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BBEJIEHUE
CrneacTBue U3 OCHOBHOM TeOpeMbl alreOphl 0 KOJIMUYECTBE KOpHEH (peleHuit)

anredpanyecKoro ypaBHEHUs IacuT: KaKOB MOPSAIO0K YPaBHEHUS — POBHO CTOJIBKO Y

. 2
Hero KopHei. PaccMoTpum anreGpandeckoe ypaBHeHue Broporo mopsaka X~ +1=0

B cooTBeTcTBHM C OCHOBHOW TEOPEMOW alreOpbl y 3TOr0 YPaBHEHHUS JIOJKHO OBIThH
2 .
pOBHO jiBa KopHsl. Pemaem ypaBaenue X° =—1, u3BinekaeM KOpPeHb KBaJpPATHBINA W3

JneBoit 1 npaBoii yacteit X =++/—1 . U nomyyaem poBHO aBa pemenus X; =—+/—1

u X, =4++4/—1. Ho Tyr Mbl BUIUM O] 3HAKOM pajJuKajia YETHOW CTEHCHU

oTpunarenbHoi uncio. [loatomy uToOBI MPUMEHATH OOIIE YCTaHOBJICHHBIE METObI
peiieHuss  anreOpamvyeckux ypaBHEHMH MW Uil ciydas  OTPHULATENIbHOTO
JUCKPUMHUHAHTA, NOTPEOOBAIOCh PACIIUPUTH OOJACTh JEUCTBUTENIbHBIX YHUCEN,
100aBUB K HUM KOMILIEKCHBIE YHCIIA.

3aMeuaTesIbHbIM CBOMCTBOM KOMIUIEKCHBIX YHCEN SIBISIETCA TOT (DaKT, 4TO
OCHOBHbIE MaTE€MaTUYECKHUE ONEpallMM HaJl HUMU HE BBIBOAAT U3 001acTH
KOMILUIEKCHBIX YHCEIL.

KomnnekcHast popma 3anucu ynobHa mnpu mMaTeMaTuyecko (GopmyianpoBke
MHOTUX (PU3MYECKUX W MEXaHWYECKHX 3a/ad, HalpuMep B 3JIEKTPOTEXHUKE,
paAMOTEXHUKE, JJIEKTPOAMHAMUKE. MeTonbl TeOopuH (QYHKIHMM KOMILJIEKCHOTO
NEPEMEHHOr0 HAILUIM IIMPOKOE MPUMEHEHHUE MPHU pelIeHUuU OO0NbIIOro Kpyra 3ajaad
TUAPO- U A3POJUHAMUKHU, TEOPUM YIIPYTOCTH M JAPYIHMX €CTECTBEHHBIX HAYK, TAK KaK
BBEJICHUE KOMIUIEKCHBIX YMCENl U (YHKIHUI KOMIUIEKCHOI'O MEPEMEHHOro yJI00HO B
poliecce MHTETPUPOBAHUS PA3IMYHBIX (YHKUUN, MPU PEIIEHUU OOBIKHOBEHHBIX

muddepeHnanbHbIX ypaBHEHUH U YPaBHEHUN B YACTHBIX MTPOU3BOIHBIX.



1. TEOPETUYECKHUE OCHOBBI
1.1. KoMiuiekcHBbIE YHCJIA U JeHCTBUSA HAJ HUMH
JIroboe  peiicTBuTeNbHOE  yuciao  (Lenoe,  ApoOHOE,  palUOHAIBHOE,
UppallMOHAIBHOE) HMEET TeOMETpUYecKuid o00pa3 — »To Touka Ha ocu OX.
['eomerpuyeckuii 00pa3 KOMIUIEKCHOTO 4YHCJIa — 3TO TOYKA, HO Ha IJIOCKOCTH,
KOTOpasi Ha3bIBA€TCA KOMILIEKCHOM MJI0CKOCTHIO (puc.1.1).
Onpedenenue 1. MHUMOI eMHUIEH TPUHITO HA3BIBATh TAKOE YUCIIO, KOTOPOE,

OyIyud BO3BEIECHHBIM B KBajapaT, paBHO (-1). O0o3Ha4arOT MHHUMYIO E€OUHUILY

OykBoui 1 (mepBas OykBa cjoBa Imagine-eooOpaxarb), TO €CTh i2=-1
I'eomeTpuyeckn MHHUMasi €IMHUIA H300pakaeTcsi Ha KOMIUIEKCHOM TMJIOCKOCTH
(puc.1.1) Toukoii ¢ koopaunaramu (0;1).

