a ciryyast.
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I) 3namenarens apoou (1.29) mMeer ToibKO TpocThie KOpHH. OO003HAuMM N

MPOCTBIX KOPHEH 3HAMEHATEIA Fz(p) gyepe3 P;,P,,...,P,. Torma mmeer mecro

(p — pl)(p -p, ) ..(p — pn) u F(p) MOYKHO IPEJICTaBUTh B

paznoxenue  F,(p)=a,

BUJIE CYMMBI IIPOCTEUILINX APOOEit

F(p) C C n
Fip)= Lt ~4=—""2+—"2+.. .+
) F(P) p-p. PP, p- pn Z|o P

Haiinem kosdduumentsr C,. s onpenenenus C, yMHOXKHMM HOWICHHO 3TO

(1.30)

paBeHCTBO Ha 0 — P, W 3aTEM NEpPENEM K npeey npu P — ;.

F(p) _ . C2 + CS + .+ Cn
Fz(p)(p P)=Cixp=p1) {p—pz p-p; p—pn}'

ITIpu P — P, BTOpOE CclaraeMoe B IIPaBOil 4YaCTU PABEHCTBA CTPEMUTCS K HYIIIO,
a €ro JieBasi 4aCTh CTAHOBUTCSI HEOPEICIICHHOCThIO BUIA 0 Torna

C. = lim Fl(p)(p_pl): lim Fl(p) — Fl(pl)’ 3aMEeTHUM 4YTO
boeon Fz(p) P=P1 F2(p)_F2(p1) FZI(pl)

P=p
F,(P)=0.
AHanorn4Ho onpenessercs to6oi kodpdurpent C, .
AP (h_p)=c, + Z CP=P) ey

R (p) S p-p

c iim APXp—p)_ i, R Rl
on Fp)  eon R(P)-R(P) T F(p,)

[Toncrasisas C, B paBenctso (1.30), moixyyaem

() <Fp) 1
50) =B ppe

F(p)=

Bocnosp30BaBIMchs CBOMCTBOM JIMHEMHOCTH W COOTHOILIEHUEM
P—Px °

noJyduM GopMyITy JIJIsl HCKOMOT'O OpUTHHAJA
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H)=3 Eizkg,epkt | (1.31)

®opmyna (1.31) npencrapisieT coboit 001y GOpMyIly TEOPEMBI Pa3IOKEHUS

JUISL CITy4dasl POCTBIX KOPHEHN 3HaMEHAaTeNsl U300paKEeHHUS.

Yacmuwiii ciyuati. B dyacTHOM ciydyae, KOrja OJWH U3 KOPHEW 3HaAMEHATels

F (p) paBeH Hym0, popmyie (1.31) MoKHO MpUIATh HECKOIBKO Apyrou Bul. I1ycts
F(p)=p@(p). (1.32)
O6o3HauuM KopeHb, paBHbii 0, uepes p,. Torma xopuu P,,Ps,...,P,

ONPENETSAIOTCA U3 YPABHEHHUS (D(p) = 0. Ipoauddeperumpyem paserctso (1.32) mo

p u Haitnem F}(p, ):

®(0)-1pu k =1,

F (pk ) = [CD(p)+ pq),(p)]‘p:pk - cD(pk )+ pkq),(pk): {ka)'(pk)-an/I k=23...,n

VYuuteiBas 310, u3 (1.31) noayuum

p)= pg?g)%f(t)z 28 ' ézpilgfj(;)k)epkt | )

Jns ynoOcTBa mpUHUMAEM, YTO MHOTOYJICH CI)(p) uMeeT cTteneHb N (a He
n—1), Toraa xopuu ero P, Oyayr HymeposaTbes oT 1 1o N. U mostomy dopmyna

(1.33) mepenuieTcs B BUIE

Ipumeyanue. IlpocTbie KOpHU P, 3HAMEHATEIA Fz(p) npodu f(p) ABJISTFOTCA

ee MPOCThIMU ToytocaMu. Mcnonb3ys Gopmyiy N1l BEIUMCIEHUSI BEIYETOB (DYHKIIMU

t
F(p)ep OTHOCUTEJIBHO TPOCTHIX TMOJOCOB, (Gopmyne paszioxkenus (1.31) mMoxHO

npumats Bun  F(p)—f(t)= Zn: Re S[F(p)ept], YTO COBIAJACT C OOIIUM PE3yJIbTaTOM
. k=1P=Pk

(1.28).
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Otmerum, yto ¢opmynsl pazmoxkenus (1.31), (1.34) mHOrIA OKAa3BIBAIOTCS
OPUMEHUMBIMM M B TOM ClIy4yae, KOrjaa H300pakeHHe F(p) uMeeT OeCKOHEYHOe
YHCIIO MOJIFOCOB.

I1) 3namenarens qpoou (1.29) nMeeT KpaTHBIE KOPHHU.

[Iyctp uwmcrna P, Poy ...y Py ABISIOTCS  KOPHAMH KpaTHOCTH [, [5,..., 1,

COOTBETCTBEHHO. [Tpruem n+rn+...+1r,=n. Torna

F(p)=a0(p-p)™ (p-p,)"-...-(p-p,)".

BBuay rpomMo3aKOCTH MpOoIeAypsl onpeneiacHuss Kodh UIMEHTOB Pa3ioKeHUs

FR(p)
F(p)

Oyaem ucxoauth u3 popmysl (1.28).

Ha TpocTteiire IpoOu B JaHHOM Cily4ae ISl OTBICKaHMsI OpUTHMHaa f(t)

Kparuele xopuu pPq,P,,...,P, 3HamMeHaTens Fz(p) SIBJIIOTCSl  IOJIFOCAMU

nopsimka Iy, T,,...,T, apobu F(p). Bocmosnb3oBapmmch Qopmysoii s BbiueTa

byHKIIIH F(p)eIOt OTHOCHTEJIBHO TOJI0CA Hopsaka [y, u3 ¢popmyisl (1.28) nmoryunm

R(p)

2

. R(p) t} L1 drk_l{ i F1(p) t}
f(t)= > Res| 1Pt =S = |lim _p, )« L1 ePt (1 35
) kzlp:pia(p) 2 DM ot PP e |39

B dactHOCTH, KOT/Ia BCE TOJIOCHI TPOCTHIC (I‘k =1, k=l,_n), dopmyia (1.35)

s pyuaknuu F(p) = opurunan f(I) Gymer Boruncnen ciexyrommm oGpaszom:

npunuMaet Buj (1.34).

Utak, ecau n3zodpaxeHue F(p) ABJISIETCS] IPOOHO-pALIMOHATIBHON (PYHKIIMEH OT
P u pP,P,,...,P, — €€ HOoIoCH (IIPOCTBIE MM KPATHBIE), TO COOTBETCTBYIOLIUIA
OpHIHHAI f(t) onpenensercs Gpopmyoii (1.35).

[Ipu mpakTHYECKOM HCIOab30BaHUU (PopmMyisl (1,35) MOJIE3HO YUUTHIBATh, YTO

r
3HAMCHATECIIb Fz(p) COACPKUT MHOXKHUTECIIb (p—pk) “ u 03TOMY MOXET OBITh

sarmcan B Buge F,(p)=(p—p, ) “®(p), rme ®(p, )#0. Torxa
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o1 dY T IR(p)e”
=25 o dprkl{ o(p) | (39

3ameuanne. Ecnu apoOb HempaBuiibHas (mZ n), TO F(p) HE CTPEMUTCH K
HYJIIO IPU ) —> o0 U, CJIEI0BATEIBHO, F(p) HE MOXET OBITh N300paKEHUEM.

INPUMEP. I1o Teopeme pa3nokeHUs HAUTH OpUTHHAT QYHKITUN F(p):

~ p? . p+2
R G T

Pewienue. a) no yciosuro, Fl(p) = p2, F, (p) = (p - 3)(p2 + 4):
= (p - 3)- (p - 2i)- (p + 2i). 3namenarens F, (p) MMEeT MHPOCThIe KOpHU: P =3,

p,=2i,p;=-2i. Ilosromy Bocmoms3yemcst  dopmyinoir  (1.31). Torma

F(p)= (p3 —3p? +4p—12) =3p°-6p+4, F)(p,)=13, F(p,)=-8-12i,
F(p,)=-8+12i.

CnenoBaTeibHO,
3t 2it -2it -t i
1:(t):9e N e . e _:3 3t+2 3|e2,t+2+3|e_2,t:
13 2+3i 2-3i 13 13 13
2it | o-2it L oa2it o -2it
_du demrer Olem—en 9. +£(2cos 2t +3sin 2t).
13 13 2 13 2i 13 13

6) 3mecy F(p)=p+2, F(p)=(p —1)2 p®. Oynkius F(p) umeer nBa momoca:
P, =1- mnomoc 2-ro mopsnka, P, =0— nomoc 3-ro mopsnka. ITo dpopmyne (1.35)

HaxoanuM

. d 2 p+2 t:| 1 . d2|:3 p+2 t:|
f(t)=lim—| (p-1) ————¢e” |[+=Ilim P e” |.  UYrobnl
O-tm ) (p-f P22 e i & P2

BBIYUCIIUTB IIEPBOC CllaracmMoc, HGO6X0)II/IMO CHayajla HauTu IMPOU3BOAHYIO, @ 3aTCM

nepeiTy k npeaeny npu P — 1.
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!)linlf—p [p‘3(p + 2)ept]: II[)anl[(— 2p 3 - 6p‘4)e'Ot +tp 3 (p+ 2)ept]= e'(~8+3t).

Jlist BTOpOTO cjlaraeMoro HaidJeM MpPOM3BOAHYIO TIEPBOrO MOPSIKAa OT

BBIPAKEHUSI, CTOSIIIIETO B CKOOKAX:

d| p+2 pt} 2 o1 t(p+2)
—| ——¢e" |=- (p+2)™ + eP e =
dp{(p—l)z (p-1)’ (p-1 (p-1y
:t(p2+p—2)—p—5ept.
(p-1)’
2 2
Tornailim d2 p+22 e zllimi t(p +p_2)3_p_5€pt =
210-0dp? | (p—1) 20-0dp (p-1)
1 (2o +1)-1)p-1 -3(p -1 [t(p* + p-2)-p-5]
20 (p-1)°
2
+tt(p +p_2>3_p_5ept}:t2+5t+8.
(p-1)

Wrak, f(t)=e'(~8+3t)+t* +5t +8.

1.7 IPUMEHEHHUE OITIEPAIIMOHHOI'O NCYUCJIEHUA

OnepallmOHHOE HCUHUCIEHHE MOXHO paccMaTpuBaTh KaK CBOEOOpa3HbId U
3¢ (PEeKTUBHBIA METOJ MHTErPUPOBAHUS JTUHEHHBIX AU depeHIrnanbHbIX YpaBHEHHM
U UX CHUCTEM, a TaKXKe HEKOTOPBIX TUIIOB JMHEHHBIX MU PepeHInalIbHbIX YpaBHEHUN
B YaCTHBIX IPOU3BOJIHBIX.

1.7.1 Pemenue JJuHelHbIX QU depeHIHATbHBIX YPABHEHHH
€ MOCTOSAHHBIMH KO3 PUIMEHTAMUA

[Iycts nano nuHeliHOe nud@epeHnranibHOe ypaBHeHHE N —ro mnopsaka c
NOCTOSIHHBIMU KO3 pUIIMEHTaMU

a xM(t)+a, x"V(t)+...+ax(t)=f(t), (1.37)

n

rae a; — JCUCTBUTENbHBIC Yucaa. Tpedyercs HaWTh (QyHKIMIO X(t), KOTOpast

ABJACTCS pCHICHUCM 3TOI'O YPABHCHUSA OJIA t>0. KpOMe TOro, 9TO PCIICHUC JOJIKHO

YAOBJICTBOPATH HAYAJIbHBIM YCJIOBUAM
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x(0)=x,, x'(0)=x}, ..., x"H(0)=x,. (1.38)

Wuade roBops, TpeOyeTcs pemmTs 3anadqy Kormm.

[Ipennonoxkum, 4To MpaBasl 4acTh f(t) ypaBHeHus (1.37) u uckomasi GpyHKUUS
X(t) BMECTE CO CBOMMHU TNPOU3BOAHBIMHU N0 N —T0 TMOpPSAKA BKIIOUYUTEIHHO
ABIIIIOTCS OpUTHHANaMH. Tak Kak (QYHKIHS X(t) ABJIIETCSL PEIIEHUEM YpPaBHEHMUS
(1.37), ynomierBopsiroruM (1.38), To mocie mojactaHOBKH 3ToH QyHKwH B (1.37)
MBI MOJYYHUM TOXJIECTBO. 3HAUMUT, JUHEHHAs KOMOWHAUUS (PYHKUIUH, CTOSIIHUX B
nesoit yactu (1.37), u yHKIUS f(t) UMEIOT OJHO M TO ke m300pakenue Jlammaca.

[ToaToMy MMeEeT MECTO PABEHCTBO

n
L Zanx (0} - L)
k=0
B cuimy cBoiicTBa IMHEMHOCTH M300paKEHHUSI 3aITUIIIEM

a, Lix™(0)}+a, LX)} +...+a,L{x(t)} = LF(t)). (1.39)
Tyers x(t)<-X(p) n f(t)<F(p). (1.40)

[To Teopeme o nuddepeHINPOBAHNN OPUTHHATIA C YIETOM HAYAJIbHBIX YCIOBUM

(1.38) Oynem umeTh

X (t)<-pX(p)~Xs,

. (1.41)

X"()p"X(p)~p" X0 —p" x5 —x( .

[ToncraBnsst B paBeHCTBO (1.39) BMecTo n300pakeHUi PyHKIIMIMA f(t), X(t) U ee

npou3BOIHBIX BeipaxkeHus (1.40) u (1.41), monyuum
2, [p"X(p)~ " xg PG — .= X0 [+ oM X (p) =P X = =X J+
+...+2y[pX(p) = %o ]+ 20X (p) = F(p). (1.42)

[locnennee ypaBHenue, a Takke (1.39) Ha3pBalOT ypasHeHuem 6
U300pasceHuAx VI onepamopHwvim ypasnenHuem. OnepaTopHOE ypaBHEHHE IS
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nanHoro guddepennuansHoro ypaBHeHusi (1.37) sBusercs anreOpandecKum

ypaBHEHUEM TIEPBOU CTETICHH OTHOCUTEIIBHO N300PaKCHUS X(p).
[Tepenumiem ypaBaenue (1.42) tak:

X(p)a,p” +a, ,p"* +...+a,p+a,|=F(p)+a,[p" X, + p" A, + ...+ x|+
+a, "X + PG o+ XD |, X + X0 ]+ g,
OTKYJ1a HaliJIeM U300pakeHne

X(p)= F(p); C?Fr;)—l(p), (1.43)

rae Rn(p) 141 CDn_l(p)— MHOTOYWICHBI OT ) COOTBETCTBEHHO creneHedd N u N —1.

R.(p)=a,p"+a, p" " +...+ap+a,,

n-1 n-2 n-1
@, ,(p)=a,(p" X, + P X, ...+ XTY )+ 2, (X + X))+ X,
Ecnu, B 4YacTHOCTH, Ha4albHBIC YCIOBUS HyJeBbie, To ¢dopmyna (1.43)

YIPOCTUTCS:
X(p)=—"r5- (1.43a)

Teneps 1o HaiinenHoMy m3o6paxennio X(p) orsickupaem opuruman X(t) (wm
HEMOCPEJCTBEHHO I10 TaOJWIle WIK [0 TeopeMe obparieHus). B cuiry Teopemsl
exurcTBenHocTH opurmHan X(t) Gyaer uckombiM pemeruem 3agadn Ko,

MPUMEP. Haiitn pemernme ypasnenms X'(t)+4x'(t)+4x(t)=te mpu
HAYaJIbHBIX YCIOBUAX: X(O) =1, X'(O) =2.

Pemenue. [lepexoguM K ypaBHEHHUIO B H300paKEHUSAX, IOJaras, YTO

X(t)<=X(p). Haiinem m3o6paerus s X'(t) u X"(t):

K(OCPX(E)-L X ()pX(p)-p-2

e 3
3, 3 y
N3 cootBerctBusi 1" ¢——  (cM. B Tabiauue COOTBETCTBHIA), MOJb3YSCh

op4

TEOpEeMOM CMENIeHUs, HallieM H300pakeHne IPaBoi 4acTH ypaBHEHUS
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3.2t 3

t'e (_W . Torna oneparopHoe ypaBHEHUE 3aMUIIETCS B BUIE
) p +
3
p°X(p)—p—2+4(pX(p)-1)+4X(p)=——
(p+2)
3
X(p)p®+4p+4)-(p+6)=——,
wm X(p)p® +4p+4)—(p+6) ey,
3 p+6 3 1 4

X(p)= + = + + :
oran X0 = (o peaf  praf pe2  praf

C IIOMOIIBIO Ta6J'II/IHI>I COOTBETCTBUIN BOCCTaHABJIWBAECM OpUIrHHAJIbl OJIA

KaXXa0ro CJ1aracMoro.

3 I R T 1 ° 5 4 c o
=— —»>—te ", ——oe 7, —5—>4te .
(p+2f Bl(p+2) + 8 p+2+ " (p+2) -

1
CrenoBaTelbHO, X(t) e (1 + 4t + 20 tsj . [Tpumep permieH.

O6cynuMm moapoOHEe MPEUMYIIIECTBA OMEPAITMOHHOTO METO/Ia WHTETPUPOBAHUS
muddepeHnnanbHbix ypaBHeHui. [lpu pemenun 3amaum Komwm s nuHEHHOTO
HEOTHOPOIHOTO Ju(GEpPeHITHATHHOTO YpaBHEHUS N -TO MOPSAKa OOBIYHBIM ITyTEM,
PAaCCMOTPEHHBIM B TEOPUU OOBIKHOBEHHBIX IU(DPEpEeHINATBHBIX YpaBHEHUH,
HE00XO0IUMO CHayaja HaWTH oO0Ilee peneHue, KOTOpoe 3aBUCUT OT N

IMPOU3BOJIBHBIX ITOCTOAHHBIX Cl’ C2 Yooy C OHpCI[CJIGHI/IG ITPON3BOJIBHBIX

o
MOCTOSIHHBIX ~ TPEOYyeT JOTMOJHUTEIBHOTO pEHIeHUs CUCTeMbl N JTHWHEWHBIX
anreOpanueckux ypaBHeHui, onpenenstonmx npu =0 uckomyro ¢GyHkIHO U ce
IPOU3BOIHBIE [0 (n —1)—r0 MOpSIIKa BKJIIOYMTEIBHO, a 3TO JUIs ciaydas N >3

JIOBOJIBHO TPOMO3JIKO M yToMmuTenabHO. llpumenenue mnpeoOpazoBanus Jlammaca
CHJIFHO YHIPOINAET pELICHHE 3aJadd IMOTOMY, YTO, BO-TIEPBBIX, HAJ0 pelaTh He
auddepeHnraIbHOoe ypaBHEHHE OTHOCUTENIBHO OpHIMHANa, a aiaredpandeckoe
ypaBHEHHE OTHOCHTEIBHO €ro M300pakeHusi, BO-BTOPHIX, HE TpeOyeTcs HaxOIUTh
3HAYEHHS MPOU3BOJBHBIX MOCTOSHHBIX, MCXOJ1 M3 HAa4YaJIbHBIX YCJIOBH, T.K. OHH

dBTOMATH4YCCKHN BBOATCA B PCHICHUC OTHOCHTCIIBHO H306pa)I(€HI/I$I, a 3aTc™M "N B
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pElIeHHEe OTHOCHUTENIbHO opuruHaia. Haumbosee dacTblii Ha MpaKTHKE ClIydaid
HYJIEBBIX HAYAJIbHBIX YCIOBUMU MPHU KJIACCUYECKOM METOJIE PEIICHUs] HE OCBOOOXKAAET
OT peUIeHHs YHOMSHYTOW CHCTEMBbI ajre0pandecKuXx ypaBHEHHUW OTHOCHTEIHHO
IPOU3BOJBHBIX MOCTOSHHBIX. VICIONb30BaHME B 3TOM Cly4ae  ONEPaLlMOHHOIO
MeTo/la O0EeCleYrMBaeT MCKIIOYUTENIBHO MPOCTOM XOoj BblyMcieHuil. Kpome Toro,
OTBICKaHUE OOIIETr0 pelIeHUusT HEOAHOPOIHBIX JHMHEUHBIX IuddepeHITnanTbHbIX
YpaBHEHUN TpaJULMOHHBIM CIIOCOOOM COCTOMT U3 JIBYX OJTallOB: peELICHHE
COOTBETCTBYIOIIIETO OJHOPOJHOTO YPAaBHEHHS W 3aT€M pEIICHUS HEOJAHOPOIHOTO
ypaBHEHHUSI 10 METOJAY BapHalH MOCTOSHHBIX. OmNeparMoHHBI METOJ MO3BOJSIET
cpa3y peuMTh HEOJHOpPOAHOE ypaBHeHHe. Ecim sxe TpeOyercs HailTu obliee, a He
gacTHOEe pemieHne AuQPQPEpeHInanbHOTO YpaBHEHHs, TO W 3TO MOXHO CJenaTh
OTIEepPaIIMOHHBIM METO/IOM.