Onpedenenue 2. MHUMBIM 4YHMCJIOM Ha3bIBaeTCs BhlpaxkeHue D-1, rme b —
JICUCTBUTEIILHOE YHUCIIO.

Onpeoenenue 3. KommiaekcHbIM 4ucaoM (Complex — cioHbIA, COCTaBHOM)
Ha3BIBACTCA BRIpaXKEHHE BHaa C=a + bi, (1.2)
rze a u b- neiicTBuTensHble yncna, a | — MHUMas equHKna. Yucna a u b HaseiBaloTCs
OoelicmeumenIbHol U MHUMOU 4YaCTSIMA KOMIUIEKCHOTO 4YHMClIa C W HWHOrIa

oOo3Hauarorcs Tak: a=Rec u b=Imc.

®opmy (1.1) KOMIUIEKCHOTO YMClIa C Ha3bIBAIOT azedpauyeckoi. JIBa

KOMIUIEKCHBIX 4ucia C; =a; +b, -1 u C, =a, + b, -1 cunrarorcs paBHbIMH, ecin

PaBHBI HX ICHCTBUTEIbHBIE M MHHMBIC 4acTH: &, =d,, D; =D,. Kommiekchoe

qucio cuutaercs paBHbIM Hymio, ecii a=0 w b=0, to ects Cc=0, ecim
c=0+1i-0.
Ilousstus  "Gompmre" w  "MeHplue" I KOMIUIEKCHBIX  YHCEJI  HE

YCTaHaBJIIMBAarOTCA.

Yucno C=a—ib naseBaercs  compancennvim  uwucny C=a+ib.

AnreOpandeckue IEHCTBUS HaJ KOMIUICKCHBIMH YHCJIaMH, 3aJaHHBIMH B (opme
(1.1), onpeaensroTcs CASAYIONMMU PaBEHCTBAMHU:

c,tc, :(a1 +b1i)i(a2 +b2i):(a1 ia2)+(b1ib2)-i,
6



C -Cr = (al +b1i)‘(az + bzi) = (a1a2 - b1b2)+ (ale + a2b1)' i,

G _GCo _ (a3, +bib, ) + (8,0, —a;b, )i
C, ©,c2 as +bj

KommekcHoe umcio C=a-+bi msobpakaercs Toukoir M(a,b) wa xoopaumarHoit

miockoctt  XOY  (puc.1.1). Ilpu osTOM

g JEHCTBUTENBHBIE 4YHCIa C=a H300pakaroTcs
e M cc2atin toukamu Ha ocu OX, Ha3bpBaeMoil 31ech
i r JIEHCTBUTEIILHOW OCBhIO, @ MHUMBIE yncaa C =bi
1 o) - nzobpaxkatorcss Toukamu oc QY| nHaswiBaemoit

0 a X MHHMOM OCBIO.
Puc. 1.1 KommekcHoe umcno c=a+Dbi  moxer

ObITH  HM300pa)keHo  BEKTOpOoM [ {a; b} c

KOOpAMHATaMu a 1 b 1 ¢ HayaaoM B TOUKe O(0,0), (puc. 1.1).
Hmuaa I = ‘T‘ BekTOopa I {a; b}, M300paxaroliero KOMIUIEKCHOE 4YHUCIOo C,
Ha3bIBACTCSI MOOYIeM KOMNHIAEKCHO20 uucia. Yron ¢, o0pasyeMblil STHM BEKTOPOM

C IOJIOKUTCIIbHBIM HaIIPaBJICHHUCM I[CﬁCTBHTGJ'IBHOfI OCH, HA3bIBACTCA ApPZYyMEeHmom

KOMNJIEKCHOZ20 Hucjia. MOI[YJ'IL quciia IIPHUHATO 0003Ha4YaTh r:‘c , 4 apryMCHT
@ = Argc.

JIyist MOy i ¥ apTyMeHTa, Kak BUAHO Ha puc. 1.1, cripaBeyinBBI POPMYIIbI

r=|c|=+a”+b?, (1.2)

tggozg (mpu a # 0). (1.3)

Bemmunna @ =Arg C wumMeer OecUYHCICHHOE MHOXXECTBO 3HAUCHHH,

OTJIMYAIOMIUXCA OAHO OT APYroro Ha mejioe, KparHoe 27[ . Ecnn BCJIMUMHY OAHOI'O U3

YTIJIOB 0603HaI‘H/ITB qcpe3 (PO’ TO COBOKYIIHOCTBb BCJIIMYHMH BCCX YIJIOB 3aIIMIICTCA B
CIIEAYIOIIEM BU/IC:
Arg c=g, +2kz (k=0,21+2,...)

7



3unauenre @ = ArgC, nmpuHamIekKalee MPOMEKYTKY (—n,ﬂ:], Ha3bIBaeTCA

IIIaBHBIM M 0003Hauvaercs ¢, =argc. Urak,— 7 <argC<rz u
Argc=argc+2kz (k=0,21,%2,...). (1.4)

3Has I[CP'ICTBHTGHBHYIO 9aCTb 4 1 MHUMYIO 4aCTb b xoMmIeKCHOTO 4Kcna ¢ u

b
MOJIB3YSICh TeM, uTo tQ (arg C) = —, MOEM BBIYUCIUTH argC mno popmyie
a

arcth npu a>0,beR,
a

arcth+n npu a <0, b>0,
a

argc:<arctgg—n npu a <0, b<0, (1.5)
a
r npu a=0,b>0,
2
—g mpu a=0, b<0.

S

Komnnekcuomy unciny O He npunuceiBaeTcs Kakoe-1u060 3HAYEHHE aPIyMEHTA.
3Hast MOIyJIb KOMILUIEKCHOTO 4ucia = ‘C‘ ¥ IJIaBHOE 3HAYEHME €r0 apryMEeHTa
@, MBI MOXXEM BBIYHCIHTH €rO JCHCTBUTEIbHYIO YacTh a M MHAMYIO 4acTh D mo
Gopmynam:a=rcose, b =rsing, moxcraute a m b B (1.1) u 3amnucare
KOMILIEKCHOE YHCIIO B CiieaytomeM Buae C = r(Cose +ising). (1.6)

9Ty (hopMy KOMIUIEKCHOTO YHCIIa Ha3bIBAIOT MPUSOHOMEMPUUECKOIL.
Hmeror MecTo creayrolue IpaBuila yYMHOXKEHMsI, JEJICHUS, BO3BEICHUS B

HOCIYIO ITOJIOKHUTCIIbHYIO CTCIICHb M HM3BJICYCHUC KOPHA AJIA KOMIIJICKCHBIX YHCCEII,

3aJaHHBIX B TpUTOHOMETpHueckoit  Qpopme:  ¢;=(COS¢, +ising,) u

c, =I,(Cos¢, +ising,)

C1Cy =Ny [COS((Pl + (P2)+ i'Sin((Pl + 0, )] (1.7)
r .

“L = 1 cos(py — @, ) +i-sin(p, — )], (1.8)

C, I



c" =r"(cos(ng) +i-sin(ng)), (neN), (1.9)

%z%[cosw+i-sinmj, rie k=012,...,n-1 (1.10)
Nn n

®dopmyna (2.9) nazeiBaetcs popmynoit Myaspa.

Hoxkaxem ¢popmyny (1.9) merogom Maremarmueckoi MHAyKIuU. [lycth N=2,
Torma C>= C-C=r (COS @ + i Sin @) * r (COS @ + i+ sin @) = r* - (cos® ¢ + 2i sing -
cos@ + i% sin‘p) = r’((cos® ¢ - sin’p) + 2i sing - cosp) = r’(Cos 2¢ + i sin2¢) u
dopmyna s N=2 nokazana. Ilycte Mbl Jokazamu st N = (k-1) ¥ MOMy4riIv, 91O
¢t = r*t. (cos(k-1)¢ + isin(k-1)¢). Pacemorpum n=k, torma c*=r *(cos(k-1)¢+
+ 1 sin (k-1)@) - r (cos ¢ + i-sin ¢). [lepemHOkaeM CKOOKH, MPUMEHsIEM (HOPMYJIbI
TPUrOHOMETPHH H IOJy4aeM goKazareasetBo ¢k = r(cos(k ¢)+ i sin (k ¢)).