W B ToM ciyuae, korga B mpaBoii yacTu ypaBHeHus (1.37) CTOMT KyCOYHO-

HenpepbiBHAA  (DYHKIUS f(t), KOTOPYIO 3alMCBhIBAIOT C TOMOIIBI0 HECKOJBKUX

AHAIMTHUYECKUX BBIPAKEHUH, YCIEIIHO NPUMEHSETCA ONEPALMOHHBIA METOA. ODTO
ABJISIETCA €IIe OJHUM NPEUMYIIECTBOM ONEPALMOHHOTO METOAA MO CPAaBHEHUIO C
TPAQAULMOHHBIM: IIPU HCIIOJIB30BAaHUM IIOCIEAHErO0 YPAaBHEHUsSA, IIpaBas 4acThb
KOTOPOrO MMEET Pa3jW4yHbIi BUJ Ha Pa3HbIX MHTEpBajaX H3MEHEHUS apryMeEHTa,
OPUILIOCH ObI UHTErPUPOBATh MO 3TalaM, TO €CTh Ha KaXI0M TaKOM MHTEpBaje MO
otaenbHOCTH. [lpu 3TOM Ha KaXaoM 3Tane MpHUILIOCh Obl MCKAaTh CBOE pEIICHHE
HEOJAHOPOJHOTO YPABHEHUS, OTBEUAIOIIEE TAHHOMY BUY MPABOW YaCTH, ONPEAEIIATh
CBOY HAYAJIbHBIE YCJIIOBUS U 11O HAWJICHHBIM HAYaJIbHBIM YCIOBUSM ONPEAEISTH CBOU
3HAQ4YEHUS IPOU3BOJBHBIX IIOCTOSHHBIX, BXOAAIMX B pemenue. [lo Teopeme
3ana3AblBaHUsl HAXOAAT U300pakeHUe KyCOYHO-HENPEPBHIBHONW (DYHKIIMH, TIOCIIE YETO
MOJIy4arOT OJIHO OIEpaTOPHOE YPABHEHHE OTHOCHUTEIBHO H300pa’KE€HHS HCKOMOIO
pemenns 3anaun Kommn.

INNPUMEP. Haiitu penieHue ypaBHEHUS X"(t)+ X(t)zf(t) P HYJIEBBIX
HAYaJIbHBIX YCIIOBHSX: X(O)=X'(0)=O, eciu  (pyHKIHS f(t) 3ajaHa rpaduKom,

n300paxeHHbIM Ha pucyHke 1.9.
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Pemenne. MHcexons us rpaduka GpyHKOuu f(t), MOJIYYHM €€ aHaMTUYECKOe

f (t) [IPEJCTABIICHUE

h
—t, ecu 0<t <1,

h 1

f(t)=<h, ecmm r<t<vc,,
h
> T - (t—7,) ecmur, <t <z,
0 7, 7, (2 T3 — 1T,
Pucynok 1.9

C nomompto (yHKIMM XeBucana

OHa MOXET OBITh 3amucaHa OJHHUM

h

eoipaiceniem (1) = Zt[”(t)_ n(t-7)]+hln(t—7)-n(t-z,)]-

(t_fs)[ﬂ(t_fz)_ﬂ(t_%)]-

h

3= 1)

Jlnst onipenenenus u3o00pakeHus F(p) byHKIMHA f(t) npeoOpa3yem ee K BHUIY,
JOMyCKAIOMEMy  TPUMEHEHHWE  TEOpEeMbl  3ama3/ibIBaHUsi K  COOTBETCTBHUIO

° 1
t-n(t)—=:
*p

F(t)= L [t(t) - (t— 2, + 7t — )]+ Bt — 1)t —2,)] -

_ o Erz [(t — Ty + Ty — 73)77(t — 72)— (t — 73)77(t — 75 )], OTKY/Ia MOJIy4aeMm
f(0)= T tn(t)-(t=)nlt =]
e AL GEANGEALEE)
Torna
h[1, . h e om
e 2 ]
M (1 gl N (o gem)|
F(p):FL'_l(l_e ) T3 72( )}
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Tak kak X(t)<X(p) u X”(t)(—pZX(p) (B cuily  HYJIEBBIX HadaJbHBIX

YCJIOBUH), TO OINEPAaTOPHOE YpPaBHEHHE HMMEET BU]I pZX(p)+ X(p)= F(p), OTKyJa
HaXOJUM
F(p) h {1 oe h (oe,  —pr
X(p)= = —1—ep1——ep2—ep3}.
p? +1 pz(p2 +1) 71( ) rg—rz( )
Bocnoab3oBaBmmch TabJIMIIEH COOTBETCTBUM, HAMAEM

1 ° :
‘2(2_1)—>t —sint. OpurnHael OCTATBHBIX CiTaraeMbix m3o6pakenus X(p),
pr\p +

OTIIMYAIOMIUXCA OT ICPBOro CjaaracMoro MHOKHUTCIICM BHd e_pr, OIIPCACIIAOTCS C

IMOMOIIBIO TCOPCMBI 3alla3AbIBAHUSA, 4 HMCHHO

pT(h_}ﬂ(t —7)[(t—n)-sin(t-7)].

Takum 00pa3om, OKOHYATENBHBIN BUJT pelieHus 3aaaun Komu ciemyonui:

x(t):D(t_sint)_;n(t_Tl)[(t_rl)_sm(t_fl)]_

21 1

. Erz n(t-z,)[(t—7,)-sin(t—z, )]+ ﬁn(t_fs).[(t_%)_sin(t_T3)]_

XOTs OnepalnoHHbIM METOA ObLT MPOUJUIIOCTPUPOBAH HA MPUMEPE ypaBHEHMUI
BTOPOTO TOPSJIKA, SICHO, YTO YIPOIIEHNUE BBIUUCIUTEIHHOU paboThl Omaromaps €ro
NPUMEHEHUIO CTAaHOBUTCS CYILECTBEHHBIM TIpU pelieHuu auddepeHnanabHbIX
ypaBHEHUI MOpsika 00jiee BEICOKOTO, YeM JIBA.

IMPUMEP. IIpu u3ydyeHun ypaBHECHUH DJICKTPUUYCCKUX KOJICOAHUN MPUXOIUTCS

pacCcMaTpUBATh DPAa3IMYHLIE BUABI BHEIIHEH CHIIBI f(t). B MOMeEHT BpeMeHH
t, =kr,k=012,... coobuarTcs 31eKTpUYECKHEe UMITYJIbCh Bennunubl d. Hamo

HaWTHU paclpeie]ICeHUe TOKa 10 ITPOBOIHUKY, IIPU YCIOBUH, YTO HAYaJIbHAs CHJIa TOKA

U N3MCHCHHUC CHUJIBI TOKA PaBHBI HYJIIO.
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YpaBHeHI/Ie I OIpCACICHHUA CHIJIBI TOKa HUMECT BHU

2
L:T + EI = aZd (t kr) rae L — magykruBnocts, C— eMKoOCTh, O (t)— neJpTa-
C k=0

¢yukumu upaka, i(t) — CHJIa TOKa.

i(0)=0,i"(0)= 0. TTonaras i(t)<—J(P), mepeiinem k onepatopHomy ypaBHeH# IO,

a 1 &_ 1
€ro pelicHre NMEeT BUJI J(P) =—. ﬁz gkeP , T ®° = — wim
L p"+o ko CL
a 1 © 1
J(P) rae Y e P =
(p + w? x1—e_fp) k=0 1-e™P
CornacHO TeOpeMe pas3jIOKCHHS OPHIHUHAI IPEACTABISCT CO00H CyMMmy

2K i

BBIUCTOB (PYHKIIMH J(P)-eIDt Bo Bcex ee momocax: P=0,p=tiwo u p, =——

27

(k =12,.. ) Ecin 7 He sABAsgETCA LENBIM KPAaTHBIM YMCIA 7; = ——, TO BCE MOJIIOCHI
w

IIPOCTHIC, U, Haﬁﬂﬂ BBIYCTBI, MbI I1I0JIy94daCM OKOHYATCJIbHO

ot

i(t)= > 1.2 o0 t+ -3 3 77 COS

k'Tl
oL| 7 2sin % k=1 T 7} T

1.7.2 Pemienue cucrem qu¢¢epeHuaIbLHbIX YPaBHEHH

B Gomnbmieit mepe mpeumyiiecTBa npeodpasoBanus Jlammaca mposBiIsIOTCS MPU
pELIEHUN CHUCTEM JIMHEHHBIX Ju(QepeHInaIbHbIX YypaBHEHUN, IPUYEM OHO
OPUHIUNHAIBHO HE OTJIMYAETCS OT peIIeHUs OJHOoro auddepeHnanbHoro
ypaBHeHUs. Kaxmoe ypaBHEHHE HaHHOW CHUCTEMBI 3aMEHSETCS COOTBETCTBYIOILHUM
OIepaTOPHBIM YPABHEHHUEM, TOTJJa BMECTO CUCTEMBI I pepeHInaIbHBIX YPaBHEHUN
oOpa3zyercss cuCTEMa JIMHEWHBIX ainreOpauvyecKux YpaBHEHUHM OTHOCUTEIBHO
U300paKeHNU UCKOMBIX (DyHKIMI. Takue cucTeMbl U3SIIIHO PEIIAIOTCS MO MPaBUITY
Kpamepa. 3arem OT HalJ€HHBIX HU300paKEHUI MEPEXOASIT K UCKOMBIM (DYHKIIHSIM.
OnepalMoHHBIH METOJ MHTETPUPOBaHUS cUCTeM JupdepeHalbHbIX ypaBHEHUN

IMOKA’KEM Ha IIPHUMCPC.
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o [X(t)+2x(t)+ 2y(t) =10e™
HPUMEP. Pemuts cucremy ypaBHEHUM IpU
y'(t)—2x(t)+ y(t)=7e*

HAYaJIBbHBIX YCIOBUIX X(O) =1, y(O) =3.

: Y(t)<—Y(p). C ydeToM HaydaJIbHBIX

Pemienue.  Ilomaraem X(t)(— X(p),

YCIOBMH HaljeM X'(t)<.—pX(p)—l, y’(t)<.—pY(p)—3. BHocMM B ypaBHEHUS

CHCTCMBI I/I306pa)KCHI/I$I BMCCTO OpPHUIHMHAJIOB, IIPHUXOAHUM K cnez[y}omeﬁ CHUCTCMC

( 10
pX(p)-1+2X(p)+2Y(p)= P
OIIEPAaTOPHBIX YPABHEHUN: p7 :
pY(p)-3-2X(p)+Y(p)= b2

[IpuBenem cucteMy anredpanyeckux ypaBHEHUI K HOpMalibHOU dopme:

(p+2)X(p)+2Y(p)=P >
p-2 )
. Teneps no popmynam Kpamepa pemaem eé

-2X(p)+(p+1)Y(0)=

p+8
p—2
3p+1 1
S Pl l+8)-(p+1)-2(3p+1)
(p)= p+2 2| (p+2)-(p+1)+4 Tp-2’
-2 p+
p+8
2 L
p+ I
3p+1 1
2 2ol L2 Gor)-2pre)])
Y(p)= - - .
(p) p+2 2 (p+2)-(p+1)+4 p—2
-2 p+

Tepexomum ot m3obpakernii X(p) n Y(p) k ux opurusamam. Iomyuaem

MCKOMBIE PEIEHHS X(t) =e”, y(t) = 3e”". Ipumep pelrres.
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1.7.3 Pemenue JJuHelHbIX Q¢ depeHIHATbHBIX YPABHEHUH B YACTHBIX
MPOU3BOHBIX

OnepanioOHHBIA ~ METOJ  WCIIONB3YeTCS W TpH  PEUICHHH  JIMHEHHBIX
muddepeHnanbHbIX ypaBHEHUH B YAaCTHBIX TMPOM3BOJHBIX TPH  OIMpPEAeTIEHHBIX
KpaeBbIX ycioBusX. [IpuMeHeHHe STOro MeToJa K YpaBHEHUIO B YaCTHBIX
IPOU3BOJHBIX, TA€ HCKOMas (GyHKIUS SBIsSeTCS (YyHKIHEH ABYX TEPEMCHHBIX,
IPUBOIUT K OOBIKHOBEHHOMY A depeHInaIbHOMy YPaBHEHUIO, YTO, €CTECTBEHHO,
yOpoImaeT pemieHne 3afad. [IpuMeHeHWe  OmepalMoOHHOTO  MeToja IS
WHTETPUPOBAHUS JIMHCWHBIX B YACTHBIX MPOU3BOJHBIX IOKAKEM Ha TIPUMEpE
ypaBHEHUS BTOPOTO TMOPSAKA OTHOCUTENIbHO (YHKIMU JIBYX IE€PEMEHHBIX, HE
oOcyxnaast 31ech (U3MYECKUU CMBICI YPAaBHEHHUS W YCIOBUHM, HAJO)KEHHBIX Ha
UCKOMYIO (DYHKIIHIO.

IIPUMEP. B o6mactir 0 < X < 00,0 < t < 00 maittu pemrenue U(X, t) ypapuenus

2
YAOBJICTBOPAIOUICC YCIIOBUAM
u(x,t),_, = U, (1.45)
u(x,t),_, =u., u(x,t)>u, npu x-—»oo. (1.46)

Pemrenye. YMHOKHMM Kaxablii uieH ypapuenns (1.44) wa e Pdt wu
npounrterpupyem o t ot 0 1o o0. B pe3yaprarTe moixydum OmepaTopHOE yPaBHEHHUE

OTHOCHUTCIIBHO apTyYMCHTA t:

0] 2 0
[ P (1.47)

.S ¢’y Ot
[Ipu GpUKCHPOBAHHOM X HMHTETpal je"“u(x,t)dt €CTh JIAIUTACOBO M300paKEHHE
0
byHKIIMN U(X, p). Wrak, B Hammx 0003HAYEHUSAX

u(x,t)<.—U(x, p)= Te‘ptu(x,t)dt. (1.48)
* 0

53



C yuerom (1.48) wunrterpan B neBoil yactu ypaBHeHus (1.47) MOxHO

MpCcaACTaBuThb B BUAC

Nzl 0% % o%u
fen 2t

dt =—— [e™u(x, t)dt = = (1.49)

.S O*X ;

K unrerpany B npaBoit yactu (1.47) mpumenum Hopmyiry HHTETPUPOBAHUS TIO

gacTtaM. Torma
°° u, =e™, do, =—dt
fe™ %dt = ! !
0 du, =—pe™dt, o, =u(x,t)

+ pTe‘ptu(x, t)dt = —u(x,0)+ pt(x,p).

0

‘OO

=u(x,t)e™|
C yuyerom ycnoBus (1.45) OKOHUATENIBHO MOJTyYaeM

< Al

[e™ —dt=pu—u,. (1.50)
0 a

[TonctaBnsas (1.49) u (1.50) B (1.44), Oymem wuMeTh OOBIKHOBEHHOE

g epeHnnaIbHoe ypaBHEHNE BTOPOTO MOPSIIKA 110 apTYMEHTY X .

d’n 2a, _
__(u_uo)’

el 1.51
dx* c? tLsl)
KOTOPOE€ CIEAYET PEIINUTh IIPU YCIOBUIX
7 N u.
U, =[ePudt=u.fedt=—, (1.52)
0 0 p
- T apt Ug
|, > [eudt=—2 (1.53)
0 P

[IpumeHsst TEOPUIO UHTErPUPOBAHUS JIMHENHBIX YPABHEHUN BTOPOTO IOPSJIKA,
COrJIaCHO KOTOpO# o0OIee perieHrue HEeOAHOPOJHOTO YPaBHEHHUS CKJIAJAbIBACTCS U3
00111eT0 perieHus: OJJHOPOJHOTO YpaBHEHUSI U YACTHOTO PEIICHUS HEOJHOPOJIHOTO

ypaBHEHUS, Haiiem, 4To obriee pereHue ypasaenus (1.51) umeet Bua

J2ap” 2’ U
e °+Ce °+-2,

U(X, p)= Cl D
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rae C, u C, — npousBonbHble octosiHEbIe. Onpeaenum ux u3 ycinosuii (1.52) ,

(1.53). 13 orpannyeHHOCTH (PYHKIIUU U(X, p) npu X — o0 B cuiy yciopuid (1.53)

u u.

cienyer, uro C,=0. U3 ycnosus (1.52) U‘x:() =C,+-2=—"nonyuaem

u.—u
C,=——2.

P

_ u.—u, —2@. U,

Wtak, U(X,p)=——2€ ¢+,
P p

ITo HalineHHOMY H300paKEHUIO U(X,p) OIIPEACINM OpUTHHAT u(x,t)—
UCKOMOE pelieHrne 3anadyu. V3 Tabmuiel COOTBETCTBHMI YCTaHABIMBAE€M, 4YTO

— Zapé

e ¢ 2a X 2 X
—=1—erf —— |, THe erfy = —je‘zzdz — TaK Ha3bIBAEMBII MHTErpall
P \c?t 2 NI

Uo
OIHKOOK, Ta0ynupoBaHHas dyHKIHS. A—=u,, CJIEJOBATEINIBHO,

u(x,t):u0+(u,—u0)1—erf(\/§-gj |
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2 MeToauuyeckue yKa3aHus JJIs CTYJACHTOB

IIpeoOopa3zoBanue Jlamiaca. OpuruHaj u u3o0paxeHue
OCHOBHBIMHM TOHSATHUSMH ONEPALMOHHOIO HUCYMCIICHUS SIBISIOTCS TMOHATHS

pyukuup—opurunana  f(t) u  Qymxkoum—usoOpaxenus F(p) (pP=X+1y-

KOMILIEKCHas TIEPEMEHHAs1), ONpeIeNICHUs] KOTOPBIX JIaHbl B MIEPBOM TEOPETUUYECKOM
gacti. Bo BTOpoil (MeTtoaumueckoil) yactu OyAeT HpuUBEAeHa CEpHsi MPUMEPOB C
NOAPOOHBIM OMMCAHWE HX PEIICHUS U C YKa3aHUEM IMPUMEHSIEMbIX TeopeM (u3

NEepBOM YacTH).

2.1 Haxoxaenue n3o0pakeHus 1o 3aJJ]aHHOMY OPUTHHAJY Yepe3
uHTerpas Jlamiaca

[TPUMEP 2.1. Haiitu msoOpaxkenue mis pyHkumun — opurunana f(t)=1+1

yepe3 uHTerpan Jlammaca, To €CTh UCXOAS U3 ONpPENETIeHUs U300paKEeHHUSL.
+o0 +00 +00 +00
Pemenne. F(p) = [f(t)e™dt= [ (1+t)e™dt= [ ePdt+ [te dt
0 0 0 0

PemaeM oTIeNIbHO KaKIbI HHTErPa

e 1% 1. o1 1. 1, 11
a) [e"dt=—=[e™d(-pt) =—=lim(e™| ) =—=lim(—~| ) =—=(lim—-=) =
o= feaopy =i )= i )= U G-
_Llo-pn-1
p p
°1
Urak: l(—B, ecau Rep>0.
dv =e"dt b
+00 :t +o0
6)jte*’“dt: . _ L :—llim(t-e’pt )+—J.eptdt:—l(|im£b—0)+
0 du:d'[ V= pe pbeoo . p 5 p baooep
1,1 1 1 10 1,1 1 1 1
+—(——Iime_pt ):——(0—0)——2(||mT ):——2(—00——0):——2(0—1):—2
pp> p p° et p- e ¢ p p
° ° 1 1
Urak: t<——, ecoim Rep>0. Otser: (1+1)¢——+—.
°p *p p
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[TPUMEP 2.2. Haiitu usoOpaxenue s pynxkumu — opurunana f(t) =sint,

HNCXOOA U3 OIPCACICHHUA H306pa>1<eH1/m.

+00
Pemrenne. F(p) = L{Sint} = Ie_pt -sintdt = unTerpupyem mo yactam:
0
. du = cost dt b
u= Slnt +o0
gy v te | =——lim(sint-e) ) - -3 fe™ - costdt =
dV =€ dt - p p b—o0 o p 0

NOCJIETHUI UHTErpaJl BHOBb MHTETPUPYEM 1O YACTSIM:

du = —sint dt

+00

’ —lje““-sintdtjz

0

u = cost N
=——lim(sint-e™

b
. _ t )+ 1[— 1Iim (cost-e™
dv =e™dt V__Ee p b o P

p b—w

b b

:—E(Iim(sint-e’pt
p b—w 0

)—izlim(cost-ept ))—izfe"‘-sintdt.
p b—w p 0

0
Nrak, Mbl 1Ba pa3za MPOMHTErPUPOBAIH 10 YACTSIM U BEPHYJHUCH K UCXOJTHOMY
uHTerpany. llomydaem Tak Ha3bIBaEMYIO PEKYyppeHTHYIO GopMyiy (HMCXOIHBIN

UHTETpa 0003HaYMM yepe3 J ):

b b

1, .. 1
J=——(LI£L](SII’]'[-€ P —-J

) —izlim(cost e
p p b—w

) -

0 0

UIn (l+i2)‘]:_£(“msmbb—w)—%(lim COSbb_CO§O)’
P p b= e’ e p? b= P e

: .1
Tak Kak SiND u COSb -orpannyenusie GhyHkIwH, lee? =0 (npu Rep >0),

1
1+p

2 2"

3HAYUT: (1+i2).]=—£(0—0)—i2(0—1), (1+i2)J=i. Urak J =
Y P p p

OtBerT: Sint <«

eciim Rep>0.
*1+p

2 b

3ameuanuie. JlaHHBIA TyThb HAXOXJEHUS H300pAKEHUS SBIAETCS JOBOJIbHO

00beMHBIM. B manbHEHIIMX mpuMepax Mbl OyJIeM HCIIOJIB30BaTh (hOPMYIIBI Diiiepa, ¢

MOMOIIBI0  KOTOPBIX SNt 1 COSait  mpeacTaBiasIFOTCS Yepe3 IKCIIOHCHIIHATbHBIC

q)YHKHI/II/I N TOraa HHTCrpall Jlarmnaca BeIYHMCIISICTCS IIpoIce.