B pesynbrare Beiumciennit mno mnpabwiam (1.7), (1.8), (1.9) nomydaem
OJIHO3HAYHBIN PE3yJbTaT, KOTOPBIM r€OMETPUUYECKUN M300paxaercs OJHOM TOYKOMN
Ha KOMIUIEKCHOH TiockocTH. [IpaBuio (1.10) maer MHOTO3HAYHBIN pe3ynbTaT. [lpu
k=0,1,2, ..., (n-1) MBI MOTy4aeM TaK Ha3bIBAEMbIC 2/1@6Hble 3HAUCHUS BBIYUCIIIEMOTO
KOpHS N-H CTENmeHW M3 KOMIUIEKCHOro uucia ¢. Ho mis K MOXHO mpucBauBath
3HaueHus N, (N+1), ..., KOTOpbie OYIyT COBMAJATh C Y)KE BHIYMCICHHBIMH TJIAaBHBIMH
3HauYeHUSIMH. [109TOMY pe3yabTaT BEIYUCICHUS KOPHS N-i CTENIEHU U3 KOMIUIEKCHOTO
qrciia MPU ero TeOMETPUIECKOM M300pakKeHUH JaeT Ha KOMITJICKCHOM TMIIOCKOCTH N
ToYeK. Bce 3T TOYKM pacmoioKeHbI Ha OKPYXHOCTH C IIeHTpoM B Touke (0,0) u c
paquycom p = /.

B teopun GyHKIMIT KOMIUIEKCHOTO TIEPEMEHHOTO U3BECTHBI (hOpMyIIbl Diiepa
(cmotpu [5])

e'® = cosp +ising, e =cosp —ising. (1.11)

C noMorpo mepBoit opMyItbl Dityiepa, YMHOKHB JIEBYIO M TIPAaBYIO 4acTH Ha

I, MOXHO MeperTu OT TpuroHomerpuieckon popmsl (1.6) k nokazamenvhnoit popme
i
KOMILIEKCHOTo uncna ¢ =1re'?. (1.12)

BBuay ee KOMIakTHOCTH OHA y/1I00HEEe pAaBHOCUIIbHON TPUTOHOMETPUUYECKON (POPMBI.



Anreopanyeckue nericteus (1.7) - (1.10) ¢ moMompro mokasareabHol (HOopMbI

(1.12) umerot 60JI€€ MPOCTOI BHI:

c,C, =1,1,e!H92), (1.13)
G - lgilore), (1.14)
C, I
" =r"el"?, (1.15)
i(p+2k7r
Ve=Ure " , k=0212,... (1.16)
I[1pu pemrenny 3a1a4 MOJE3HO HOMHHTE, YTO iZ=-1i=-i,i*=1i°=iun

:1’ i4k+1 — - =4k+2 — _1’ i4k+3 — _I )

Boo61IE npu moGom nemom K % i, i

[Mpumep 1. Beimenauts aciictButensuyio (Rec) m mummyro (Imc) gactu

3+2i
KOMIIJICKCHOI'O yHucjia C = .
1+1
- - - 2 - - -
PewtenIIe. C:(3+2_|)(1—_|):3-2(.) +2|—3|:5—|:§+(_1)i.
- @+i)1-i) 1+1 2 2 2

N =

5
Urak, Rec:a:E, Imc=b=--=
[Tpumep 2. BBIICHUTH T€OMETPUYECKHI CMBICI MOAYJSI Pa3HOCTH ‘Cl - Cz‘

JIBYX KOMIUIEKCHBIX YHCEII Ci=a;+bii m Cr=a,+b,l.

Pewenue.|c; — C,|= \(al —a,)+i(b, - bz)‘ = \/(a1 —a,) +(b,—b,)".

CitestoBatenbho, [C; —C,| O3HAauaeT paccTosAHHE MEkAy TOUKAMH Cp =a, +ib; u
Y . .
A C, =a, +1b, (puc. 1.2).
M Ecnu n300pa3uth KOMIUIEKCHBIC YKHCIA C1 U
1 .
Crax_C, —C, C, C MOMOIIBIO BEKTOPOB, TO [ICHCTBUTEIbHAS U
MHEMas dacth uucna (C;—C,)  SIBISIOTCS
M,
C2
KOOpAMHATAMU BEKTOpa C; —C, , TaK KaK IPH
0 X
Puc. 1.2 BBIUMTAHUH BCKTOpPOB 170:¢ KOOPAWHAThI

10



COOTBETCTBEHHO BBIYMUTAIOTCS. 3HAUUT BBIYUTAHHUE KOMILJICKCHBIX YHCEI CBOAUTCA K

BBEIYMTAHUIO BEKTOPOB, M300pakaromux 3t uncia. Kak Bumano u3 puc. 1.2 ‘Cl—CZ‘

ecTb JnMHa Bekropa C; —C, =M,M;, unaue paccrosHne Mmexnmy Toukamu,
M300pakaroyMu 9ucaa Cq U C,.

1.2. @®OyHKUMH KOMILUIEKCHOI'O EPeMEHHOI 0
B nanbHelineM OT KOMIUIEKCHBIX dncea C=a+bi MbI mepeiinemM k KOMILJICKCHOM
nepeMeHHoil z=X+iy. W Oyaem paccmarpuBath MHOXecTBO D Touek z Ha
KOMIIJIEKCHOM MJIOCKOCTH.

Onpeoenenue 4 . Ha muoxectse D Touex mmockoctu Z 3amana QyHKuus

W = f(Z), ecin kaxmod Touke Z €D mocraBieHO B COOTBETCTBHE OIHO

(omHO3HAyHas (YHKIMSA) WIM HECKOJIbKO (MHOro3HayHash (GyHKIHS) 3HAYCHUN
koMiiekcHoro nepemennoro W € G. Mul GyneM paccMaTpuBaTh TOJIBKO TaKhe
ynxuun, s xotopeix MHoxkectBa D m G aBnsrorcs o6mactamu, npuuem D

HasbIBaeTCsl obnacmoio onpedenenusa, a G — obnacmoro 3nauenuil Qynkyuu
w = f(2).
Teopema. 3amanue (QyHKUUM KOMIUIEKCHOTO TMepeMeHHoro W = f(Z)

PaBHOCWJIHHO 3aJaHUIO MBYX (YHKIWN NEHCTBUTEIBHBIX MEPEMEHHBIX U = U(X, y),
v =Vv(X,y):

w=f(z)=u(x,y)+iv(x,y), (1.17)
riae U(x,y)=Re w(z) u v(X,y)=Im w(z).

Haxoxnenne ¢yHkumi U = u(x,y) uv= v(x,y) Ha3bIBAETCS 6blOC/ICHUEM
oelicmeumenvhou u  mMHumou uwacmei  @yukyuu W =f(z). BoigeneHue
JICHCTBUTEIbHOM W MHHMMOM dacted (yHkiuu f(Z) mo3BoiseT CBeCTH H3yYCHHE
(GYHKIIMYA KOMIUTEKCHOTO TIEPEMEHHOTO K U3YUCHHIO IBYX (PYHKITUH JEHCTBUTEIHHBIX
EepPEeMEHHBIX.

Ipumep 3. PacemorpuM dynkmmio W (z) = z°, tae z = x+iy. IloxcraBum B
dynkumio (X+iy) BMecto z, Torma W(z) = (x+iy)® = X + 3x%(iy) + 3x(iy)* + (iy)® =

= (x>-3xy°) + i(3x°y-yY).
11



Wraxk, Mbl momygma U(X,Y)=x-3xy? 1 v(X,y)=3xy-y°.
IIpumep 4. Paccmorpum ¢dymkmmoo W(z)=€°, rme z=x+iy. IlogcraBum B

XHy — AX

byukiuio (X+iy) BMecTO Z, Torma ef=¢e . eiy = no dopmyiae (1.11)
= g*(cosy+isiny) = e*cosy+ie*siny. Ms1 nomyunmu U(X,y)= e*cosy u v(X,y)= 3e*-
siny.

['eomerpruueckn 3aJaHHYIO0 Ha D OJIHO3HAYHYI0 (QYHKIHIO W =f(Z) MO>KHO
paccMaTpuBaTh Kak OToOpaxkeHue Todek obmactu D mmockoctu Z B HekoTOpyro

oonmacte G mmockoct W. B 3TOM 0TOOpakeHMHM M HPOSBISIOTCA CBONCTBA

byuxmm W =f(2) (puc. 1.3).