57



[TPUMEP 2.3. Haiitu wu3oOpaxenue misg GyHKOUA — OPHUTHHAJIOB:
.t
f,(t) =cos(3t) u f,(t) = sm(g) :

Pemenue. B nannom npumepe npumensieM Gopmyisl Ditiepa:

e3ti _|_e—3ti t|/5 e—ti/5
cos(3ty =————  sin(=) =
@)= sin()="—
+o0 +o0 e3ti + e—3ti o0 _ _
1) F(p) = L{cos(3t)}= [e™ -cos(30)dt = | e = dt= [ +e ™) dt =
0 0 0

b b

1 : . 1 _
——(llmje - 3')tdt+l|mj e P gt) = (Ilm—_e‘“"3"t +lim—————e ™| ) =

2 b 2 'Hw—(p—3|) . tH<>0—(p+3|) .
1 1 1 1
(- m— D+ (lim——1))== -
2( (p- 3|)(b*°0 (P30 )+—(p+3i) (b% e‘p”' L) 2(p 3|+p+3i
1 2 p

T2p 13 pi4d

ot o o alis _ g-tis oo _ _
2) F,(t)=Lssin e sintdt= e . =— | (e —e ") dt =
) FO=Ling = fe angai= for £ o= )
L im [e® gt lim je T N AL S S | W
" 2i by 2i — (p—i/5) bow P p+il5

X(“m;_l)_i( 1 1, 1 1
b g (PFi/S)D 2i 'p—i/5 p+il5’ 5 (p2+1/25)°

p ..t .1 1
> Sln(—)<——-2—.
+32 75 V5 2 41/25

Otger: COS(3t) ¢——;

2.2 Haxo:xaenue u300paskeHUs1 1 OPUTMHAJA ¢ IPUMEHEHUEM CBOICTB
npeodpasosanus Jlamiaca
I[TPUMEP 2.4. Ilpumensis TeopeMy MoJ00us, HAWTU H300pakeHUe s
Gynkuu f(t) = cos(5t).

Pewenue. [Tpeanonoxum, uro s f(f) = COSt mbl 3HaeM (vau U3 TaGIUIBL, UK

P
p’ +1

W3 BbIYKMCIIeHUS uHTerpana Jlammaca) F(p)= . Ilo Teopeme moaobusi, ecnu
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f(t)(—F(p) To f(a t)(— F(— ) Torna COS(5’[)<—% # BrIpaxkeHue crpasa

HeoOXx0auMO Tpeobpaszosats. U Torma €OS (5t) <— P -t
p +

I[TPUUMEP 2.5. Haiiti u3o0pakerus QyHKIHi n(t)shst; n(t)chst, TPUMEHSS

TEOPEMY JINHENHOCTH.

et _ e—t
Pemienue. Tak kak sht =( > )

3
t -t
g —e 1 _ _ _
TOTNIA sh3t=( > ] :—(eSt—SeZte t13ete ¢ 3t)=

3t -3t t -t
:%(e3t_3et+3et_e3t):£(e e —3e ej

4(Sh 3t —3sh t). [Io Tabnuile COOTBETCTBUM HAXOJAWM H300paKEHUs ISt

sh3t u sht u npumensiem Teopemy nuHEHOCTH:

1 3 3 3 1 1
F(p):_ 2 ) =7 2 ) =
4{p°-9 p°-1) 4\{p°-9 p°-1

3. 8 6

t ~t

e +¢€
= . Jlamee, Tak kak Ccht=( ), TO
4 (p*-9)-(p*-1) (p®-9)-(p*-1)
AHAJIOTHUYHO HonyqaeM
t -t t ~t
ch3t = +2€ )= =1(e re qe +2€ ):%(ch3t+3cht). Satem 1o

Tabnuie HaxoauM uzobpaxenue s Ch3t u cht npumensem teopemy nunelnocTH

_1,.p P ._  p(*-7)
F(p)—4(pz_3z+3p2_1)_(p2—9)-(p2—1).

Omeem: 6 X p(p2 — 7) .
(p*-9)-(p*-1)"  (p*-9)-(p*-1)

3ameuanue. [lo xomy pemieHUss Mbl MNOJYYUTIH (POPMYIIBI
HUKECTIEYIOIIUM

, PaBHOCHJILHBIC
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sh3t = 3sht+4sh%; ch3t=4ch’—3cht, (2.1)

ABJIAOIUCCS aHAJIOTaMH COOTBCTCTBYIOIIUX TPUTOHOMCETPHUUCCKUX (bOpMy.TI:
sin3t = 3sint—4sin’t; cos3t = 4cos’t—3cost. (2.2)

Orcroa, WCTOJIB3Ysl TEOPEMY JIMHEHHOCTH M TaOJIMIy COOTBETCTBUH, UMEEM

sing’t:E(BSint—sinBt){—E 23 - 23 =— © —
4 -4 p +1 p°+9) (p°+1)-(p°+9)

AHAJIOTHYHO, cos?’t=l(cos3t+3003t)<.—1 Zp + S I
4 -4\ p°+9 p+1

OKoHYaTENBHO

p( 1 3 P (4p°+28) p(p® +7)
=4l 2o 2 4 (2 2 " (02 2 '
4 p°+9 p°+1) 4 (p°+9)(p +1) (p°+9)(p°+1)

. . 2
nosysaem Sin°t«—; 0 ———; COS’t« 2p(p +27) .
- (p7+1)-(p” +9) - (p7+9)(p” +1)

[IPUMEP 2.6. Haiitu wuzoOpakeHue mig QyHKUUUA e! -Sint, npumenss

TEOpEeMy CMEIICHUSI.

Pemenue:  ITo  teopeme  cmemenus, ecou  T(t)«<F({p), o
at * ; at i 1
e” - f(t) «— F(p —a)3nauur ecim SINt <~ ———, 10 € -SINt « - Y
. pe+1 (p—a)° +1
HAC I OpUIMHAIIA el -sint HOJTy9HM el sint « 55 - [IpuMep pere.
(p-1)°+1

I[TPUMEP 2.7. Haiitu u300paykeHUS IS OPHUTHHAJIOB fl('[)zeB '.cosat u

fo(t) = ePlsinat, IPUMEHSISI TEOPEMY CMEILICHHS H300paKCHUSI.

Peurenue. ITo Teopeme cmemtenns, ecmu f(f) <—F(p), o e”* - f(t) < F(p— 53)

W3 Tabinuiel cOOTBETCTBUMA HaxoauM COSat «— 5 P 5 sinat <« 5 5 -
- p°+a - p°+a
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° . o a
Torma e”'.cosat« P 2’3 5 ef.sinat« 55 - [IpuMep pete.
- (p-pF +a  (p-pf +a

I[TPUMEP 2.8. Haittu wu3obpaxenue it ¢yakiuuChtsint, npumenss

TEOPEMY CMELIEHNS.
) 1 4\ . 1 ) 4.
Pemenne. Tax xax chtsint =§(et t+e t)smtza(etsmt +e tsmt), TO H IO

TeopeMe JIMHEHHOCTH, ¥ TI0 TeOpEMEe CMEIIICHHS, M COTJIacCHO TabJIMIIe COOTBETCTBUI

HUMCCM:

S| I S :1{ 11 _
2| (p-1P+1 (p+1P+1] 2| (p®+2)-2p (p>+2)+2p

1 2(p%+2) p*+2
2 (p?+2)° -4p® p*+4

. 2
Omeem: cht-sint« p4 2 .
*p'+4

[TPUMEP 2.9. Hcnonb3ys TeopeMy 3ama3iblBaHMs, HAUTH H300pakeHue

sint  mpu 0£t<g f

dynximn f(t)=< - cost npu g <t<nm

1.
0 npu t>n

\ T T t
2
Pucynoxk 2.1

Pemenue. Y6emumcs, uyrto f(t) MokHO 3aj1aTh emuHONW  (OPMYJIO.

TleiictBurensHo, f(t)= {n(t) - n(t - gﬂsint - {n(t - g) —n(t- n)}cost =

=n(t)sint — n(t - gj cos(t - gj + n(t - gjsin(t - gj —n(t - m)cos(t — ).

Tenepb Ha/l0 BOCHOIB30BATHCS TEOPEMOI 3ama3/IbIBaHUs U TAOJIMIIEH, YTO JTaeT
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p+1 p+1 pe+1 p+1 p
ezp[1+-e2p]p [14—e2pJ(1—-pe2 J
p? +1 B p? +1
[14—e2pJ£1—-pe2pj
Omeem.: ) :
pe+1

[TPUMEP 2.10. Joxas3arts, 4TO ecnu F, (p)(— f,(t), rae

0 mpu t<O0

f,(t)=<f(t) mpu 0<t</, a Qyukuus f(t) mpu t>/ nepuomuueckas c
0 mpm t>/

nepuonom /: f(t+¢)=F(t), To

f(t)%lfoe(g)p =F(p). 2.3)

JokazarenbcTBo. f, (t) = [n(t) - n(t 4 )}f (t) = n(t)f (t) -

— n(t — f)f (t — f)<.— F(p) —e P F(p). C npyroii croponsr f, (t)(— F (p) B cuny

sroro Fy(p) = F(p)(l —e'P ), F(p)= 1 Foi?z)p . Uro u cnenoBano qoKas3ath.

IIPUMEP 2.11.  Haiiti u306paxenue QyHKIum

f(t)=sint[n(t—2x)+n(t—3n)], ncnons3sys Teopemy sanasapiBanus opuruHaia.
Pemenne. f(t)=n(t-2n)sint+n(t-3n)sint =
=n(t-2n)sin(t-2n)-n(t—3x)sin(t-3x).

Tenepp HaI0 BOCIIONIB30BATHCS TAOIUIEH COOTBETCTBUH, UTO JAeT
L-e)
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-2n
e p

Oteet: F(p) = 1(1—e’”’).

[IPUMEP 2.12. Haiiti m3oGpaxenne dyukimn t?-e®| mpumenss teopemy

muddepeHnupoBaHus U300pAKEHHUS.

Pemenue. ITo Teopeme muddepenimposanns mzodpaxkenns, ecau T (1)« F(p),

TO (-t) - T (t) < F'(p). 5 TaOJIULIBI e <—L ,
° ° p - a
_at " 1 1
Torma(—t)e™" «| —— | =— > [ToBTOpSIsA Teopemy, MOTy4YnuM
-\p-a)  (p-a)

!

. [Ipumep peuieH.

. 1 . 2
(-t)-(-t)-e* (—[— ZJ . Oxonuarensho t2 e« 3
‘\ (p-2a) * (p-a)
[TPUMEP 2.13. Bbrauciuth cBepTKY (QyHKLHI f(t) =1, (o(t) =gl

Pemenne. Ilo popmyne (1.23) Haitnem

u=rz, dv=eldr

t
txe' =['"Tdr= .
du=drz, v=-e"°

0

—

_ _wt—r

t t
+[eTdr=—t-e'""| =—t-1+¢
0§ 0

[IpenocraBisieM YWTATENIO NPOBEPHUTH, YTO TO K€ CAMOE IIOJYUYUTCS IpHU

BBIYUCIICHUN et -t.

I[TPUMEP 2.14. Haiitu opuruHan ajs nu300pakeHUsI ﬁ, PUMEHSISI
PP

TEOPEMY UHTEIPUPOBAHUS OPUTHHAJIA.

Pemenue. ITo teopeme, ecm T(t) (— F(p), to _[f (7) dr(— (p)
0

t : 1 t .0 1
ITycTh MBI 3HAEM, YTO € <— , TOT/Ia I e dr«—- wi € —1¢ :
- p-1’ *p p-1 * p(p-1)
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[lpumensieM  Teopemy eme  pas J. (e’ =1dr <—— ( o( )) WITH
PP —
At |t * 1 1
e O—T‘ —e'—1- t(—— . Wrak, ana dyskuun —5 .. OpHMIMHAIOM
0 - p*(p-1) P (p-1)
CILYKUT el —1-t. [Tpumep perieH.
I[TPUMEP 2.15. Haiitu OpUTHHAJ o 3aJJaHHOMY €ro
1 _ _
H300paKEeHUIO — (2 —3e Py )
p
Pemenue. PackpeiBas CKOOKH, [0JIy4YaeM
1 o) 2 3P e 2 *
—(2 —3eP+e 3p)= ————+4+ ——. Jlas kaxmoi apodm mmeem 1)——)277('[);
p p P p .
—P e e—3p °

2) eT—H](t — 1); 3) T—n](t — 3). 3mech 2) U 3) MOJAy4YEHBI IO TEOpPEME

sanasapiBanus s f(t) =n(t). Temeps, momp3ysch CBOWCTBOM JIMHEWHOCTH

I/I306pa}KCHI/IH Hanﬂaca, OKOHYATCJIbHO IT10JIYy4YacM

Llo-ge®+e ¥ )5 25(t)-3(t—1)+ (t-3).

p
Omeem: 277(t)— 377('[ —1)+ 77('{ — 3).
[TPMEP 2.16. Haiitu opurrunan ajist u300pakeHus F(p) = % .
(p* +5°)
1
Pentenue: % = ——( > ! 2) ) 1 1 P lSln,Bt.
(p"+ 57" 2\p°+p P2+ B2 fpP+
Hcnonb3ys TeopeMy o qudpepeHunpoBaHuN U300pAKEHUS, TOTYYUM:
( 21 Zj':_ 22p22_-)_tsmﬂt’ rorna p . tsingt
P+ (0" + ) Y 2
Omeem: tsin At :
2
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2.3 Ucnouab30BaHuEe TeOpeM Pa3Ji0KeHUs
1

p—a)p-B)

Pemienue: | cnmocod (pasioxkeHue Ha djieMeHTapHbIe (MPocTeiinne) Apoon).

[TPUMEP 2.17. Haiitu opurusan ais u300paxeHus F(p) = (

3aaHHYI0 TPAaBUJIBHYIO PAllMOHAIbHYIO IpoOb pa3jaraeM Ha 3JeMEHTapHbIe

1 1 ( 1 1 (eat_eﬂt)’

PO a0 B) @ p) p—a_p—ﬂ}'_(a—ﬁ)

A€ UCIIOJIb30BaJINCh COOTHOLICHUA U3 Ta6JII/II_U)I COOTBCTCTBUA.

(e”’t —eﬂt).

Omeem:

1
(= p)
Il cmocod (BblaesieHHMe TMOJHOTO KBajaparta). [IpowsmtoctpupyeM ero Ha

OoJiee 061IEM TpuMepe 03 U3TUITHUX IETATBHBIX 00bsICHEHUM U cChUIOK. [1ycTh

)= AOTE _ ApsB 2
p>+bp+c ( bj b
p+—| +Cc——
4
b> b?
Ecu C_T:w >0, o= C—T,Hpeo(ipasyeM (2.4) k BuIY
b Ab
A p+— B-——
Ap+B (p 2] ( 2)

= + :
2 2 2

b
b pTe (p+2] + 0° (p+2j + w?

9TOM ClIy4ac UMCEM

. b b
F(p)—>Ae 2tcos(a)t)+1(B—A7bje 2tsin(a)t)- (2.5)
. (0]

b> b?
Ecim C— T =—w" <0, w= T —C (KOpHM KBaJpaTHOIO TpeXuieHa

Avs) |, (%)
Ap+B 2) . 2

2 B 2 2
b
e (0 (5]
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b

. —~t
—Ae 2 cha)t+£(B—A7b)e 2 shwt. (2.6)
: w

2
ITpu ¢ - i 0 momydaem

A( b b) B (B Abj b b

P+ — )+ - . b b
:ﬁp+B = 22 A, 2 —»AeEQ(B—EQ}eZRQJ)
p°+bp+c b2 : 2

b 2
(P+) P+ (p+g)

2

IIposepxa. Ham Hamo yOemuthes B crpaBemiuBocTH (2.5), (2.6), (2.7),

IPOYUTAHHBIX CIIpaBa HaieBo. JIeHCTBUTEIBHO, UCTIONB3YS TAOIUIlY, HAXOIUM

b
_ b . P+
-t

COSwt« 2p 5 e 2 cosmt« " 22

(1): (p+j + o’
2

Sinwt« 5 5 e 2 sinot« 5

p+2) + @

Alps® g_Ab
A_Zt t+ (g AP 2 inwtc i 2) P8
e COSw +g —7 Sinw (.— > + _p2+bp+c’

b
° p —~t ° p+§
chot———; e 2 chot« 5
T )
p+—| —w
(2): 2 :
b
[ ] _7t Y a)
sh ot <———; e 2 shot« 5
. p - . p+bj _a)z
2
b Ab
b b . A(I“j [B—) Ap+B
Ae 2tchcz)tJrl(B—Abje 2tsha)t<— 2 + 2 —
()]

66



YT0 ¥ HaJI0 JOKa3aTh.

[TPVMEP 2.18. Haiitu opurruHan ajist u300pakeHus

p*+4
Pemenne. Cuayana mpeobpasyem p‘+4 x Bumy: p'+4=p'+4p°+4-—
—4p? = (p2 + 2)2 —4p* = (p2 —-2p+ 2)-(p2 +2p+ 2). BcriencTeue 3Toro

1 1 1 11
p*+4 (p2-2p+2)-(p*+2p+2) 4p\p?-2p+2 p?+2p+2)

P 1 1 1 PR Tt sint
- — —>—(e'sint—e "sint) =——sht.
p* +4 4[(p—1)2+1 (p+1)2+1] 4( ) 2

sintsht

Omeem:

I[TPUMEP 2.19. Haittu opurunai jjst u3o0paxeHui  a) F(p) =

p(p-1)°

b)HM=pp3

| ) 1 . B 1 :
) Oy VTP e )
1

e) Flp)= :
V)= oy o

Pemenue. Buauane pasznaraem ucxousie 1poOu Ha HJIIEMEHTApHBIE IPOOH:

1 1 p .

1 1
a) (p) p+p_1’ b) (p) p‘p2 +1) p p2+1v
1 1 1 1
c) F(p)= ®+D( J=

(p-1)-(p*+1) 2 p?-1 p’+1

it e+l p 1 p 1)
2\p-1 p*+1) 2(p-1 p*+1 p*+1/
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d) F(p)=

1 _ 1 (1 _ij: 1 1
p(p-1)-(p>+1) p*>+1lp-1 p) (p-1)-(p*+1) p(p®+1)

T I P
(p?+1)-(p?-1) 2(p*-1 p*+1)
Temeps ocTaeTcst BOCIOIB30BATLCSA pPe3yiIbTaTaMu D) u ¢), 4To gaer

1 :E(l_p_l_i_p
p(p—l)-(p2+1) 2'p-1 p°+1 p*+1 'p p*+1

COOTBETCTBUU I KKXKA0Tr0 cliydass HaXOJUM OpUTIHHAJI:

a) f(t)=e' —n(t)=e' =1, b) f(t) =n(t)- cost;

). Jamee no Tabamue

c) f(t)= %(et —cost—sint}  d).f(t)= %(et —cost—sint)—7(t)—cost.

e). f(t)= %(Sh t —sint). lpumep pemen.

1

ITPUMEP 2.20. Haiitu opurnuan ais gpynkmmn F(p) = — g
p —

Pemienne. K 3namenarento npumeHuM popmyny anreOpsl (pa3HOCTb KyOOB):
p®—2° = (p—2)(p* +2p+4) .Torna

1 1 1,1 p+d o 1,1 (p+D+3,
-8 (p-2)(p®+2p+4) 12 p-2 p?+2p+4 12°p-2 (p+1)?%+3

PR S L I S I
12'p-2 (p+1)*+(3)*>  (p+D*+(W3)*"

Tenepp 1o  Tabnwmie

et

COOTBETCTBHI HAXOJIUM OPUTHUHAJIBI JIs1 KAXKIA0U U3 JpOOeii:

1 - _ J3 * o
(p+1()p21()x/§)2—')e oS3 1) (p+17 +(3Y + SeE-0

Jlanee o Teopeme JIMHEWHOCTH COEUHSAEM BCE B

1l a0 L
p3—8_->ﬁ(e —e ' cos(v/3-1) /3 - e tsin(x/3 - 1)).