> = > >
0= X u
Puc. 1.3

Touku Z, nuann / ,» obmactu D, nHaseiBaror mpooOpazamu Touek W = f(Z),
muamit L, u obmacreit G, coorercrBenno, a W, L, ,G,, HaseBaoT obGpazamu
npu oToGpaxennn W = f(z).

Ecmu B mmockoctu Z kpuBasi {, 3aJaHa HESBHBIM ypaBHCHHEM F(x,y) =0,

TO IJIs1 TOTO, YTOOBI HaliTH ypaBHeHue ee obpasa L, CD(U,V) = 0 B mmockoctu W

IpU  OTOOPAKEHHH, OCYIISCTBIsIEeMOM (yHKIMEH W = f(Z) =u(x,y)+iv(Xx,y),

u=u(xy)
JIOCTaTOYHO UCKIIOUUTh X U Y U3 ypaBHEHUN <V = v(x,y).
f(x,y)=0

12



X:AO
Ecimu kxpuBas (, 3ajaHa mapaMeTpUYeCKUMH ypaBHEHUSIMH WIn

y=y(t)
Z(t)= X(t)+ iy(t),a <t< [, ToO MOXKHO TIONlyYHTh MAPAMETPUYECKHE YPaBHEHUS

L, npencrasus neiictButensuyio n Mummyio gactuW = f(z)=u(x,y)+iv(X,y)

s
kak pyHkuuu napamerpa t:
u=u(x(t)y(t)=U(t) v=vix(t)y(t)=V(t).
Mpumep 5. Ipu oroGpaxenun W =2z° Haiitn 06pa3 mnpsAMoil JMHMK
0, y=x-1
Pemenue. Jlupus (, — npsMasi, 3a1aHHAs YPABHEHHEM B JCHCTBHTEIHHBIX

IIEPEMEHHBIX, OT KOTOPOT'0 MOKHO MEPEUTH K MMAPAMETPUUECKUM ypaBHEHUSAM. Ecin

3amenuth X =1, torma y =1t —1.

o 2
OnpenenuM IedCTBUTEIBLHYI0O U MHUMYIO 4acTu pyHkimu W = Z°, 3Has, 4TO
Z = X+ 1Y, rorma z°=(x+iy)’=x>+i 2xy+(iy)*=(x’-y?)+i(2xy).

Jst Toro uroObl HalTH ypaBHeHume oOpasa L, mamHOM mpsmont [,

2 2
u(x,y)=x*-y
UCKII0UaeM Y U X U3 ypaBHEHUMU v(x,y): 2Xy , B pe3yJibTaTe 4€ro MmoJay4um
y=x-1

u=2t-1
V=2t -2t

napamerpudeckue ypasuenus L { . Eciin U3 noJsTry4eHHbIX ypaBHEHUM

L, uckimounTs mapamerp t, TO mpuaeM K ypaBHEHHIO oOpasa B miockoctd W B

( 2 )
o u-— .
NEUCTBUTENIBHBIX NEpEMEHHBIX U um V. V= 5 . Uckombiii oOpa3 - ecTb

napabona (puc. 1.4).

13



o
|_\
X<V
I

H

é

-
) 4

Puc. 1.4

Okpecmnocmoblo TOYKH Zo=Xo+tlyg € D Ha3biBaeTcs Beskas 00JacTh,

coJcpiKaliasa 3Ty TOUKY, 0- OKpeCmHOCHIbI0O TOUKH Zy HAa3bIBACTC MHOXCCTBO TOUYCK

13 00JIaCTH, YIOBJICTBOPSIOIINX HEPABEHCTBY ‘Z — Zo‘ <0O. Tak kak |z—z| =6 -

3TO YpaBHEHHE OKPY>KHOCTH C LIEHTPOM B TOUKE Zo U C PAANYCOM &, TO ‘Z — Zo‘ <9d-

3TO MHOKECTBO TOYEK Z, HAXOASALINXCSI BHYTPU 3TOU OKPY>KHOCTH.

bynem paccmatpuBaTh GyHKIMIO W = f(Z), KOTOpasi Onpe/iesieHa B HEKOTOPOH

&- OKPECTHOCTH TOYKH Zg.