OTBCT:
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2.4 Pemenne JuHelHbIX 1M} depeHnnaIbHbIX yPABHEHHU
C OCTOSAHHBIMHU KO3 pHuueHTaMu
OOmumii  OpUHIMO  HMHTETPUPOBAHMSI  JAHHBIX  YpaBHEHHM  MeToAamu
OIIEPALMOHHOTO MCYHUCIICHUs IIOKaXKEM Ha KOHKPETHBIX IpuMmepax. [Ipu stom
IIPEAII0JIAraeTCs, YTO IIPaBbIE YaCTU YPABHEHUHN SBIISIOTCS OPUTMHAIAMU.
[TPUMEP 2.21. Haitm pemeHue ypaBHEHUs C 3aJaHHBIMH HadaJbHBIMU
yemosmsavm: X" +3x" =€ x(0)=0, x'(0)=1.

Pemenue. IlpennonaraeMm, 4to X(t)<.—X(p), TOTJa II0 TEOpeMe
nudepeHIMpOBaHUs OpUTHMHAlAa M HCIONb3ys HadaldbHBIE YCIOBUSA, HMEEM
X'(t)<=pX(p)-x(0)=pX(p):  x"(t)p*X(p)-px(0)-x(0)=p*X(p)-1.

[To tabnuue Haxomum F(P) mis mpasoit yacTu: g3t (—ﬁ . [loxacrasnsiem
c p+
BCE B HICXOIHOE ypaBHEHHE: p? X(p)—1+ 3p X(p) = ﬁ,
+
(P2 +30)X(p) = ——— +1 am p+3AXME) =2 Torma
p+3 p+3
p+4 4(1 1 1
xp)-- Pt Al ) o
p(p+3)> 9\p p+3) 3(p+3)?
Teneps cormacHo TabIHIE Le —)n(t) 1 - e‘3t; % te¥ B
(p+3)

p+3
>2hlo)

3] 1,
CHILy DTOI'O0 M CBOMCTBY JIMHEMHOCTH X 3t]—§ te " n(t):l pu

t>0.

9
posepra. x'(t)= g 373t —%(e_3t —3te™t ): e 3t 4 te3,

x"(t)=—-3e"t 473 _3te 3 =273t _3te 73,
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X" + 3% =+t , X(O) =0, X'(O) =1. [Monyyennoe TOXIECTBO
(otHocuTenbHO ) yKaselBaeT Ha BEPHOCTH IOAYYEHHOIO pelleHus. B uem wu
CJIEI0BAJIO YOSIUTHCS.

3ameuanue. Y106CTBO OEPATOPHOrO METOA IIKOC KO BCEMY COCTOMT €IIE B
TOM, YTO B IIOJYYEHHOM PELIEHHH YXKE YITEHbI HAYaIbHEIE YCIOBHS.

[TPUMEP 2.22. Haiitu peuieHue ypaBHEHUS x"V —x=sht ¢ saganHbIME

nauansabiMi yenouamu X(0) = x'(0) = x"(0)=0; x"(0)=1.

Pemrenue. Ilycte  umeeM X(t)(—X(p); TOrJa  COIJIACHO  TEOpeMe

muddepeHurpoBaHusl OpUTrHHATIA UMEEM

X(t)-pX(p)-x(0) =pX(p), X'(t)¢~p?X(p)-px(0) X (©) = pX(p)

X"(t)<-p*X(p) ~p*x(0) - px'(0) ~ "' (0) = P°X(p)

x"(t)-p*X(p) - pX(0) - PX'(0) - PX"(0) - X" (0) = p*X(p) ~1.

ITo Ta0IuLIEe HaXOJIUM n300paxKeHue TUTS npaBoi YacTH

ypaBHeHus: S t «——
] p _1

. Hanee, mocrymass kak W B Inpumepe 2.21 Hacrosmero

naparpada, HaiiieM orepaTopHOe YpaBHCHUE

P X(p)-1-X(p)= . X 1)= 41

S X)X P
=— ,X(p)_(pz_l)(p4_]_)_(pZ_]_)Z(p2+l).

p° -1
| cnoco®. [Tonyunnu panronanbHyo ApoOb. KopHu ee 3HamMeHaTens siBIsSIOTCS

2

0co0bIMH TOYKamu: P; =1, P, = —i— mpocteie noiocel; P3 =1, p, = —1— momoce!

2-ro nopsika. CoracHO BTOPOM T€OpeMe pa3IoKEHUs

m
X(t) = > Res [X(pk )ep"t ] Haxonum mociiejoBaTeIbHO BHIYETHI:
k=1
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ort]_ . p® e o ple”  _—e'_ie"
D Res|X(py) ]‘L'L‘?{(p ')(p4—1)(p2—1)}!)'m (*-0%(p+i) 8 8
it ia-it

p*(p+i)e” : p?ef et _je

2) Res{x(p;)e |- lim 0+ -7 e’ D7 8 8

sl | PPp-1F e | [ et ]
3) Res[X(p3)e ]‘L'E}{(pZ +1)(p2—1)2}p !’m{(szrl)(p +1) p

iim {(te'[’t p? + 2pe"”Xp2 +1Xp +1)°- pzept|2p(p +1) + Z(p2 +1Xp +1)|}

P (p? +1)*(p+1)’
_8e'(t+2)-16e" _e'(t+2-2) _te'
4-16 8 8

! !

] | (p+1)e”p _ i et L
4) Res[X(p4)e ] p“—>n—11{(p2 +1)(p—1)2(|0+1)2} 0 p“—>m1{(p2 +1)(p—1)2}

(e'”t tp? +2p e"’t)(p2 +1)(p—1)* - p? ept|2p(p ~1) + Z(p2 +1Xp —1)|

Pt (p? +1) (p-2)
_—-8e'(2-t)+16e" e t(2-2+1) te™

4.16 8 8
Virax X(t) = —e't — Lg ! cltety Lt
8 8 8 8

OKOHYATEILHO ImojaydacM, 4T0 HCKOMOC PCHICHUC UMCCT BU/]

x(t)= —%sint+£cht = %(tcht —sint).

Omeem: X(t) = %(t cht—sin t).

IIposepxa

x'(t):%(cht +tsht—cost); x"(t)= %(2sh t+tcht+sint);

xX"(t)= %(BCh t+tsht+cost), x"(t)= %(4sh t+tcht—sint),
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x”(t)—x(t):%(4sht+tcht—sint—tcht+sint):sht;

x(0)=0, x'(0)=0, x"(0)=1. B uem u cien0Ban0 yoeaUTHCS.

Il cioco6 (pasnmoskenue Ha mpocTeuIme Ipoon)

p? 1 1 1
Tak kak . =—| +— , Torga
p*-1 2(p°-1 p°+1

(p)zi{ 21 7t 5 ' 2 __
2[(p°=D° (p"+D-(p"-1)

111( 1 1Y 1( 1 1 1(1] 1 2
== 5 —————] += — ==q= - — +
2{4£p—1 p+1j 2[p2—1 p2+1ﬂ 2{4{(p—1) p’ -1
ol ey ol

(p+1° | 2(p°-1 p*+1 8| (p-1 (p+1)

+%(— pfﬂj%%[t(et +e‘t)+%(—sin t)} = %(tch t—sint).

Takum oOGpazom, 06a crocoba Jar0T OJMH U TOT XK€ PE3yJIbTaT, KaK M JIOJKHO

OBITE.
3ameuanue. Tak Kak 21 > = 1( 1 — L } a>0, o %:
p?-a? 2alp-a p+a (p? —a?)
il 2 o1 foaf1 2
42’ | (p-a) (p—afp+a) (p+a)f| 4a’|(p-a)f p°-a’
+ L - | 12{t(ea‘+e‘a‘)—gshat}=L2chat—isshat:
(p+a) . 4a a 2a 2a
1 1
= —|tchat—=shat |. Taxum o6pasom,
2a a
! 5 12[tchat—lshat). (2.8)
(pz_az)z . 22 a

N sToT mpouecc BO3BEACHUS B HATYPAJIBbHYIO CTENEHD 1 MOKHO MPOAOJIKHUTb.
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2.5 Pemenne cucremsbl 1uPepeHuNaTIbLHBIX YPaBHEHUI
I[TPUMEP 2.23. Pemmuth cucremy auddepeHIHalIbHBIX YypaBHEHUN MpH
X'(t) = 3x(t) +4y(t) =0

y'(t) — 4x(t) + 3y(t) =0 x(0) =y(0) =1.

3aJlaHHBbIX HAaYaJIbHBIX YCIIOBHAX! {

Pemenue. Ilycts nmeem X(t)<—X(p) u y(t) <.—Y(p) , TOrJa IO TeopeMe
muddepennuposanus  opurmHama X' (1)« pX(p) — x(0) = pX(p) -1 "

Y (t)<pY(p) - y(0) = pY(p) -1

HOI[CTaBI/IM B CUCTCMY:

{pX(p)—1—3X(p)—4Y(p)=0 - { (P—3)X(p)-4Y(p)=1
PY(p) —1-4X(p)+3Y(p)=0 —4X(p) +(p+3)Y(p) =1

MpbI NOTyYWwiIM CUCTEMY M3 JIBYX JIMHEHWHBIX ajreOpanvyeckux ypaBHEHUH C

JBYMsSI HEU3BECTHBIMU. M0OHO peluTh €€ ¢ moMolbio hopmyiiel Kpamepa.

(p_3) -4 2
= =(p-3 3)-16=p°-25
4 (p+3)‘ (P=3)(p+3) p
A o =(p+3)+4=p+7
x_l (p+3)_ p _p
-3) 1
Ay:(p_4) 1:(p—3)+4:p+1
AX  p+7 . A p+1
X = = , Y = —=
(p) A p*-25 (p) A p°-25
+7 +7 6 1 1 1
X(p)=bt = BE 2
p°=25 (p+5((p-5 5 p-5 5 p+5
+1 +1 3 1 2 1
Y=t P s s
p°=25 (p+5)((p-5 5 p-5 5 p+5
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Teneps s HaiineHHbx QyHkumi — uzobpaxenuit X(p) u Y (Pp) veoOxoaumo

HaiTh QyHkmy — opurubansl X(t) u y(t). dus sToro mo tadiamie COOTBETCTBUM JIst

N N L

p—95 e P+5

KKJI0M JpoOU HaXOAUM OpUTHHAI

Otser: X(t) O _Lost g +Esh5t; y(t) a5t 2est _Lest Ainst
5 5 5 5 5 5 5

I[TPUMEP 2.24. Haiitu pemieHue cucteMbl JuddhepeHIHaIbHBIX yYpaBHEHUN

[P 3aJaHHBIX HAYAJIBHBIX YCIOBUSIX
x"(t) - y'(t) =0, x(0)=y'(0)=0,

X'(t) - y'(t) = 2 cost, ' |

Pemenue. ITycte umeem X(t)(— X(p); y(t)<— Y(p), TOTa COTJIAaCHO TEOPEME

muddepeHurpoBaHUsl OpUTrMHANa C HCIOJIb30BAHUEM HAYaJIbHBIX YCIOBUM HMEEM

X(t)-pX(p) X'(t)-p?X(p)-2;

Y(t)<-pY(p)-2 y'(t)plpY(p)-2]=p?Y(p)-2p.

[ToacraBnsiem mony4eHHBbIE H300pakeHUs B cucrteMy. lIpenBaputensHo

HalaeM U3 TaOJIUIbl COOTBETCTBUI COST<«— 3 1
° p _|_

. ITosmyunm cucreMy onepaTopHbIX

YPaBHECHUI
p® X(p)-2-(pY(p)-2)=0
pX(p)- (p? Y(p)-2p) = 2 pzp

+1
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0

p°X(p)-pY(p)

S 2 1 2p?
X(p)=p Y(p)=—2+ 2 _1]=—4P
(P)-pY(p) p? +1 £p2-+1 ] p® +1

OrnocutensHo HensBecTHbIX X(p) u Y(p) uMeeM cucremy u3 2-X JTMHEHHBIX

HEOJHOPOIHBIX YpaBHEHUH, KOTOPYIO penraeM mo hopmyinam Kpamepa.

2
a=" TP=pyp=pa-p?)
1 -p
0 -—p 5 p> 0 A
Ax:_zp2 _p:_zzp ) Ay = 1 —2p2 =_2i.
p2+1 p°+1 p2+l pe+1
A, -2p° 2p? 1 1
X(p):Azz _222_ > =2_+2 ’
(p* +D)pA-p°) (P -D(p°+1) p°-1 p°+1
A —2p* 2p° 1 1
Y(p): > = 2 P 2N .2 pz :p£2 T }:
A (pT+Dp-p7) (p"+D(p° -1 p-1 p°+1
p p
= + :
p?-1 p?+1

N nanee mo tabmwmie sl KakaoW ApoOW HaxonuMm opuruHai. B pesynbrare

OJIy4aeM X(t) =sht+sint; y(t) =cht + cost. [Ipumep peren.
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3 MarepuaJibl 1Jisl CAMOCTOSITE/IbHON PadOThI CTY1€HTOB

3.1 KOHTPOJIBHBIE BOITPOCHI

1 Tlonstme opuruHama. YCIOBUS, KOTOPHIM YJIOBJIETBOPSIET OpHUTHHAIL

Enunuunas yHkuus XeBucaiia.

2 Wzobpaxenue  Jlammaca.  HeoOxonumoe — ycioBue.  AHAIUTUYHOCTD
n3o0paxeHus (popMyIupoBKa).

3 EnuncTBeHHOCTH opuruHaia. CpoiicTBa quHeitHOCTH M300paxxkenus Jlamaca.

4 Teopemsl 10100us, 3a1a3/(bIBAHUS U CMELICHMUSL.

5 JuddepennmpoBanue opurunana. Cneacrsue. HTerpupoBanue opuruHaia.

6 WnaTerpupoBanue n300pakeHUs.

7 CaepTka QpyHKIHI.

8 MWwurerpan roamerns.

9 TeopeMsbl pa3ioKeHUS.

10 OmepatopHblii  METOJ HWHTETPUPOBAHUSA JUHEHHBIX Au]QepeHnanbHbIX
YPaBHEHUH C OCTOSIHHBIMU KO3(PPHUITHECHTAMHU.

3.23AJAYA U YIIPA’KHEHUSA
JIJI1 CAMOCTOSTEJBHOM PABOTHI

3.2.1 Haiitu n3o0pakeHus (pyHKITHI f(t) u f'(t)
1) f(t)=sint—tcost;  2) f(t)=tsint+cost;

3) f(t)=e"sin®(t); 4) f(t)= %(ch tsint+shtcost).

3.2.2 Haiitu u300paxkeHus: PyHKITHI

t _ t1_a"T

0 chrt ldr; 2)J.l e dr
0 T 0 T
t t _

N Sh_rdr; 2 Icosﬂr cosar .
o T 0 4

3.2.3 Ucnonb3ys TeopeMy 3ama3iblBaHUs, HAWTH HM300paKEHUS CIECIYIONIIX
byHKIU:

1opu 0<t<r
1) f('[) = (EIMHUYHBIA WMITYyJIbC, JCHCTBYIOLIUI B
0 mpu t>1

TeyeHue npoMexytka Bpemenn ot t =0 no t=1).
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(0 mpu  t<T
2) f(t) =<1l nopu T<t<T+1 (3anas3abIBarOMMii eMHUIHBII UMITYIIEC).
0 mpu t>T+1
Et mpu 0<t<rt
T
h npu T <27
3) f(t) =+ ) P
——(t-3t) mpum 2t1<t<3t
T
0 npu t>3r1
h npu 0<t<1

4) f(t)={

5) f(t) =
(t) {Sh(t—TC) npu t=>m
3.2.4 Ucnonw3ys pe3yabTaT npumepa 2.4, 3Has QyHKIHIO fo(t) u nepuon £,

HaWTU U300pAKEHUS CICAYIONINX MEPUOTAYECKUX PYHKIIHI.
1lopu 0<t<r1
1) f(t)= P (=T
Ompu t<t<T

(HepI/IOI[I/I‘—IeCKaH HOCICA0OBAaTCIbHOCTh CAMHUYHBIX I/IMHy.J'IBCOB)

he (Y mpu  t>1
sint mpu 0<t<m

Dt mpu 0<t<c
2) f(t)=1C . (=2C

_h npu C<t<2c
C

Haiitu nuzo6paxkenne QyHkiui
3) f(t)=1+e " n(t-1)
4) f(t)=5-2tn(t-3).

3.2.5 HaWitu opuruHas no 3aJJaHHOMY €ro HU300paKeHUIO U CJeJaThb
IPOBEPKY
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3 2
5)5p +5p° -11p+3. 6 1 . p+3

(p+3)p® ’ p2—2p+5 p’ +6p+11’
) 3p* —12p°® +16p° —6p+8_ g 3P+2
p° —4p* +5p° ' (p® —4p+6)*’

2
10) 1(2 -3 + e‘3p) 11)i4+%e‘2p; 12) —%.
p p* (p+4) (p”+1)
3.2.6 Ucnonw3ys TeopeMy yYMHOXKEHHUs H300pakeHUl u Gopmyny lroamens,
HaWTU OPUTHHAJIBI f(t) JUISL CIEAYIOIIUX U300paskKeHUM:

1 k P 1
—; 2) ————— 3) 7, —5 5
p’(p—a) ) p(p® +k?) ) (p*+a%)? Y (p* +a%)°

1 . p
5) 2 2 ! 6) 2 2 '
(p° —6p+13)(p” —6p +10) (p”+4)(p° +9)

3.2.7 Vicnonb3ys nepByI0 TEOPEMY Pa3iI0KEHUs, HAUTH OpUTHHAI f(t) o €ro

1)

U300pAKEHUIO

1)1)Ecosl; 2)lsin1.
p P PP

3.2.8 Hcnonb3yst BTOpYI0 TEOpeMy pPa3jioKCHUS, HAUTH OpPUTHHAI f(t) TUTST
CJICTYFOIIUX M300paskeHU:

p? +1 _ p+1 .
D )+ 2p+d) 7 pro-1p+2)
y - —
(p-1)°(p-2)’ (p+1  (p+3)

3.2.9 Pemuty auddepeHmanbable ypaBHEHHUs] TPU yKa3aHHBIX HayajdbHbIX
YCIIOBHSIX

1) X" +4x =cos3t, x(0)=x'(0)=2;

2) X”—2aX'+(a2 +ﬂ2)>< =0; x(0)=0, x'(0)=1;

3) X" +x'=e*"; x(0)=x'(0)=x"(0)=0;

o1
N’
o
X‘
|
00]
x‘
|
x‘
|
w
x
I
|
oo
m!—"
X
—~
o
—
Il
—
o
—
I
—
o
—
I
H
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x'(0)=x"(0)=x"(0)=x™(0)=0;
8) X" —2x'+2x =1+n(t-1), x(0)=x'(0)=0;
9) X"+’ x =afn(t)+n(t-1)}, x(0)=x'(0)=0.

7y x4 2x" + x" = 2t + cost; x(0

N—"
Il
N—"

3.2.10 Pemuth cuctemy nuddepeHnraibHbIX ypaBHEHUN

x"+y=0,
1 Xx(0)=y(0)=1;
s 00
) x'+2x+2y=10e*, x(0)=1

y -2x+y=7¢e", y(0)=3

2x'+y'-3x =0
N o

X”+ yf_2y — e
2 X'=y-z

y'=x+y, x(0)=1 y(0)=2, z(0)=3
3.2.11 Pemmtes nuddepeHnranbHOe YpaBHEHHE M CHCTEMY JIBYX yYpaBHEHUH,

CCJIM BCC HAYAJIBHBIC YCJIOBUS PABHBI HYJIHO.
1 opm 0<t<],
1) x"+x="f(t), f(t)=<-1 mpu 1<t<2,
0 1npm t>2.

) 0 1 nmpu 0<t<m,
X -V =
2){ y f(t)=4-1 npu n<t<2m,

"—x="f(t)
y (1) 0O nmnpu t > 2m.
OTBETHI:
3.2.1
2 2p p(p°+3) p°-1 .
1) 2 2! 2 ! 2 2 2! 2 27
(p°+D° (p”+1) (P +D)° (p"+1)
3) 2 2p .
(p+D(P*+2p+2)"  (p+D(p*+2p+2)’
p° p°
n-r e
p*+4 p*+4
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3.2.2

n-tmi-t] 2in 1+ . g tpPtL
2p p 2p p-1’
51n
p

» I p° +a’ p-o
2p  p’ +B P-4
3.2.3
1)1(1—e“”); Z)E(l—e“”)e"”; 3)— h (1 e ™ e‘2m+e_3m);
P P tp’
-p 2 ~—p7
4)h(1+ © ]; 5) 21 +2p4e :
p p(p-1) p?+1  p*+l
3.2.4
bt —(p+1)
1) 1=¢ ; 2)—th p 3)E+e ;
pll— ¢ cp? 2 p p+1l
-3p
)5—ge2p£l+2]+e—.
P p p p
3.2.5

2
1)—%e‘t sin2t;  2)e*'cos(t+/2);  3) 3+tT_ 2e?' cost—e?'sint;

2)e” K%t ++/2 jsin(tﬁ)— 2t COS(’[\/E»;

5)2 - 3-n(t—1)+n(t-3);
6)%t3[1+ e n(t—Z)]; 7)%(tcost+sint).
3.2.6

1, at 1 t .
1)—=(e* —at-1); 2)—(1—coskt) 3)—sinat;
)az( ) )k( ) )5

4)2—13(sin at —atcosat), 5)%e3‘(25in t—sin2t)
a

6)%(35in 3t —2sin 2t).
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o _1kt2 0 _1kt2k+l
ps )2 25 :
k=o[(2k)] k=0 [(2k +1)]
3.2.8
1) ——e '+ 5e‘?’t, 2)—§—Et+get ie‘Zt,
4 2 3

3)%(t2e2t —4te® + 6% - 2te! —6et);

4)%(2t2 et —2tet—e™ —e‘St).
3.2.9

1)X = 1—10032t —lcos?;t +sin2t; 2)x =(£)e‘“sint;
5 5 p

2t
3)X =—1+e—+gcost—%sint;

2" 10
X =t? —t+1—§e‘t 508t —S'nt;
2 2 2
t l 2 - -
5)x =€ 6)X:Z(t —sint-sint)

7) X =1t? —4+(4—§tjcost+(§+t—1t2]sint;
8 8 8

8)X = %[1— e'(cost —sin t)]-l(t)+%[l— e'(cos(t —1)—sin(t —1))]n(t ~1);

3.2.10
" X =e'(cost —2sint) 2 X =g’
y =e'(cost +3sint)
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3.2.11

Hx(t)= Z[Sin2 %— 2n(t—1)sin? t—;1+ n(t-2)sin? % .