Onpeodenenue 5. Kommexcrnoe unucno W, HasbiBaeTcst mpedenom ynkuuu
W= f(Z) npu Z —>Zy, ecan  Juist ioboro & >0 maiinercs o > 0 rtakoe, 4To s
BCEX Z# Z,, YNOBICTBOPSIOUIMX HEPABEHCTBY ‘Z - Zo‘ <0, BBIIOJHAECTCS
HEPABEHCTBO ‘f (2) _Wo‘ < &, TIpuYeM Z —> Z 110 JII000My IIyTH U3 O — OKPECTHOCTH

TOYKH Z,. B 3TOM cryuae mumyt zILT f(z)=wy.
0

Teopema. Cymectsosamme  1im f(z), rtme f(z)=u(x,y)+iv(x,y),

A
Z, =Xg +1yy PaBHOCHIBHO CyIIECTBOBaHHIO lim u(x,y) = lim v(x,y),
X—>Xq X—>Xq
y=Yo y—Yo

mpuaem lim f(z)= lim u(x,y)+i lim v(x,y).
Z—Zg X—>Xq X—>Xq
Y=Yo Y—Yo
IIpenensl nns QyHKUMM KOMIUIEKCHOIO IEPEMEHHOTO O00JaJaroT TEMHU Ke
CBOMCTBaMH, YTO U Ipeebl PYHKIUN AEHCTBUTENHHOTO IEPEMEHHOT0, TO €CTh:

14



1. lim (f,(2)+6@)= limf,(2)+ lim f.@),

217 Z—>Zg

2. lim (F,(2)F2(2)= lim f.(2)- lim f,(2) u npyrue.
A z>12 A

I
—Zy
OnpeOeJleHue 6. CDyHKI_II/I}I W = f(Z) Ha3bIBacTCs Henpepbleﬂoﬁ 8 moukKe ZO,

ecli oHa ompexencHa B Touke Z, u ee okpecrmoctu u lim f(z)=1(z,), rxe
Z—>Zy

f(z,)— xoHeuHOE KOMILTEKCHOE YHCIIO.

®DyHKIMS, HENpephlBHAs B KakHIoW Touke obmactu D, HaseBaercs
HenpepvleHOll 6 IMOIL oO1acmu.

Teopema. Jlng Ttoro 4ToObl (yHKLIHS f(Z) = U(X, y)+ [ V(X, y) ObL1a
HEMPEpbIBHA B TOUKE Z, = X, + iyo, HEO0OXOJAMMO U JOCTATOYHO, YTOOBI €€ MHUMast
U JICUCTBUTENIbHAS YaCTU ObUTN HEMPEPHIBHBIMU (DYHKIIMSIMHU B TOUKE (XO Yo )

Mpbl HE DPUBOAMM JOKA3aTEIILCTBO JOTOW TEOPEMBbI, TaK KaKk OHa JIETKO
BBIBOJIMTCSI HICXO/S M3 OTIPEICTICHIS HEMPEPHIBHOCTH (QyHKITUU.

OTrMeTuM, 4TO TmpaBwia JCHCTBUS C  HENPEPHIBHBIMU  (PYHKIUSMU
JNEUCTBUTEIBHOTO MEPEMEHHOTO COXPAHAKTCS W JUISI IEMCTBUU C HENPEPBIBHBIMU
GYHKIHUAMH KOMIUIEKCHOTO TIEPEMEHHOTO.

Hekoropsle 21emenmapnsie PyHKIMN KOMIJIEKCHOTO TEPEMEHHOTO.

1°. podno-paunonanbuas GpyHKuus

a 2" +a,z2" "t +... +a,
m m-1
boz" +bz" " +...+ Db,

w(z) = , h,me N. (1.18)

B uacTHOCTH, panuonaibHas W =a,2" + alz”‘1+. I

2° Mokaszarenbnas Gynxuus W(z)=e” = e*(cosy +isiny), (1.19)
KOTOpas B OTIMYHE OT (YHKIMH JEHCTBUTENBHOIO MEPEMEHHOTO  SBJIAETCS
neproarueckoil GpyHKImeit ¢ meprogom 271, T.e. €272 = g’ (k = O,il,iZ,...).

Tokaxem s10: €272 =% + ™ = o popmyne (1.11) = e* (cos(2rk) +
i-sin(2rk)) = [cos(2mk)=1; sin(2rtk)=0] = ¢&”.