2)x(t)= %(ch t+cost—2)—n(e—m)ch(t—m)+cos(t — x)]+
+ %n(t —2n)[ch(t - 27)+ cos(t - 27) - 2];
y(t)= %(ch t— cost)—n(t — m)[ch(t — ) — cos(t — )] +

+%;7(t—Zﬂ)[ch(t—27[)—Cos(t—27f)]-

3.3 PACUYETHBIE 3AJIAHUSA

3amanue Ne 1
[Tonp3ysick ompeneaecHUEM U300pakeHUsT (QYHKIMW, HAWTH HW300paKeHUS

CIeyOMUX QYyHKINN

1 f(t)=t; 13 f(t)=sin2t; 25 (t):e cost:
2 f(t)=t+1 14 f(t)=cos2t; 26 f(t)=1°

3 f(t)=t-1; 15 f(t)=te'; 27 f(t)=1t2

4 f(t)=t>; 16 f(t)=sh(t-1} 28 (t):e sht;
5 f(t)=(t+1)°; 17 f(t)=ch(t-1) 20 f(t)=e'cht;
6 f(t)=(t-1); 18 f(t)=sh2t; 30 f(t)=e'sin2t;
7 f(t)=sin(t-1) 19 f(t)=ch2t; 31 f(t)=t+e™;

8 f(t)=sin(t+1), 20 f(t)=sin3t; 32 f(t)=e'cos2t;
9 f(t)=rcos(t-1), 21 f(t)=cos3t; 33 f(t)=t-sint;
10 f(t)=cos(t+1); 22 f(t)=te™; 34 f(t)=t-cost;
11 f()=t+sint, 23 f(t)=t+e'; 35 f(t):3sin%;



12 f(t)=t+cost; 24 f(t)=e'sint; 36 f(t)=2+3a".

3aganue Ne2

[Tonw3ysck cBoiicTBamMHu TmpeoOpa3zoBanus Jlamiaca, HaWTH W300paKEHUsI

byHKINN

ITo Teopeme moaoOus U 3ana3gbIBaHUS

1 f(t)=sin 2t—Ej; 4f(t):sin(2t—gj;
3 3
: 2
2 f(t)=sin 2t——nj 5 f(t) =sin(5t—2);
3 4

3f(t)= cos(Zt = g) 6 f(t) = cos(5t —%) .

ITo Teopeme cMelieHus U TO100US
7f(t)=e*ch2t; 11 f(t) = e* sin 2t;
8 f(t)=e'sh3t; 12 f(t)=e ' sin 2t;
9 f(t)=e " coz 2t; 13 f(t)=e% sh 2t;
10 f(t)=e " ch3t; 14 f(t)=e? cos 3t.

[To Teopemam cMmeneHus1, No100us, OnepeKeHUs
15 f(t)=¢' sin(Zt + g) 17 f(t) =" cos| 2t + %nj
16 f(t)=e™ sin(2t+gj; 18 f(t)=e " cos 2t+2§).

ITo Teopemam nuddepenupoBanusi, NO100U U CMEIICHUS
19 f(t) = tcos? 2t; 24 f(t)=t(e? +ch2t)
20 f(t) = tsin? 2t; 25 f(t) = t(e'+sh?3t);
21 f(t) = t2 (e +sin 2t} 26 f(t)=t-e*sin2t;
22 f(t) = tsin® 2t; 27 f(t) =t-sh2t;
23 f(t)=(t +1)cos® 2t; 28 f(t) =t-ch4t.

[To TeopeMe UHTETpUPOBAHUS H300PAKEHUS
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29 f(t):e‘—l; 2 f(t):cost—tcosZt;

30f(t)=1_te_t; 2 f(t) =& ¢

31 f(t)=Sint2t; 35f(t)=1_CfSZt;

32 f(t):l_iOSt; 36f(t):e“ -1
3ananne Ne 3

[Tonw3ysich TeopeMoil pasiioxKeHUs U CBOWCTBaMH INpeoOpa3zoBanus Jlamiaca,

HAWTU OPUTHHAJIBI CIEYIOIMX N300paKEHU:

1 F(p) : 19 F(p) b2

D)= DD (D27 +4)
2 F(p) = o zpi N Fp) = (p+z)lzp3 ~1)

3 F(p)= ( p+1)(pp_+22)(pz ) p)- (p—f);(twl)

R = +14p v5) 2 FR=, +1)(p2p— 6p +10)
5 F(p) = s 1)(:2 ey B Fp)= (p_l)(p21+ 4p+5)
6 FP) =i 1] )=

O et P G
*Fp)- (p—l)zp(p3 1) AT p31+1 |

o Fp)= 7 Fp)=

(p-12(p? +1)
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0 Fp)= p° +25p+23+ 5p’ e (p- 2)31(p3 )
M F)- g 29 )= g
) G OO g

'3 Fp)- (p +1)(p21+ 2+2) . F(p):m;

1 Flb)= (p—l)z(pg+2p+5) ; 2 Fp)= (|0—1)(1|02 —2)
1 Flp)= (p+1) (r;:j4p+5); P2 p(pzp—j 3’
1 Fp)= (|0—2)21(|o2 +9)’ #Hw :ﬁ;
7R e Y B O ey
18 Flp)- (p_1)2?§2++3 2p+5) 0 FP) =5 fi;ils'

3aganue Ne 4
Pemmuty cnegyronme nuddepeHuraNbHbIE  ypaBHEHUS TPU  3aJaHHBIX

Ha4vaJIbHBIX YCJIOBUAX:
1 x"+3x" =e', x(0)=0, x’(0)=—1;
2 x"—2x"=e”", x(0)=x
t

(0)=0
3 x"+2x'-3x=¢e"", x(0)=0, x’(O):l;
4 X"-x"=te', x(O):l, x'(0)=0;

0;

5 X"+2x'=t, x(0)=x'(0)=
6 x"+2x'+x=sint, x(0)=0, x'(0)=-1
7 X"+ x'=4sin’t, x(0)=0, x'(0)=-1;
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10
11
12
13
14
15
16
17
18
19
20
21

22
23
24
25
26

27 X

28
29
30

31
32

33
34

X
I
N
X
+
N
X
P~
X
—
o
~
x‘
o
I
<L

X"+2x'+x=t* x(0)=1, x'(0)=0;
x"+x=t+1, x(0)=x'(0)=0
x"+x=cost, x(0)=-1, x'(0)=1
x"+2x'+5x=3, x(0)=1, x'(0)=0;
x"+2x'+2x =1, x(0)=x'(0)=0;
x"+x =1, x(0)=-1, x'(0)=0

x"+4x =t, x(0)=1 x'(0)=0;
X"-2x"+5x =1-t, x(0)=x'(0)=0;
x"+x'=cost, x(0)=2, x'(0)=0;
x"-x"=te', x(0)=x'(0)=0;
X"+2x'+x=t, x(0)=x'(0)=0;
x"-x'+x=e", x(0)=0, x'(0)=1
X"-x =sint, x(0)=-1, x'(0)=0
x"+x=2sint, x(0)=1 x'(0)=-1,
—2x"+x=t-sint, x(0)=x

X"+2x'+x=2cos’t, x(0)=x'(0

X" +4x = 2cost-cos3t, x(0)=x'(0)=0;

x"+x=te' +4sint, x(0)=x'(0)=0;
x"+x =sint, x(0)=0, x'(0)=-1/2;
x"+x =2sint, x(0)=1, x'(0)=1;

X"+2x'+10x = 2e ' cos3t, x(0)=1, x'(0)=2;

X"+4x =sin3t, x(0)=x'(0)=0;
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35 x"-2x'+2x =2t -2, x(0)=x'(0)=0;
36 x"-2x'-3x =e*, x(0)=x'(0)=0.

3aganue Ne 5

Pemuth CIEAYIOIINE CHCTEMBI g depeHnuarTbHbIX YPaBHEHUM

OIICPAaIMOHHBIM UCHHUCIICHUCM

X'+y—Xx=sint-t,
1 0)=1 yl0)=
{y’+x:t+1+cost, x(0) ¥0)

, X'+y=2t+e',

x(0)=0; y(0)-

Yy —y+Xx=t%

2 X'+ X+y=1+t+sint,

y'+ X =t+cost,

§
b
{X+X+y - x(0)=1 y(0)=
¢
¢
be

y +Xx=2t+e"

X"-X +y=¢e' + 2cht,

5 x(0)=0; y(0)=-y'(0) =x'(0) =%,

y'+y'+x =0,

X'+ X+Yy=2+sht,

6
y'+y-x=—(2sht+cht)

. X"—x"+y=1-sint,
X"+y' —x=-1+2cost,

=2 t,
g [X Xy =2¢" +cos x(0)= y(0)= x'(0)=1 y'(0)=0;
V' +y+Xx=e'+sint,

(o v = t
o X TR 4 (0)=y(0)=1
y' +y-x=¢e',

—y' =2 2y =1-2t,
10{)( y' —2X + 2y )
X"+2y"+x =0,

n X"=3x"+2x+y' -y =0,
y"'—5y' +4y - x"+x =0,



12 {X %(0)=y(0)=1:

y' = 2x + 2y,
13 2X"=X'+9X — y"-y'-3y =0, x(0)=x'(0)=1
2X"+X'=7X + y"+y'-5y =0, y(0)=y'(0)=1
1 Y Y= ) y(0)-
2X'+Yy'+ 2y =cost,
X' +2x+Yy' =1,
15 (0)=y(0)=0
X"+4y"+3y =0,
X'—xX -2y =t,
16 Y= x0)=2 y(0)=4
2X+Yy' —y=t,
17

X" —2y' =2t —cos2t,

18 X'—y'—2x+2y =1-2t,
X"+2y"+x =0,

X"—4x'—y'+y =1,
19
X' +6x+y" —y =e*

i’

e

{ ;
by s, X0=0 X0 y(0)=}
{ X(0 :
{

o

20
"+X' +7X-y"+y' -5y =0, y(0)=y'(0)
(X'=-y -1z,
214y =X -2, x(0)=-1 y(0)=0; z(0) =1,
z'=-x-Y,
(X' =y+z,
22 y' =3x+72, x(0)=0; y(0)=2(0)=1,
Z'=3x+Y,
r:3 — X,
23 {X, TR X(0)=y(0)=1
y=y+x+e',

X"+ X" +vy =0
24 yry==4
y'=2X + 2y,
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— X" —x"+y=cost,

N
(6]

X"—y"+y'=2cost +sint,

X"+3x-y"=0

2 —v' —0 ' -2 1

° 3y + X'+y'=5c0s2t, 0)=y10)=0: x(0)=2; y(0)
X'+y =2cost,

27 0)=0; y(0)=1
VX =0, X(0)=0; y(0)
X" —x"+y"=2sin2t, ~ o

20 y'+4y + X"=cos 2t -1, 0)=2 y(0)=x10)=0,
x"+y=2cht,

29 0)=0; y(0)=1
A (0)=0: ¥(0

20 X"—-x+y=e", x(0)=2; x'(0)=3;
y'+y+x=2t+4cht, y(0)=1 y'(0)=0;
x'=2y =0,

0)=yl0)=2;

o, X(0)= y(0)
'~3x -4y =0,

21 x(0)=(0)=1

y' =4x -3y

X"+ X —y=sint,

w
w

y'+2X =sint,

w
~

w
i

"+ 2X+2y =10e*
X'+2x+2y=10e", x(O):l; y(O):3;

w
(6]

y' —2x+y=7e”",
X'=y-1z,
y'=X+Y, x(0) =1, y(0) = 2; z(0) = 3.
Z'=X+12,

36
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3ananue Ne 6
Hatitn nzo6pakenue o rpaduky opurnHania.
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3.4 Pemienue BapuantTa Ne(

3aganue 1. ITonb3ysce onpenenenneM QyHKIMU—M300paxkeHueM, Haiitu F(p)
3t
nas cnepyromero opurunana f(t) =e”.

Pemenue. M300paxkenue GyHKIMu HaxoauTcs o popmyiie

F(p) = [(t)-e™dt.

+00 b
B namewm ciayuae F(p) = Iest e Pldt = lim Ie_(p_s)tdt =
0

0 b—+w0
b
= lim L e 031 _ Iim(i-e‘(""?”'b —L-e‘(p‘e’)'o) =L(Iim L—l) =
b 3— 0 b 3—p 3-p 3—-p b—>ooe(p‘3)b
) npu Re, >3 11
t!I_TOe(p—S)b_O 3-p p-3
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CiienoBaresnbHO, R A— [Tpumep penieH.

° p —3
3apanme 2. Ilonb3ysce cBoiicTBamMu mnpeoOpasoBanust Jlamnaca, HaWTH

n3o6paxenue s Gpyukuuu-opurunana f(t) = t? - chbt.

t —-t

e +e o
Pemenue. Ussectno, cht = . [To Teopeme JIMHEMHOCTH CIIEAYET, YTO
ettt by o _ P
«2p-1 p+1" 2 p?-1 p?-1
°1 p/5 p

ITo Teopeme ogodus chbt«= - = .
P -5 (p/5)% -1 p?-52

ITo TeopemMe 0 nuddepeHupoBaHN HU300paKeHus

Pyl o p-(p* -5%) - p(p® -5°)
_52 (p2_52)

p2

(—t)2-ch St;{(

_ p? +5° } :_2p(p2 +75)
(p*-5%)° (p*-5)°

. [Ipumep pereH.

3amanue 3. [lonb3ysck TeOpeMOl pa3iioxKEHUs U CBOMCTBaAMU MPeoOpa30BaHUs

I
(p>+4)*

P
p°+4 p°+4

Jlamiaca, HaliTH OpUTHHAI CIleyIoNero nzoopaxenus F(p) =

Pemenue. [peacraBum usoOpaxenue B Buge F(p) = . Tak kak

° 1 . °
> 4—>§sm 2t, 2p 4—>C032t, TO Ha OCHOBaHUH
p+4 - p+4 -

I10 Ta6JII/IIIC COOTBETCTBHUU

TEOPEMBI O CBEPTKE

P
P’ +4 p?+4

t
—> COS 2t * %sin 2t = %jcosZTsin (2t—27)dr =
0

t

t
—JGsin2t +sin(@t - 4)dz :%(r-sin 20, +7 cos(2t—41)
0

Jzit-sin 2t +
4

0
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+%cos 2t —%cos 2t = %t -sin 2t =f(t) . Illpumep perex.

3amanme 4 Haiitn nzoopaxenue f(t) mo rpaduky.

Pewenne
9] Ouesumno, f(t)=nt)-2n{t-)+7n(t-2). Tlo
11— °
: Teopeme cmemmenusi opurunana f(t—7)<ePF(p),
0 1 2 ;
4 TIOJTy YHUM
o —p
Pucynoxk 1 1:(t)<—1—2e—+le_2|O -Ezl(l—Ze_ID +e7%P)
°p p PP

[Ipumep pemieH.

3aganme 5. Pemuts auddepeHnmanbHoe ypaBHEHHE C  3aJlaHHBIMU

HauanbHeIMU yestoBusaMu. X'—X =1, X(0) =0, x'(0) =-1.

Pemenue. Ilycte  umeem  X(t)«—X(p), Torma mo  Teopeme
nuddepennuposanus opurunana: X' (t) «—pX(p) —x(0) = pX(p);

X"(t)<.— p?X(p) —p-X(0)—x'(0) = p°X(p) +1. ToxmcraBasieM B  HCXOZHOE

ypaBHeHue. JlJisi mpaBoil 4YacTH HAIIETO YpPaBHEHUS MO TaOJMIlE COOTBETCTBUM

[ )
HaX0IuM H300paxenue: 1——.

*p
5 1
Torna oneparopuoe ypasuenue umeer un: P X(p) +1— X(p) == ; pemaem ero

1 1-

(pz—l)X(p)=B—1; (p—l)-(p+1)X(p)=Tp; X(p)=——

p(p+1)
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1

JUis  HaxOXIOEHHWS OpUTHHANA g (QYHKIUH — BOCIOJIB3yeMCsL €€

p(p+1)
. R 1 1
pa3lIoKEHUEM Ha CYMMY NPOCTEUIINX Apodet ———— =——+——.
p(p+1) p p+1

Hanee mis kaxaol u3 ApoOed mo TabiMIle HAXOJAUM OPUTHHAIBI M B PE3ysibTaTe

nomyqnm X(t)= —t + €. [Ipumep petres.
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IMPUJIOXXEHUE

TABJMIA COOTBETCTBUI OPUTMHAJIOB U U3OBPAKEHUI

OpwuruHan f(t) N3o6paxkenue F(p) IIpumeyanne
1 n(t) 1
p
2 % 1
p—a
3t" n!
pn+1
41" e® n!
(p_ a)n+1
5 Sin ot o
p2 +O)2
6 COSmt D
p2 +0)2
7 shot ®
pz o2
8 chot P
pz o2
9 e* sinmt ®
(p- a)2 + 3
10 * cosmt p—a
2 2
(p-a) +o
11 e*shot ®
2 2
(p-a) -
12 e*chot p—a
(p-2a) -0’
13 tsinot 2p®
o)
14 tcoswt 07 —
(p* +o?)
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[Iponoikenue

Opurunan f(t)

N3o6paxkenue F( p)

[Ipumeuanue

15 t - shot 2pw
(p* - o)
16 t- chot pz P
(p* -0?)
2
17t Lsinat a
a p2<p2+a2)
a e_a P
18 erf —=
24/t 0

10 f(at) (a>0)

TeOpEeMa HO,Z[O6I/IH

00 e f (t) (p a) TeopeMa CMEIICHUS
21 f(t B T) (T >0, ConSt) e ” F(p) ;zﬁgszdb?BaHHﬂ
22 f (t) pF( p) — f(O gggglipa?;uﬂpOBaHne
(n) 0 n-1 -
23 f (t) D F(p)— k_op k 1f(k)(0)
2 F(e)de JF(D) o
0
25 (_ 1) n t"f (t) qn F(p) ig?G%Z[::flipOBaHne
dp”
2 1 fFa)dg oo
p
7 B0 = FORD
= [f,(7)f,(t—1)dt
0
28 (t) 1
29 8,(t) P
30 5, (1) p"
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2 Metoaudeckue YKa3aHUs sl CTYA€HTOB

IIpeoOopa3zoBanue Jlamiaca. OpuruHaJ u u300paxeHue
OCHOBHBIMU TOHATUSAMHU OIEPALIMOHHOIO HCUUCIICHHS SBISIOTCS IIOHSITUS
pyukuun—opurunana  f(t) u  ynxkoum—usoOpaxenus  F(p) (P=X+1y-
KOMIUIEKCHAS IIEPEMEHHAs), ONPENEIEHU KOTOPBIX JAHbI B IIEPBOI TEOPETUYECKOM
yactu. Bo BTOpoii (METOAMYECKON) YacTH OyNeT NpPUBEICHA CEPHUs IPHUMEPOB C

NOJPOOHBIM OINMCAHME WX PEIIEHUS U C YKAa3aHUEM NpPHUMEHSEMbIX TeopeM (U3

NEepBOM YacTH).

2.1 HaxoxxaeHnue n3o0paskeHus 10 3aJ]aHHOMY OPUTHHAJTY Yepe3
uHTerpai Jlamiaca

I[TPUMEP 2.1. Haiitn usoOpaxenue uis GyHkuuu — opurunana f(t) =1+t

4Cpe3 HHTCTPAI Harmaca, TO €CTb UCXOAA U3 OIIPCACIICHUS I/I306pa>KeHI/I$I.
+o0 +00 +00 +00
Pemenne. F(p) = [f(t)e™dt= [ (1+t)e™dt= [ ePdt+ [te dt
0 0 0 0

PemaeM oTIeNIbHO KaxKIbI HHTErPaT

b

T oo 16 o t 1, 1 1
a)!epdt:—glepd(—pt) _BLLT(GP )——BlerQ(e—p ):__(Ib%ﬁ_e_o -
-Lo-n-=1.

P P

Urak: l(—%, ecau Rep>0.

+00 — t dV = el_ptdt 1 +0 b
0) [te™dt = ot =—=lim(t-e™ ZleMdt=—= I|m——0
" 10 1.1 1 1 1
(——LImept )=——(0 0)——(le pt )=——2(—m——o)=——2(0—1)=—2
PP 77 e p e € P P

Urax: t(—iz,ecnn Rep>0. Ortser: (l+'[)<—1+i
° ° p p
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[TPUMEP 2.2. Haiitu usoOpaxenue s pyuxkumu — opurunana f(t) =sint,

HCXOOA U3 OIPCACICHUA H306pa>1<eH1/m.

+00
Pemrene. F(p) = L{sint} = Ie_pt -sintdt = uaTerpupyem no yacram:
0
.. du=cost dt b
u= Slnt +00
gy Y=t | =——lim(sint- e ) — (-3) [e™ -costdt=
dv=e™dt V= 0 p b= . P o

NOCJIETHUI UHTErPpaJl BHOBb MHTETPUPYEM 10 YACTSIM:

du = —sint dt b
u = cost v
. _ o |[=—=lim(sint-e™ )+1 —llim(cost-e“”g —lje““-sintdtjz
dv=e"dt V__Ee e RO ] G ok
b b +o0
:—E(Iim(sint-e’pt )—izlim(cost-ept ))—izjep‘-sintdt.
p b o P b 0 p° 9

Nrak, Mbl 1Ba pa3za MPOMHTErPUPOBAIH 10 YACTIM U BEPHYJHUCH K UCXOJTHOMY
uHTerpany. llomydyaem Tak Ha3bIBAEMYIO PEKYpPpPEHTHYIO GopMyiy (HMCXOIHBIN

UHTErpasl 0003HaYMM Yepe3 J ):

b b

N-d

1=—L(lim(sint - e
p b—w

1.
) ——lim(cost-e™
p b—w

0 0

UIn (1+i2)‘]:_£(|imsmbb_ﬁ)_%("mcosbb COfO)’
p p > e’ e p? b= P e

. .1
Tak kak SIND u COSb -orpannuenurie GpyHKIUH, LIL‘L]eF =0 (upu Rep >0),

2 2"

3HAYUT: (l+i2)\]:—l(0—0)—i2(0—1), (1+i2)J=i. Urak J =
P P p p 1+p

OtBer: Sint «
«1l+p

5, ecim Rep>0.

3ameuanue. JIaHHBIA TyTh HAXOXKICHUS HW300PaKCHUS SBISICTCS TOBOJIHHO
00beMHBIM. B manpHEHIIMX mpuMepax Mbl OyJIeM HCIOJIB30BaTh (hOpPMYIIBI Diiiepa, ¢

MOMOIIBI0 KOTOPHIX SiNot 1 COSot  mpencTaBistoTCsT 4Yepe3 IKCHOHEHIHATbHBIC

q)YHKHI/II/I N TOraa HHTCTpall Jlarmnaca BeIYHMCIISIETCS IIpoIce.
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[TPUMEP 2.3. Haiitu wu3oOpaxkenue misg GyHKOUA — OPHUTHHAJIOB:
£.(t) = cos(3t) u f, (t) = sin(é) |

Pemenue. B nannom npumepe npumensieM Gopmysl Ditiepa:

e3ti +e—3ti et|/5 e—ti/5
cos(3)y=——, sin(=)=——
@)= sin()="—
+o0 3ti —3ti +o0
1) F(p) = L{cos(3t)}= je -cos(3t)dt = je“” -% dt =5 j (e 4 g ) gt =
0 0
. b . 1 ... 1 _ b ) 1 _ b
= _(||m e—(P Mt 4 ||mJ'e—(p+3l)tdt) — —(Ilm—_e“"‘3"‘ +lim—— g ® )=
b—ow b—w 5 2 b—w __ (p _ 3|) . b __ (p + 3|) i
1 1 1 1
=—(- im 1)+ ———-(lim -1))== + =
( (o 3|) (b*‘” (P3P ) —(p +3i) (b*w e“’”' )= 2 (p 3i p +3i)
_ 1 2p _ P

207 +3 pii3’

t +o0 +o0 eti/5 _ e—ti/5 1 +o0 _ )
2) F(t)= L{sin 5} Je™ -sin— Lt = fer ————dt=""[(e"" —e®")dt =

0 5 0 2i 2i 0
(nmje (PPt — lim je (PP t) = (#(Iim#—lﬂ 1_ X
" 2i by 2i — (p—i/5) b gPOP p+il5

X(“m;_l)_i( 1 1, 1 1
b0 g (P+i/5)D 2i p—i/5 p+il5’ 5 (p2+1/25)°

Otser; COS(3t)«— 2p 1 sin(l)el-%.
s p°+3 5 «5 p +1/25

2.2 Haxo:xaenue u300paskeHUs1 1 OPUTMHAJA ¢ IPUMEHEHUEM CBOICTB
npeodpasosanus Jlaniaaca
I[TPUMEP 2.4. Ilpumensis TeopemMy Moja00us, HaWTH H300pakeHue s
Gyuxuu f(t) = cos(5t).

Pewenue. [Tpeanonoxum, uro s f(t) = COSt mbl 3HaeM (vau U3 TaGIUIBL, UK

p
p’ +1

W3 BbIYKMCIIeHUS uHTerpana Jlammaca) F(p)= . Ilo Teopeme moaobusi, ecnu
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f(t) - F(p). 10 f(at)(— F(®). Torua cos(5t)<.—% #

BripaxxeHne cnpasa

P
e p?+25

Heo0XxoauMo rpeodpasosats. U Torma COS (5t) <—

I[TPUMEP 2.5. Haiiti u3o0pakeHus QyHKIIHI n(t)sh3t; n(t)chst, IPUMEHSS

TEOpPEMY JINHENHOCTH.

et _ e—t
Pemienue. Tak kak sht :( > J

et —e)’
torna sh’t= — (e —3eet+3ele 2t —e )=

3t -3t t -t
:%(e3t_3et+3et_e3t):l£e e ge e ]:

= —(Sh 3t—3sh t) . Ilo Tabnuiie COOTBETCTBUM HAXOAUM HU300paKEHUS IS

sh3t u sht u npumensiem Teopemy nuHeHOCTH:

(p)__(p 3—9 pslj 3(p21—9_p21—1j:%(p2—9)§(p2—1):(Pz—gf(pz‘l).

el +e

Ianee, Tak kak cht = ( ), TO @QHAJIOTUYHO IT0JIyYaeM

t -t t ~t
chdt=(C 1% yo_ _ 1(e re gelre )=L(chat+3cht). 3arew o
2 2 4
Tabnuie HaxoauM u3obpaxenue s Ch3t u cht mpumensem teopemy JIHMHEWHOCTH:
1, p L plp>-7)
F(p) =—( )= :
4073 p -1 (p?-9)-p*-1)
6 . plp*-7)

R ) ) R )

3ameuanue. Tlo xomy pemieHUss Mbl MOTYYUIU (OPMYIIbI, PaBHOCHIIbHbBIE

HUDKECITIE Y IOIIUM

sh3t = 3sht+4sh%; ch3t=4ch’—3cht, (2.1)
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SABJIIAIOIHCCA aHAJIOTaMH COOTBCTCTBYIOHIUX TPUTOHOMETPHYICCKUX Cl)OpMy.HZ

sin3t = 3sint—4sin’t; cos3t = 4cos’t—3cost. (2.2)
Ortcroa, UCTOJIB3Ysl TEOPEMY JIMHEMHOCTH M TaOJIMIy COOTBETCTBUH, UMEEM
sin3t:1(3sint—sin3t)<.—1 23 - 23 =— ° —.
4 - 4{p°+1 p°+9) (p°+1)-(p°+9)
AHAIIOTHYHO, COSSI=£(COS3t+3COSt)<.—1 2p + S S
4 -4\ p°+9 p +1
2 2
=E 21 + 23 =E- 2(4p +228) = Zp(p +27) ) OkoH4YaTeIbHO
4 p+9 p°+1) 4 (p°+9)(p +1) (p°+9)(p°+1)

. . 2
oJTy4aeMm sindt« 5 5 : cos’t « Zp(p +27) .
- (p7+1)-(p” +9) - (p7+9)(p” +1)

[TPUMEP 2.6. Haiitu wuzoOpaxkenue i GyHKIUA et -Sint, npumenss

TCOPCMY CMCIIICHHA.

Pemenue: ITo Teopeme cmemenus, ecmu f(t)<—F(p), o e -f(t)«F(p—a)

3raunt eciu SINt «— 55 TO eat .sint « R Y Hac s opuruHaia
p-+1 (p—a)” +1
t . t 1
e -SINt moayumm € - SINt «— > 5 - llpumep perren.
(p-1)°+1

[IPUMEP 2.7. Haiitn wusobpaxenns s opurmmanos f,(t)=eP'.cosat u

fo(t) = ePlsinat, IPUMEHSS TEOPEMY CMEIIEHHUS H300paKEHHU.

Pemenne. ITo Teopeme cmemenns, ecmu f(t) <~ F(p), To e/ -f(t) < F(p-.)

N3 tabmuubsl cOOTBETCTBUN HaxoauMm COSat <— 5 P 5 sinat <« 5 5 -
- p°+a - p°+a
° . o a
Torma ' cosat« P 2'8 5 eft.sinat« > 5 [Tpumep pemieH.
p-p7 +a (p-pF +a
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[IPUMEP 2.8. Haiitu wusobpaxenue i ¢yaxkuuuchtsint, npumenss

TEOpEeMY CMEIICHUSI.

. 1 . 1 . .
Pemenne. Tax xak chtsint ZE(et +e t)slntza(etsmue tsmt), TO U MO

TEOpeMe JTUHEHHOCTH, U TI0 TEOPEME CMELIEHUs, U COTJIACHO TabJuIEe COOTBETCTBUIMA

HNMCCM:

Hm=1 1, 1 1 1 . 1 _
2| (p-12+1 (p+12+1] 2| (p?+2)-2p (p?+2)+2p

1 2p*+2) pPe2
2 (p2+2)2—4p2 p*+4
e n2
Omeem: cht-sint <« p4 2 :
*p'+4

I[TPUMEP 2.9. Ucnonp3ys Teopemy 3ama3fbIBaHMs, HAWTH H300pakeHUE

sint  npu 03t<g f

dynrxmum f(t)=-< - cost mpu T<t<n

: |
0 npu t>m

T t

T
2

Pemenne. VYOemumcs, 4To f(t) MOXHO 3a7aTh €AUHON  (OpMYJIOii.

Jeitctaurensho, f(t)= {n(t) - n(t - gﬂsint - {n(t - g) —n(t- n)}cost -

= (t)sint — n(t - g] cos(t - gj + n(t - gjsin(t - g) —n(t - )cos(t — ).

Teneps Ha/I0 BOCTIONB30BATHCS TEOPEMOI 3ama3IbIBAHUS U TAOJIHIICH, YTO JTaeT
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p°+1 pe+1 pe+1 p+1 p
e_zp[1+ e_zp]p [1+ e_sz[l—pe_2 J
p? +1 - p? +1
[1+ eZinl— pesz
Omeem: 3 .
pe+1

[TPUMEP 2.10. Joxas3arts, 4TO ecnu F, (p)(— f,(t), rae

0 mpum t<O0

f(t)=1f(t) mpu 0<t<, a ¢Qynkuus  f(t) mpu t>/ nepuommueckas c
0 mpu t>/

nepuoziom £ f(t+¢)=F(t), To

f(t)%lfoe(g)p =F(p). 2.3)

JokazarenbcTBo. f, (t) = [n(t) —n(t-2 )}f (t) = n(t)f (t)-

— n(t — ﬂ)f (t — f)<.— F(p) —e P F(p). C npyroii croponsr fj (t)(— F (p) B cuny

sroro Fy(p) = F(p)(l —e P ), F(p)= 1 i (Z)p . Uro u creqoBao 10Ka3ars.
—€

IIPUMEP 2.11. Haiiti u3oGpasenue hyHKImm

f(t)=sint[n(t—2x)+n(t—3n)], ncnonssys Teopemy samasapiBanms opuruHaia.
Pemenne. f(t)=n(t-2n)sint+n(t-3n)sint =
=n(t-2n)sin(t—2x)-n(t—3x)sin(t-3x).

Tenepp HaI0 BOCIIONIB30BATHCS TAOIUIEH COOTBETCTBUH, UTO JAeT

£t SR
()<-_p2+1 p?+1 p®+1

. e—21tp e—3np e—21tp (l —np)
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-2n
e p

Otget: F(p) = 1(1—e’”’).

[IPUMEP 2.12. Haiiti m3oGpaxenne dyukimn t2-e®| mpumenss teopemy

b depeHnupoBaHus U300pAKESHHUS.

Pemenne. ITo Teopeme muddepenimposanns mzodpaxkenns, ecau T (1)« F(p),

TO (-t) - f(t) < F'(p). 13 TaOJIALBI e eﬁ , TOr/Ia
_at 1 1
(e "« — | =- > [ToBTOpSIA TEOpEMY, TIOJIyYUM
-\p-a)  (p-a)
at 1 2 Lt * 2
(—t)-(-t)-e" <« ——— | . Oxonuarenpho t* €~ ¢ 3 - [Ipumep perie.
- (p-a) * (p-a)

[TPUMEP 2.13. Bbrauciuth cBepTKY (PyHKIHIA f(t) =1, (o(t) =gl

Pemenne. Ilo dpopmyite (1.23) naiimem

u=7z, dv=eldr

t
txe' =['"Tdr= o
du=drz, v=-e"°

0

t t
= _ el T ; +[e"Tdr=—t-e'""| =—t-1+€

0 0

[IpenocraBnsiemM 4YUTATENIO0 MPOBEPUTH, YTO TO K€ CAMOE IMOJYUYUTCA IPH

BBIUMCIICHUU et -t.

[TPUMEP 2.14. Haiitu opuruHan ajas u300pakKeHHs ﬁ, IIPUMEHSIS
PP
TEOpPEMY UHTEIPUPOBAHUS OPUTHHAJIA.
Pemenue. ITo Teopeme, eciu f(t)(—F(p) TO _[f(r) dr(— (p)
0
© 1 L 1 1 1
[IycTh MBI 3HAEM, 4TO et <— , Torga je dr <« = —— wm e -1«

e p-1’ 0 p p-1 p(p-1)
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) WITH

[lpumeHsieM  TeopeMy  eme  pa3 J. (e" -1)dr <__ ( ( 5
PP -
7|t * 1 1
e O—T‘ —e' —1- e — . Wra, ama Gymcuwmn ————  opuruHaiom
0 - p*(p-1) ~1)

CILYKUT el —1-t. [Ipumep penieH.

I[TPUMEP 2.15. Haiitu opuruHagd 10 3aJaHHOMY €ro H300paXeHUI0

%(Z—Be‘p +e‘3p).
2 3e® 3’

p P

1 _
Pemienvie. PackpbiBas CKOOKH, IIOJIydaeM —(2—36 P t+e 3p)

e_3p 2 o e_p °
~—. Jlns xaxpoir apobu mmeem  1)——>27(t); 2) ——n(t-1) 3)
P p -

p

_3p °
€
——)77('[ — 3). 3neck 2) u 3) nosay4deHsl 1o Teopeme 3anasabBanus g T (t) =7(t).

p

TGHCpB, IMOJIb3YICh CBOMCTBOM JIMHECHHOCTHU I/I306pa}KCHI/IH Hanﬂaca, OKOHYATCJIILHO

ToJIy4aeM
%(2 ~3e P4+ )—) 2n(t)—-3n(t-1)+n(t-3).

Omesem: 21(t)—3n(t—1)+n(t—3).

ITPUMEP 2.16. Haittu opurusai jjist u300pakeHust F(p) ( pﬂ )
p +

!

b _ 11 1 1 5 1
(P2 +p%)% £p2+ﬂ2j S P Smﬁt'

Hcnonw3ys Teopemy o nuddepeHnpoBaHuN H300pakeHus, MOTYYUM:

( 1 j' 2p - tsinpt p_ tsin/X

, Torma
2 2
p"+p

D IR VAR,
tsin St
T

Pemmenue:

Omeem:
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2.3 Ucnouab30BaHue TeOpeM Pa3Ji0KeHUs
1

(p-a)p-B)

Pemienue: | cnmocod (pa3ioxkeHue Ha djieMeHTapHbIe (MPocTeiinne) Apoon).

ITIPUMEP 2.17. HaiiTu opurusan nis usobpaxenus F(p)=

3aaHHYI0 TPABUIIBHYIO PAllMOHAIbHYIO IpoOb pa3jaraeM Ha 3JeMEHTapHbIe

. 1 1 1 1)1 (e
Apoot: (p—a)(p—mwa—m(p—a p—ﬁ)(a—ﬂ)(e ")

A€ UCIIOJIb30BaJINCh COOTHOLICHUA U3 Ta6JII/II_U)I COOTBCTCTBUA.

(e”‘t —eﬂt).

Omeem:

1
(a-p)
Il cmocod (BblaesieHHMe TMOJHOTO KBajaparta). [IpowsmtoctpupyeM ero Ha

OoJiee 061IEM TpUMepe 03 U3ITUITHUX AETATBHBIX 00bsICHEHUM U CChUIOK. [1ycTh

Ap+B Ap+B
F(p): 2 i = F; 2 (24)
p°+bp+c b b
p+—| +C——
( 2) 4

b? | b2
Ecmm ¢ — 7 =’ > 0, o=,/C— 7 npeoOpasyem (2.4) k BUIy

b Ab

Ap+B A(‘sz (B_z)
p2+bp+c_ b2 2+ b2 2'
(o2 va2 (5] v

9TOM ClIy4ac UMCEM

N cormacHo Ttabmuie B

b

: -t -t
F(p)>Ae 2 cos(a)t)+£(B—A7bje 2 sin(wt). (2.5)

. w

b2 5 b2
Ecim C— T =—w" <0, w= T —C (KOpHM KBaJpaTHOI'O TpeXuieHa
Ap+B 2 2
BEILIECTBEHHBI ), TOT]a UMEEM = + -
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b b

. —~t
-»Aezcmwt+£(8—%g% 2 shwt. (2.6)
: w

2
ITpu ¢ - i 0 momydaem

A( b b) B (B Abj b b
P+ — )+ R . -2
ZAIOb+B _ 2 b2 = Ab+ b22 —>Ae 2t+(B—A7the 2" (27)
p-+bp+c By2 e '

(p+2) p+2 (p+2)

IIposepxa. Ham Hamo yOemuthes B crpaBemiuBocTH (2.5), (2.6), (2.7),

MIPOYUTAHHBIX CIIpaBa HajJeBO. /[eCTBUTENBHO, HCIOB3YS TAOIHILY, HAXOIUM

b
Cosmte —P - égnmswté- p+§
2 2 2
- p°+a : b )
) b }
sina)te 5 5 e ZtSina)tf— a)2
p o p+t2)} + ?
b Ab
—Et l Ab —Et L] A(p T j (B B ) Ap + B .
Ae 2 t B 2 sinwt 2 2 =2 . .
e 2 coswt+=|B——1|e 2 sinot« 5 + = 02+bptc’
a 2 . b b » P p
(p+j +0? P+ |to
2 2
b
b -
P . ! ’ p+2
cChot« 5 5 e 2 chot« 5
pr-o [p+ .
(2): ;
b
[ ] _7t [ ]
shat < ——; e 2 shot« %
° p — ° bj 5
p+—| —w
2
b Ab
b, 10 Ap) . A(FHJ [B—zj Ap+B
Ae 2 chot+—|B-——1e 2 shot« 5 =52 +bo+c’
@ . b ) (p+b)_ o P +Dp
p+E ) 2
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Ab
5 Ab) ot A (B_zj Ap+B  Ap+B
Ae 2 +|B——|te 2 « + = =

« .0 b’ b) p’+bp+c’
I

[TPMEP 2.18. Haiitu opurruHan ajist u300pakeHus 4p R
p+
Pemenne. Cnauana mpeoOpasyeMm p*+4 k Bumy: p‘+4=p*+4p>+4-
—4p? = (p* +2) —4p* =(p> —2p+2)-(p? + 2p+2). Benencrsue s1oro

YT0 ¥ HaJI0 JOKa3aTh.

1 1 1 11
p*+4 (p?-2p+2)-(p*+2p+2) 4plp?-2p+2 p?+2p+2)

4p _1 12 _ 12 él(etsint—e‘tsint):ﬂsht.
p*+4 4{(p-1Y+1 (p+1)°+1) - 4 2
Omeen: sintsht
I[TPUMEP 2.19. HaiiTi opuruHan it u300pakeHuii  a) F(p)= (1 1);
PP —

1 1 1

R ) L o (o R e ()

1
e) F(p)= o7 o1) 1)

Pemienue. Brauane pa3jiaracM UCXOJIHbIC ,Z[pO6I/I Ha 5JICMCHTAPHBIC I[p06I/I:

1 1 1 1 p
Flp)=——+——; Db) Flp)= =—— X
a) (p) D + 0—1 ) (p) p(pz +1) D p2 +1
1 1 1 1
F = = — 1 — =
c) (p) (p—l)-(p2+1) 2(p+ )Epz_l p2+lj

11 p+l) 11 p 1)
2\p-1 p*+1) 2(p-1 p*+1 p*+1/
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d) F(p)=

1 _ 1 (1 _lj: 1 1
p(p-1)-(p>+1) p?+1lp-1 p) (p-1)-(p?+1) plp?+1)

O Fp)= =
(p2 +1)-(p2 —1) 2{p*-1 p*+1)
Tenepb OCTACTCA BOCITIOJIIB30BATLECA pesyJILTaTaMI/I b) nu C) yTO AacT
1 11 p
p(p—l)-(p2+1) 2'p-1 p2+1 p’+1 1
COOTBCTCTBI/Iﬁ JJIA KaXI0Ir0 Cﬂyqaﬂ HaxoaIum OpI/IFI/IHaH:

a) f(t)=e' —n(t)=e' =1, b) f(t) =n(t)-cost;

c) f(t)== (e —cost—sint) d).f(t)== (e —cost—sint)—7(t)—cost.

e). f(t) = %(Sh t —sint). ITpumep penren.

1

ITPUMEP 2.20. Haiitu opurnuan ais gpynkmmn F(p) = — g
p —

Pemenue. K 3namenarento npumenum popmyiry anreOpsl (pasHOCTh KyOOB):

p?—2° = (p—2)(p*+2p+4).Torna

1 1 1.1 p+4 1.1 (p+D+3,
p’-8 (p-2)(p®+2p+4) 12 p-2 p?+2p+4’ 12°p-2 (p+1)>+3

B P S (- N 3 )
12°p-2 (p+1)*+(~/3)* (P+1)? +(3)*

Tenepp 1o  Tabnwuie

et

COOTBETCTBHI HAXOJIUM OPUTHUHAJIBI IJIs1 KAXKI0U U3 JIPOOCii:

0+ : V3 ‘ot .
(p+1) +(J_) cos(+/3-1); (017 + () —e sin(v/3 - t).

Jlanee o TeopemMe JMHEMHOCTH COEIUHSIEM BCE B OTBET:

psl_ 8 _}%(62‘ —e™'-cos(v/3-1) ~/3-e7'sin(v3-1)).

67



2.4 Penienue JUHeHHBIX T PepeHInATBLHBIX YPABHEHUH
C MOCTOSAHHBIMH K03 PuueHTAMU
OOmuii  TpPUHIMII —~ MHTETPUPOBAHUSI  JIAHHBIX  ypPaBHEHUM  METOJaMH
ONEPAIOHHOTO HCYMCIIEHUS TOKAXKEM Ha KOHKPETHBIX mnpuMmepax. I[lpu 3tom
MIPEANOJIATaeTCs, YTO PABbIE YaCTH YPABHEHUN SABIISIOTCS OPUTMHAJIAMH.

[IPUMEP 2.21. Haiitu pelieHHe ypaBHEHHsS C 3aJaHHBIMH HayaJlbHbIMH

yenoBusamu: X' +3X' = et X(O): 0, X'(O)zl.

Pemenue. IlpennonaraeMm, 4To X(t)<.—X(p), TOTJa II0 TEOpeMe
nudepeHIpOBaHUs OpUTHMHAIAa M HCIONb3ys HadalbHBIE YCIOBUS, HMEEM
X(t)pX(p)-x(0)=pX(p)  x"(t)<p*X(p)-px(0)-x'(0)=p*X(p)-1.

To Tabmuue Haxomum F(P) mwmsa mpasoif wactn: € ° (—— IToacrasisiemM
° p+
BCE B UCXOJTHOE ypaBHEHHE: p2 X(p)—1+ 3p X(p) = LS’
p+
(P? +3p)X(p) =~ +1 o pP+IXE) =" Torm
p+3 p+3
+ 4 4(1 1 1
PR RS N
p(p+3)°~ 9P P+3) 3(p+3)
Teneps cormacHo TabIHIE 1—)77(t) L—>e‘3t; #Z—YIB_3t B
p+ (p+3)

CHILy DTOI0 M CBOMCTBY JIMHEMHOCTH X [ ] %t e 3t n(t):l pu
t>0.

Omeem: X(t)= g[n(t)—e_gt]—1 te st

IIposepka. ( ) — 3 -3t _l(e—3t 3t _3t):e_3t +te 3t
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X" + 3% =+t , X(O) =0, X'(O) =1. [MTonyyeHnoe TOXKIECTBO
(otHocuTenbHO ) yKashlBaeT Ha BEPHOCTH IOIYYEHHOIO pelleHus. B uem wu
CJIEI0BAJIO YOSIUTHCS.

3ameuanue. Y106CTBO OEPATOPHOrO METOA IIKOC KO BCEMY COCTOMT €IIE B

TOM, 4YTO B MOJYYEHHOM PEIICHUU y>KE€ YUYTECHbI HaYaIbHbIE YCIIOBHUS.
. v
[TPUMEP 2.22. Haiitu pemenue ypaBHeHus X = —X=Sht ¢ 3amaHHBIMU

rauansabiMi yenousamu X(0) = x'(0) = x"(0)=0; x"(0)=1.

Pemtenue. Ilycte  umeeM X(t)(—X(p); TOrJa  COIJIACHO  TEOpeMe

g depeHurpoBaHusl OpUTrHHATA UMEEM

X(t)-pX(p)-x(0) =pX(p), X'(t)¢p?X(p)~px(0) - X (©) = p*X(p)
X"(t)<-p*X(p) - P*X(0) - pX'(0) "' (0) = p°X(p).

x"(t)e-p*X(p)~ p*(0) ~ PX'(0) ~ px"(0) - X"'(0) = p*X(p) ~L.

[lo Tabnuie HaxoauM U300pakeHHWE Ui MpaBOM 4YacTU YpaBHEHUS:

sht«—;
° p _1

. Hlanee, moctymast kak u B mpumepe 2.21 HacTtosimiero maparpada,

HaliJIeM ONlepaTOPHOE YPaBHEHUE

p* X(p)-1-X(p) = p}_l, X(p)(p* ~1)= p21_1+1:
_p _ p’ _ p°
p -t Xp)= (P -1fp*-1) (p*-1)(p*+1)’

| cnoco®. [Tonyunnu panronanbayo Apo0b. KopHu ee 3HameHaTtens siBIsSIOTCS
0co0bIMH TOYKamu: P; =1, P, = —i— mpocteie noimocel; P3 =1, P, = —1— momoce!

2-ro nopsika. CoracHO BTOPOM TeOpeMe pa3IoKEHUs

m
X(t) = > Res [X(pk )ep"t ] Haxonum mociiejoBaTeIbHO BBIYETHI:
k=1
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p2 ept

1) Res :X(pl)eplt]: Iim{(p —i)

p—i

- 2 4Pt
2) Res_X(pz)epztlz lim P (p+i)e

(p* -1)(p? —1)} = (p* -D*(p+i)

3) Res -X(p3)ep3t]= lim
- p—1

[o-tre
(

iim {(te'”t p? + 2pe"”Xp2 +1Xp +1)°- pzept|2p(p +1) + 2(p2 +1Xp +1)|}

p? +1)(p* —1)°

(07 + (P 17 P (i)

!
} = Iim{
p—1
p

pZ ept ~ _eit ~ ieit
8 8
pZ ept ~ e—it ~ _ie—it .
p?-1)?  8i 8

2

ePlp

(p> +D(p +1)

|

!

p

p-1 (P* +2)*(p +1)

_8e'(t+2)-16e" _e'(t+2-2) te

t

4.16 8 8

4) Res[x(p4)ep4t]= lim

(p+1)°e™p’

pel{ (b2 +1fp -1 (p+1) } :

i (e'ot tp? + 2pe” sz +1Xp ~1)° —p? ept|2p(p ~1)7 + 2(p2 +1Xp —1)|

!

i

Pt (02 +1f (p-1)*
_-8e'(2-t)+16e’ _e'(2-2+t) te”

4.16 8

Urak X(t) _Lgit et
8 8

g

+1tet +1te‘t
8

OxoHYATEIBHO I[MoJIy4dacM, 4TO HCKOMOC PpCHICHUC UMCCT BU/I

x(t)= —%sint+icht = %(tcht —sint).

Omeem: X(t) = %(t cht—sin t).

IIposepxa

x'(t):%(cht +tsht—cost); x"(t)= %(ZSh t+tcht+sint);

x"(t)= %(3Ch t+tsht+cost), x"(t)= %(4sh t+tcht—sint)

x‘“(t)—x(t):%(4sht+tcht—sint—tcht+sint):sht;
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x(0)=0, x'(0)=0, x"(0)=1. B uem u cien0Ban0 y6eaUTHCS.

Il cmoco6 (pasnmoskeHne Ha MPOCTEUIITHE TPOOH)

p? 1 1 1
Tak kak n =—| +— , Torga
p*-1 2(p°-1 p°+1

Xp)-3) e

T2l (P07 (pP+D) (P -1)

111( 1 1Y 1( 1 1 1(1] 1 2
=25 —————] += — ==q= - — +
2{4£p—1 p+1j 2£p2—1 p2+1ﬂ 2{4{(p—1) p? -1
ol ey el

(p+1° | 2(p°-1 p*+1 8| (p-17 (p+1)

-+%(_ 1 J_;%{t@t+et)+%(—smtﬂ::%ﬁcht—smt)

p*+1) -

Taxkum oOGpaszom, 06a crocoba Jar0T OJMH U TOT XK€ PE3yJIbTaT, KaK M JIOJKHO

OBITh.
3ameuanue. Tak Kak 21 > = 1( 1 — L } a>0, o %:
p?-a? 2alp-a p+a (p? —a?)

il o2 1 foaf1 2

42| (p-a) (p-afp+a) (p+a)’| 4a°|(p—af p°-a’
ot - | 12{t(ea‘+e‘a‘)—gshat}=L2chat—isshat:

(p+a) . 4a a 2a 2a

1 1
=— tchat—=shat |. Takum oOpasom,

2a a

1 5 12[tchat—lsha{) (2.8)
(pz_az)z . 223 a

N sToT mpouecc BO3BEAECHUS B HATYPAJIBbHYIO CTENEHD 1 MOKHO MPOAOJIKHUTb.

2.5 Pemienue cucremsbl Au(pepeHuMaIbLHbIX YPaBHECHUM
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[MPUMEP 2.23. Pemmuts cucremy nuddepeHInanbHbIX YypaBHEHUN MpU
X'(t) —3x(t) +4y(t) =0

y'(t) —4x(t) +3y(t) =0 x(0) = y(0) =1.

3aJIaHHBIX Ha4YaJIbHbIX YCIIOBUAX: {

Pemenne. ITycts mmeem X(t)<—X(p) u y(t) <~ Y(p), Torma mo Teopeme
nudoepenrmposanus  opuruHanma X (t) <« pX(p) — Xx(0) = pX(p) -1 1

y' () <-pY(p) - y(0) =pY(p) -1
[ToacraBum B cuctemy:

{px(p)—1—3x(p)—4Y(p)=0 - { (p—3)X(p) —4Y(p) =1
PY(p) —1-4X(p)+3Y(p)=0 —4X(p) +(p+3)Y(p) =1

Mpl ONyYMIM CUCTEMY M3 JIBYX JMHEUWHBIX alreOpandyecKux ypaBHEHHH ¢

JBYMSI HEU3BECTHBIMU. MOKHO peruTh e€ ¢ nomoinbio hopmyisl Kpamepa.

(p_3) -4 2
= = —3 3 —16: —25
4 (p+3)‘ (P=3)(p+3) p
A o =(p+3)+4=p+7
-3) 1
Ay:(p_4) 1=(p—3)+4:p+1
AX  p+T7 . A p+1
X(p) = = o Y(p)=—L=
(p) A po25 (p) A pio25
+7 +7 6 1 1 1
X(p)=—+L P _5 1 1
p°—=25 (p+5(@P-5 5 p-5 5 p+5
+1 +1 3 1 2 1
Y(p)=—"= P 31,2t
p°=25 (p+5((pP-5 5 p-5 5 p+5

Teneps i HaiineHHbx QyHkumi — uzobpaxenuit X(p) u Y (P) HeoOxoaumo

HaiTh QyHkmy — opurudansl X(t) u y(t). dus sToro mo tadiamie COOTBETCTBUM JIst

N N L

p—5 - pP+5 o

KKJI0M JpoOU HaXOAUM OpUTHHAI
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Otser: X(t) B +gsh5t; y(t) a5t 2gst _Lest Anst
5 5 5 5 5 5 5

[TPUMEP 2.24. Haiitu peuienue cucteMbl TudepeHunanbHbIX ypaBHEHHM

IIpH 3aJaHHbIX HAaYaJIbHBIX YCIIOBUAX

X"(t) - y'(t) =0, x(0)=y'(0)=0,
x'(t) — y"(t) = 2cost, x'(0)=y(0)=2"

Perrenne. ITycts umeem X(t)(— X(p); y(t)<— Y(p), TOT/Ia COTJIACHO TEopeMe

muddepeHupoBaHUsl OpUTHHANA C MCIOJIb30BAHUEM HAuYaJbHBIX YCJIOBUM HMEEM

X(O)<pX(E) X'()-p? X(p)-2;

Y(t)<-pY(p)-2 y'(t)plpY(p)-2]=p?Y(p)-2p.

[loacraBnsiem mnoNlydeHHbIE H300pakeHUss B cucrteMy. llpenBapurenbHo

HalIeM U3 TaOJIUIBI COOTBETCTBUI COST <«

5 - LloJlyunm cucTeMy OnepaTropHbIX

e p°+1
ypaBHEHUIA
p° X(p)-2-(pY(p)-2)=0
PX(p)- (07 Ylp)-2m=2 P T

0

p°X(p)-pY(p)

g 2 1 2p2
X(p)=-pY(p)=-2+ =2 -1|=- )
(p) P (p) p2 +1 [pz +1 J p2 +1

OrnocutensHo HemsBecTHBIX X(p) u Y(p) uMeeM cucremy u3 2-X JTMHEHHBIX

HEOJTHOPOJHBIX YPaBHEHUH, KOTOPYIO pemaeM o ¢popmyrnam Kpamepa.

2

p- =P

=—p’ +p=p{1-p°)
1 -p

A=
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0 -p 3 p> 0 s

Ay =|-2p° _p:—22p1; Ay=|, -2p° :%.
p® +1 b o2+l P 7
A, -2p° 2p? 1 1
X(p)=A= 2 o (2 aYa2aq) w2 12
(P2 +)p-p?) (p?-1)p2+1) p?-1 p?+1
A —2p* 2p° 1 1
Y(p)=—2= = =p + =
A (PP +)p-p®) (p2+1)p?-1) "\p*-1 p*+1
p p
= + .
p>-1 p*+1

N nanee mo taGnuie mjis KaxaoW IpoOW HaxoauM OopuruHal. B pesynbrare

nomygaem X(t)=sht+sint; y(t)=cht+ cost. Ipumep permen.
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3 MarepuaJibl 1Jisl CAMOCTOSITE/IbHOM PadOThI CTY1€HTOB

3.1 KOHTPOJIBHBIE BOITPOCHI

1 Tlonstue opuruHaiza. YCJIOBHUS, KOTOPHIM YJOBJETBOPSET OpUTHHAI.

Enunuunas QyHkuus XeBucaiina.

2 Wzobpaxenue  Jlammaca.  HeoOxonumoe — ycioBue.  AHAIUTUYHOCTD
nu3o0paxeHus (popMyIupoBKa).

3 EnuncrBenHocth opuruHaia. CBoiicTBa JIMHEHHOCTH U300pakenus Jlamnaca.

4 TeopeMbl T0100MS, 3aMa3/IbIBAHUS U CMEILICHUS.

5 Huddepenuupobanue opuruHaia. Crneacreue. MHTerpupoBanue opuruHania.

6 WnaTerpupoBanue n300pakeHUs.

7 CaepTka QyHKITUH.

8 MWwurerpan roamerns.

9 TeopeMsbl pa3oKeHUS.

10 OmepatopHblii  METOJ HWHTETPUPOBAHUSA JUHEHHBIX Au(QepeHInanbHbIX
YPaBHEHHUH C MOCTOSTHHBIMU KO3(PPHUITECHTAMHU.

3.23AJAYN U YIIPA’KHEHUSA
JIJI1 CAMOCTOSTEJBbHOM PABOTHI

3.2.1 Haiiti n300pakeHust pyHKITHI f(t) u f'(t)
1) f(t)=sint—tcost;  2) f(t)=tsint+cost;

3) f(t)=e"sin®(t); 4) f(t)= %(ch tsint+shtcost).

3.2.2 Haiitu u300paxkeHus: PyHKITHI

t _ t1_a"T
0 chrt ldr; 2)J.l e dr
0 T 0 T
t t _
N Sh_rdr; 2 Icosﬂr cosar .
o T 0 4

3.2.3 Ucnonp3ys TeopeMmy 3ama3iblBaHUs, HAWTH HM300paKEHUS CIEIYIONIIX
byHKIU:

1opu 0<t<r
1) f('[) = (EIMHUYHBIA WMITYyJIbC, JCHCTBYIOLIUI B
0 mpu t>1

TeyeHue npoMexytka Bpemenn ot t =0 no t=1).
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(0 mpu  t<T
2) f(t) =<1l opu T<t<T+1 (3ana3asIBarOmMii eMHUIHBII UMITYIIEC).
0 mpu t>T+1
Et mpu 0<t<rt
T
h npu T <27
3) f(t)=+ ) P
——(t-3t) mpum 2t1<t<3t
T
0 npu t>3r1
h npu 0<t<1

4) f(t)={

5) f(t) =
(t) {Sh(t—TC) npu t=>m
3.2.4 Ucnonw3ys pe3yabTaT npumepa 2.4, 3Has QyHKIHIO fo(t) u nepuon £,

HaWTU U300pAKEHUS CICAYIONINX MEPUOTAYECKUX PYHKIIHI.
1lopu 0<t<r1
1) f(t)= P (=T
Ompu t<t<T

(HepI/IOI[I/I‘—IeCKaH HOCICA0OBAaTCIbHOCTh CAMHUYHBIX I/IMHy.J'IBCOB)

he (Y mpu  t>1
sint mpu 0<t<m

Dt mpu 0<t<c
2) f(t)=1C . (=2C

_h npu C<t<2c
C

Haiitu nuzo6paxkenne QyHkiui
3) f(t)=1+e " n(t-1)
4) f(t)=5-2tn(t-3).

3.2.5 HaWitu opuruHas no 3aJJaHHOMY €ro HU300paKeHUIO U CJeJaThb
POBEPKY
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3 2
5)5p +5p° -11p+3. 6 1 . p+3

(p+3)p® ’ p2—2p+5 p’ +6p+11’
) 3p* —12p°® +16p° —6p+8_ g 3P+2
p° —4p* +5p° ' (p® —4p+6)*’

2
10) 1(2 -3 + e‘3p) 11)i4+%e‘2p; 12) —%.
p p* (p+4) (p”+1)
3.2.6 Ucnonw3ys TeopeMy yYMHOXKEHHUs H300pakeHUl u Gopmyny lroamens,
HaWTU OPUTHHAJIBI f(t) JUISL CIEAYIOIIUX U300paskKeHUM:

1 k P 1
—; 2) ————— 3) 7, —5 5
p’(p—a) ) p(p® +k?) ) (p*+a%)? Y (p* +a%)°

1 . p
5) 2 2 ! 6) 2 2 '
(p° —6p+13)(p” —6p +10) (p”+4)(p° +9)

3.2.7 Vicnonb3ys nepByI0 TEOPEMY Pa3iI0KEHUs, HAUTH OpUTHHAI f(t) o €ro

1)

U300pAKEHUIO

1)1)Ecosl; 2)lsin1.
p P PP

3.2.8 Hcnonb3yst BTOpYI0 TEOpeMy pPa3jioKCHUS, HAUTH OpPUTHHAI f(t) TUTST
CJICTYFOIIUX M300paskeHU:

p? +1 _ p+1 .
D )+ 2p+d) 7 pro-1p+2)
y - —
(p-1)°(p-2)’ (p+1  (p+3)

3.2.9 Pemuty auddepeHmanbable ypaBHEHHUs] TPU yKa3aHHBIX HayajdbHbIX
YCIIOBHSIX

1) X" +4x =cos3t, x(0)=x'(0)=2;

2) X”—2aX'+(a2 +ﬂ2)>< =0; x(0)=0, x'(0)=1;

3) X" +x'=e*"; x(0)=x'(0)=x"(0)=0;

o1
N’
o
X‘
|
00]
x‘
|
x‘
|
w
x
I
|
oo
m!—"
X
—~
o
—
Il
—
o
—
I
—
o
—
I
H
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x'(0)=x"(0)=x"(0)=x™(0)=0;
8) X" —2x'+2x =1+n(t-1), x(0)=x'(0)=0;
9) X"+’ x =afn(t)+n(t-1)}, x(0)=x'(0)=0.

7y x4 2x" + x" = 2t + cost; x(0

N—"
Il
N—"

3.2.10 Pemuth cuctemy nuddepeHnraibHbIX ypaBHEHUN

x"+y=0,
1 Xx(0)=y(0)=1;
s 00
) x'+2x+2y=10e*, x(0)=1

y -2x+y=7¢e", y(0)=3

2x'+y'-3x =0
N o

X”+ yf_2y — e
2 X'=y-z

y'=x+y, x(0)=1 y(0)=2, z(0)=3
3.2.11 Pemmtes nuddepeHnranbHOe YpaBHEHHE M CHCTEMY JIBYX yYpaBHEHUH,

CCJIM BCC HAYAJIBHBIC YCJIOBUS PABHBI HYJIHO.
1 opm 0<t<],
1) x"+x="f(t), f(t)=<-1 mpu 1<t<2,
0 1npm t>2.

) 0 1 nmpu 0<t<m,
X -V =
2){ y f(t)=4-1 npu n<t<2m,

"—x="f(t)
y (1) 0O nmnpu t > 2m.
OTBETHI:
3.2.1
2 2p p(p°+3) p°-1 .
1) 2 2! 2 ! 2 2 2! 2 27
(p°+D° (p”+1) (P +D)° (p"+1)
3) 2 2p .
(p+D(P*+2p+2)"  (p+D(p*+2p+2)’
p° p°
n-r e
p*+4 p*+4
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3.2.2

n-tmi-t] 2in 1+ . g tpPtL
2p p 2p p-1’
51n
p

» I p° +a’ p-o
2p  p’ +B P-4
3.2.3
1)1(1—e“”); Z)E(l—e“”)e"”; 3)— h (1 e ™ e‘2m+e_3m);
P P tp’
-p 2 ~—p7
4)h(1+ © ]; 5) 21 +2p4e :
p p(p-1) p?+1  p*+l
3.2.4
bt —(p+1)
1) 1=¢ ; 2)—th p 3)E+e ;
pll— ¢ cp? 2 p p+1l
-3p
)5—ge2p£l+2]+e—.
P p p p
3.2.5

2
1)—%e‘t sin2t;  2)e*'cos(t+/2);  3) 3+tT_ 2e?' cost—e?'sint;

4)e” K%t ++/2 jsin(tﬁ)— 2tcos(t/2));
5)2 - 3-n(t—1)+n(t-3);

6)%t3[1+ e n(t—Z)]; 7)%(tcost+sint).
3.2.6

1, at 1 t .
1)—=(e* —at-1); 2)—(1-coskt) 3)—sinat;
)az( ) )k( ) )5

4)2—13(sin at —atcosat), 5)%e3‘(25in t—sin2t)
a

6)%(35in 3t —2sin 2t).

3.2.7
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© _1kt2 0 _1kt2k+l
3 Y : 25 :
k=o[(2k)!] k=0 [(2k +1)1]
3.2.8
1) ——et+ e —Ze 2)—§—Et+get ie‘Zt,
4 2 3 12

:%)%(tze2t —4te® + 6% - 2te! —6et);

4)%(2t2 et —2tet—e™ —e‘St).
3.2.9

1)X = 1—10032t —Ecos3t +sin2t; 2)x =(£Je“‘sint;
5 5 p

1 e* 2 1 .
3IX=——+—+—-Ccost——sInt;
2 10 5 5

X =t? —t+1—§e‘t 508t —S'nt;
2 2 2

5)X =e'; 6)x=%(t2—sint-sint);
7) X =1t? —4+(4—§tjcost+(§+t—1t2jsint;
8 8 8
1 t - 1 t H
8)X = E[l—e (cost—smt)]-l(t)+§[1—e (cos(t—1)—sm(t—1))]n(t—l);

0)x = 22sin? 2 () -n(t-1)]
0] 2

3.2.10

0 x =e'(cost—2sint) ) x = g2t
y =e'(cost+3sint) y=y=3e?

3.2.11

1x(t)= Z[Sin2 %— 2n(t —1)sin’ t—;1 +1(t—2)sin® %}
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2)x(t)= %(ch t +cost —2)—mn(e - nt)ch(t — )+ cos(t — )] +
+ %n(t —2n)[ch(t - 27)+ cos(t - 27) - 2];
y(t)= %(ch t— cost)—n(t — m)[ch(t — ) — cos(t — )] +

+-n(t-27)[ch(t - 27)—cos(t — 27)]

3.3 PACYHETHBIE 3AJIAHUSA

3aganue Ne 1
[Tonb3ysice ompenereHUEeM U300pakeHUsT (QYHKIMW, HAUTH HW300paKeHUS

crenyomux GyHKIANR

1f(t)=t; 13 f(t)=sin 2t; 25 f(t)=e" cost;
2 f(t)=t+1; 14 f(t) = cos 2t; 26 f(t)=t>e'
3f(t)=t-1 15 f(t) = te' 27 f(t)=t%e
4f(t) =t 16 f(t)=sh(t-1) 28 f(t)=e'sht;
5 ()= (t+1); 17 f(t)=ch(t-1; 29 f(t)=e'cht

6 F(t)=(t—1); 18 f(t)=sh2t; 30 f(t) = e"sin2t;
7 f(t)=sin(t-1) 19 f(t)=ch2t; 31 f(t)=t+e™;
8 f(t)=sin(t+1); 20 f(t)=sin3t; 32 f(t)=e'cos2t;
9 f(t)=cos(t—1) 21 f(t)=cos3t; 33 f(t) =t-sint;
10 f(t) = cos(t +1); 22 f(t)=te™; 34 f(t)=t-cost;
11 f(t)=t+sint 23 f(t)=t+e'; 35f(t)=35in%;
12 f(t) =t + cost 24 f(t)=e'sint; 36 f(t)=2+3a".

3aganue Ne2
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[Tomp3ysick cBoiicTBamu mpeobOpazoBanus Jlaruraca, HalTH H300pakeHUS

byHKIMi
1 ITo Teopeme mogo0us U 3ana3abIBaHUS
1 f(t)=sin 2t—Ej; 4f(t)=sin(2t—ﬁ);
3 3
i 2T : T
2 f(t)=sin 2t——); 5 f(t) =sin(5t—=);
3 4
3f(t)= cos(Zt —gj; 6 f(t) = cos(5t —%).
2 1o TeopemMe cMmelieHus U oa00us
7f(t)=e*ch2t; 11 f(t)=e* sin 2t;
8 f(t)=e 'sh3t; 12 f(t)=e 'sin 2t;
9 f(t)=e* coz 2t; 13 f(t)=e* sh 2t;
10 f(t)=e " ch3t; 14 f(t)=e* cos 3t.
3 Ilo TeopeMam cMeteHus, OA00MS, OTIEPEKEHUS
15 f(t)=¢' sin(Zt + g) 17 f(t) = e’ cos| 2t + %nj
2t - T —t 272'
16 f(t)=¢ Sln(Zt +§j; 18 f(t)=e " cos 2t+?j.
4 Tlo Teopemam aud depeHITupPOBaHNS, TOJO0MS U CMEIESHUS
19 f(t) = tcos? 2t; 24 (1) = t(e? +ch 2t}
20 £(t) = tsin? 2t; 25 f(t) = t(e"+sh?3t);
21 f(t):tz(e4t +sin Zt), 26 f(t)=t-e*sin2t;
22 f(t) = tsin® 2t; 27 f(t) =t-sh2t;
23 f(t) = (t +1)cos® 2t; 28 f(t)=t-ch4t.
5 Ilo TCOPCMC MHTCTPHUPOBAHUA I/I306pa}KeHI/IH
t_ cost —cos 2t
20 f(t) = : L. a3 (1) = 8
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sin?t
{

32 f(t):l_:OSt;

31 f(t)=

t ~t

34 f(t)=""°

3 f(t)zl_CfSZt;
—t

36 F(t)="° -1

t

3aganmne Ne 3

[Tonb3ysich TeopemMOl paslioKeHUsI U CBOMCcTBaMHU INpeoOpazoBanus Jlammaca,

HAWTU OPUTHHANIBI CIETYIONNX N300paKeHUH:

1 F(p) :

T -D(pE + 4y

2 F(p) = L

_ p+2 .
(p+1)p-2)p? +4)
1 .
p(p2 +4p + 5)’
1

3 F(p)

4 F(p)=

5 F(p)

1
6 F(p)= ;
(p) pIR)

B p+2 _
TR e -1fp +o)

_ p :
P i)

1
(p-17(p? +1)
2p+3

9 F(p) =

- p(p2 +2p +1)(p2 +1);

) p(p2 +1Xp2 —-2p +1);

9 ) T d
00 )
)=

22 Fp) = (p +1)(p2p— 6p +10)
% Fip)= (p-1lp 21+ 4p+5)
24 F(p) = " :6;

25 F(p) = (p+1)2p( 5 _8)

26 F(p)= ; p31 )

7 FP)= (p +1)i|o3 -1)

28 F(p) = 1




11 F(p) = e~ 26;13) 29 F(p):(pZ?’Tpg)z;

12 F(p) = o +5p+16)(p D 30 F(p)= (pz%él)-

13 F(p)= 1 1+2p+2) 31 F(p):m;

“ F(p):(lo 1)2(p2+2p+5); > F(p):(p—l)(1p2—4);

SR e v b et

16 F(p) = o 2)21(p2 o) 34 F(p) —%

17 Fp)= (|0+a)zzo2 b2 n BFp)= (p +1)(1p2 L4y’
18 F(p)= (p—l)zigjf 2p+5) B FP)= 7 fz;-lus'

3aganue Ne 4
Pemmuty cnepyronue nuddepeHuHaNbHbIE  ypaBHEHUS TIPU  3aJaHHBIX

HAYATBHBIX YCIOBHSIX:
1 x"+3x'=e', x(0)=0, x’(O)z—l;
2 x"-2x"=e*, x(0)=x'(0)=0
3 x"+2x'-3x=¢e"", x(0)=0, x’(O):l;
4 X"-x"=te', x(O):l, x'(0)=0;
5 x"+2x'=t, x(0)=x'(0)=0;
6 X"+2x'+x=sint, x(0)=0, x'(0)=-1
7 X"+x'=4sin”t, x(0)=0, x'(0)=-1;
8 x"-3x'+2x=¢e", x(0
9 x"-2x"+x=¢e', x(0)=0, x'(0)=1

S
I
<
=
o
S
I
o



10
11
12
13
14
15
16

17
18

19
20
21

22
23
24
25
26
27

28
29
30

31
32

33
34
35

36

x"-x'=t*, x(0)=0, x'(0)=1;
x"-2x"+2x =1 x(0)=x'(0)=0;
x"+x"=cost, x(0)=2, x'(0)=0;
X"+2x' +x=t> x(0)=1, x'(0)=0;
X"+x=t+1, x(0)=x'(0)=0
x"+x=cost, x(0)=-1, x'(0)=1
x"+2x'+5x =3, x(0)=1 x
X"+2x'+2x =1, x(0)=x'(0)=0;
X"+x =1, x(0)=-1, x'(0)=0
X"+4x =1, x(0)=1 x'(0)=0;
X"-2x"+5x =1-t, x(0)=x'(0)=0;
x"+x"=cost, x(0)=2, x'(0)
x"—-x'=te', x(0)=x'(0)=0;
X"+2x'+x=t, x(0)=x'(0)=0;
x"-x'+x=¢e", x(0)=0, x'(0)=1,
x"-x=sint, x(0)=-1, x'(0)=0
x"+x=2sint, x(0)=1 x'(0)=-1,
x"—2x"+x=t-sint, x(0)=x

X" +2x'+x =2cos’t, x(0)=x'(0
X" +4x =2cost-cos3t, x(0)=x'(0)=0;
x"+x =te' +4sint, x(0)=x'(0)=0;
x"+x =sint, x(0)=0, x'(0)=-1/2;

x"+x =2sint, x(0)=1, x'(0)=1;
X"+2x'+10x = 2e ' cos3t, x(0) =1, x'(0)=2;
xX"+4x =sin3t, x(0)=x'(0)=0;

X"-2x'+2x =2t - 2, x(0)=x'(0)=0;
x"-2x'-3x =e*, x(0)=x'(0)=0.
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3aganue Ne 5
Pemurs CIIeAyIOIIue CHUCTEMBI mudepeHIuanTbHbIX ypaBHEHHUI

OIICpAlIMOHHBIM UCYUCIICHUCM
. {x’+y—x =sint —t,

0)=1 0)=0;
y'+X =t+1+cost, x(0) ¥(0)

y' —y+x=t-,
X"+X+y=1+t+sint,
y'+ X =t+cost,

x(0)=0; y(0)=-y'(0)=x'(0) =;

' = 2+sht,
X' +X+Yy=2+S «(0)=1 y(0)=0:
y'+y-x=—(2sht+cht)
X"+ x"+y=1-sint,

0)=x'(0)=1 y(0)=y'(0
V7 4y —X = 14 COSt, x(0)=x'(0)=1 y(0)=y'(0)

Il
A

X"+Xx+Yy=2e"+cost,
Y +y+x=e' +sint,

X' +x-y=e',

y+y-x=el,

X'—y'—2x+2y =1-2t,

L )

X"+2y"+x =0,

. X"=3x"+2x+y' -y =0,
y" =5y +4y—-x"+x =0,

X'=-y,
12 0)=y(0)=1
D, XO=Y0)
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2X"—X"+9x — y y -3y =0, X(O)ZX'(O):]_;

13 2X"+ X' +7x—-y"+y' -5y =0, Y(0)=y’(0):1;
g )XY —y=¢ «(0)=y(0) =
2x"+Yy'+2y = cost,
X'+2x+Yy' =1,
15 (0)=y(0)=0;
X'+4y"+3y =0,
—X—-2y=t,
16" y X(0)=2 y(0)=4

|
|
{
0
|
o

18 X'—y'— 2x+2y 1-2t,
X"+ 2y"+x =0,

X"—4x"'—y'+y =1,
19
X' +6x+y" -y =e"

2 2X" = X' +9X —y"—y' 3y 0, x(0)=x'(0)=1
"+X' +7X-y"+y' -5y=0, y(0)=y'(0)=0;

X'=-y-1z,

214y =—X~2, x(0)=-1 y(0)=0; z(0) =1,

' =-x-y,

(X' =y+z,

221y =3x+72, x(0)=0; y(0)=2(0)=1;

Z'=3x+Y,

xX'=3y -X,
23 { : ’ t x(0)=y(0)=1,
y=y+X+e,

" X"+X'+y' +y=0,
y'=2Xx+2y,

—X"—x"+y = cost,
{X—Y"+y'=2008t+sint, X'(0)=y(0)=0; x(0)=y(0)



X"—x"+2y"=2sin 2t,
y" + 4y + X = cos 2t,

x"+y=2cht,
29 0)=0; yl0)=1;
20 X"—-x+y=¢e", x(0)=2; x'(0)=3;

x(0)=1, 0)=3;
35 )y _oxsy 76 (0)=L y(0)
X'=y-12
36 Yy'=x+y x(0) =1 y(0)=2; z(0) =3

3axanue Ne 6

Haiitu nuzo6paxkenue mno rpaduxky opuruHania.
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3.4 Pemienue BapuantTa Ne(

3aganue 1. ITonb3ysce onpenenenneM QyHKIMU—M300paxkeHueM, Haiitu F(p)
3t
nas cnepyromero opurunana f(t) =e”.

Pemenue. M300paxkenue GyHKIMu HaxoauTcs o popmyiie

F(p) = [(t)-e™dt.

+00 b
B namewm ciayuae F(p) = Iest e Pldt = lim Ie_(p_s)tdt =
0

0 b—+w0
b
= lim L e 031 _ Iim(i-e‘(""?”'b —L-e‘(p‘e’)'o) =L(Iim L—l) =
b 3— 0 b 3—p 3-p 3—-p b—>ooe(p‘3)b
) npu Re, >3 11
t!I_TOe(p—S)b_O 3-p p-3
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CiienoBaresnbHO, R A— [Tpumep pemieH.

° p—3
3ananme 2. Ilonbp3ysch cBoiicTBamMu mnpeoOpasoBanusi Jlamnaca, HaWTH

n3o6paxenue ;i Gpyukuuu-opurunana f(t) =t - chbt.

t —-t

Pemenuie. M3BectHo, Cht = ¢ € . I1O Teopeme NMHEHHOCTHU CIEAYET, YTO
cht<—1 1 + 1):1 22p = 2p
2 p-1 p+1 2 p -1 p°-1
ITo Teopeme mogoous Chbt «— L p/25 =— P 5
5 (p/5)°-1 p°-5
Ilo TeopeMe 0 muddepeHnpoBaHun U300paKEeHUS
(n2 | B2 2 g2y
* : (p°—57) - -5
(—t)z-ch5t<—{( 2? 2)} ::{p(p 2) pz(p )| _
*L p°-5 (p*—5%)

_ | p*+5° } _2p(p° +75)
(p* -5%)° (p* -5)°

. Ilpumep pemieH.

3aganme 3. [Tonp3ysck TeOpeMoOii pa3ioKeHHUS U CBOMCTBAMHU MPE0Opa30BaHUS

Jlamsaca, HaiiTi opurHHai cieayromero u3oopaxenus F(p) = P

(p° +4)*

1
Pentenue. IIpencraBum n3zobpakenue B Buge F(p) = P . Tak kak

p2+4 piid

P

= —sin 2t, 5 = C0S2t, To Ha OCHOBaHWUH

p’+4 2 P’ +4

0 TaOJHUIlE COOTBETCTBUU

t
TEOPEMBI O CBEPTKE — C0S 2t %sin 2t = % j cos2zsin(2t—2r)dr =
0

p2+4 pltd

t

t
= %j (sin 2t +sin(2t - 47))dr = %(r-sin 2], + %cos(Zt —4r)
0

0

J:Et-sin 2t +
4
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+%cos 2t —%cos 2t = %t -sin 2t =f(t) . Illpumep perex.

3amanme 4 Haiitn nzoopaxenue f(t) mo rpaduky.

Pewenne
9] Ouesumno, f(t)=nt)-2n{t-)+7n(t-2). Tlo
11— °
: Teopeme cmemmenusi opurunana f(t—7)<ePF(p),
0 1 2 ;
4 TIOJTy YHUM
o —p
Pucynoxk 1 1:(t)<—1—2e—+le_2|O -Ezl(l—Ze_ID +e7%P)
°p p PP

[Ipumep pemieH.

3aganme 5. Pemuts auddepeHnmanbHoe ypaBHEHHE C  3aJlaHHBIMU

HauanbHeIMU yestoBusaMu. X'—X =1, X(0) =0, x'(0) =-1.

Pemenue. Ilycte  umeem  X(t)«—X(p), Torma mo  Teopeme
nuddepennuposanus opurunana: X' (t) «—pX(p) —x(0) = pX(p);

X"(t)<.— p?X(p) —p-X(0)—x'(0) = p°X(p) +1. ToxmcraBasieM B  HCXOZHOE

ypaBHeHue. JlJisi mpaBoil 4YacTH HAIIETO YpPaBHEHUS MO TaOJMIlE COOTBETCTBUM

[ )
HaX0IuM H300paxenue: 1——.

*p
5 1
Torna oneparopuoe ypasuenue umeer un: P X(p) +1— X(p) == ; pemaem ero

1 1-

(pz—l)X(p)=B—1; (p—l)-(p+1)X(p)=Tp; X(p)=——

p(p+1)
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1

JUis  HaxOXIOEHHWS OpUTHHANA g (QYHKIUH — BOCIOJIB3yeMCsL €€

p(p+1)
. R 1 1
pa3lIoKEHUEM Ha CYMMY NPOCTEUIINX Apodet ———— =——+——.
p(p+1) p p+1

Hanee mis kaxaor u3 ApoOed mo TabiMIle HAXOJAUM OPUTHHAIBI M B Pe3ysibTaTe

nomyunm X(t)= —t + €. [Ipumep petres.
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ITPUJIOXKEHUE

TABJIMIA COOTBETCTBUM OPUTMHAJIOB U U30EPAKEHUM

Opurunan f('[) N3obpaxkenue F(p) ITpumeyanne
1 () 1
P
2 e 1
p—a
3t" n!
pn+1
41" e n!
(p . a)n+1
5 sinmt ®
p2 +(DZ
6 cosot P
p2 +O)2
7 shot 0
8 chot P
9 e* sinmt ®
2 2
(p-a) +o
10 e* cosmt p—a
2 2
(p-a) +o
11 e*shwt o
(p-a)° - o
12 e*chot p—a
(p-2) -0’
13 tsinmt 2p®
(p* o)
14 tcosmt 07 — o’
(p* +o)




[Iponomxenune

OpuruHai f('[)

Usobpaxenne F(p)

IIpumeyanue

15 t-shwt 2pw
(p* —0?)
16tCh(Dt p2+0)2
)
2
17 t— 1 sinat a
a pz(pz n az)
d g VP
18 erff —
2/t P
19 f(at) (a > O) 1 F( E) TeopeMa Ho100us
d d
20 eatf(t) F(p — a) TeopeMa  cMelle-
HUSI
21 f(t—) (v>0, const) | e F(p) TeopeMa 3arasibl-
BaHMS
22 f’(t) pF( p) — f(O auddepeHnpoBa-
HK€E OPUTUHAJIA
23 f(n)(t) P’ F(p) _ n_lpn—k—lf(k)(o)
k=0
< 1 HUHTETPUPOBAHUE
24 J; f(T)dT E F(p) OpuUTrHHajia
25 (- 1)"t"f(t) d"F(p) auddepenuposa-
dp" HUE N300paKeHUs
f(t = UHTCTPUPOBAHHUEC
26 9 .[ F(q)dq H300paxKeHus
p
27 fl(t)* f, (t) = Fl(p). Fz(p) YMHOXKCHHE
M300paKeHU

28 §(t 1
29 8,(t) p
308, (t) p"
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