15



3.1 ‘puzonomempuueckue QynKyuu

iz —-iz iz —-iz

cosz=2 % sinz=% —° (1.20)
2 21
sinz C0Sz
tgz=——, Clgz=——. (1.21)
c0Sz sinz

Jist  TpuroHomMeTpuuecknxX (YHKIHMA OCTaloTCa B CWiie Bce (HOpMyJIbI

TPUT'OHOMCTPHUH.

3ameuyanue. B oTauumne OT TPUTOHOMETPUUECKUX (PYHKIUHN E€HCTBUTEIBHOIO

aprymenTa MoAyaH QyHKImi SINZ u COSZ MoryT 6bITh Gombmie 1 (manee Bo BTopoii

yacTu OyAyT NMPUBEIECHBI IPUMEPHI).

4°, I'mnep6onuveckue GpyHKIun

z -z zZ a2z

chz = %,shz = %, (1.22)

thz =" cthz = N2, (1.23)
chz shz

Tpuronomerpruueckue U runepOOIMUEecKre (PYHKIIUU CBA3aHBI MEXKIY COOOM
CJICTYFOIIIMMHUA COOTHOIICHUSIMHU
sinz = —i-sh(iz), shz =-i-sin(iz)
cosz =ch(iz), chz =cos(iz)
(1.24)
tgz = —ith(iz), thz=-i-tg(iz)
ctgz =i-cth(iz), cthz =i-ctg(iz)
5°. Jlorapudgmuueckasi pyHKUusA
Lnz=In|z+i(argz+ 2kn), k=0+1+2,... (1.25)
N3 (1.25) BugHO, uTo Jorapudmudeckas GyHKIHS - GYHKIIUS MHOTO3HAYHAS;
ee 3HaYeHHUs /I JAHHOTO 3HAUeHHs Z OTIMYAIOTCS APYT OT Apyra Ha ymcio 2Kmi.
3nauenne gorapupma, coorsercTByromee K =0, HasbBaeTca 2nasmbim  u
o0o3HavaeTcs
Inz=In|z|+iargz. (1.26)
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Jlorapudmuueckas  GyHKIUS  KOMIUIEKCHOTO  IEepeMeHHoro  oOjamaer
M3BECTHBIMH CBOICTBaMU JIoTapu(ma AeCTBUTEILHOTO IEPEMEHHOTO.

0
6. OGo0mennbIe CTeNenHast U MOKA3aTeIbHas PyHKIUH

78 = g2l ., TIe a— Jrb0e KOMIUIEKCHOE YUCIIO. (1.27)

z zLna

a“=e""", tnea=a+if=0. (1.28)
1.3. IlpousBoanasi yHKUMU KOMILIEKCHOTO MEPEMEHHOTO0. Y CJIOBUA

nuddepenuupyemoctu. AHaauTudeckue Gynkuuu. [lousaTus o koHpopMHOM

0TOOpaKEeHUun
[lycth onHO3HauHast QyHKIUS W = f(Z) ompejiesieHa B HEKOTOPO# 00JsiacTu D

¥ IIYCTh TOYKU Zy U Z, + AZ mpuHamiexar odnacru D.

Aw
Onpeodenenue 7. Eciu cymecTByeT M KOHEYEH MpeJesa OTHOLICHUS ——,

AZ
korna AZ — 0 mpousBosbHBIM OOpazom (HO Z, + AZ—Zg, OCTaBasCh BHYTPH

obnactu D), To:
1) »TOT Tpeden Ha3BIBACTCA HPOU3BOOHOU (PYyHKUUU f(Z) B TOYKE Z, U

0003Ha4YaeTcsa CUMBOJIOM

£(z,)= tim 2% — lim (2o +42)-F(zy). (1.29)
Az—0 AZ Az—0 AZ

2) 1 B 3TOM cityqae QyHKIHUS f(Z) Ha3bIBACTCS Oudpepenyupyemoii 6 mouke 7.

Bce npasuina u gopmynsl quddepenurpoBanus QyHKIUU ACHCTBUTEIBHOTO

MEPEMEHHOTO OCTAIOTCSI B CHJIE U JUISI PYHKITUN KOMITJIEKCHOTO MTEPEMEHHOTO.

Teopema. Ecinu pyHKIuUs f(Z) = u(x, y)+ iv(x, y) nuddepeHpyemMa B TOUKE

: A, A N
Zy =Xy +1Yy, TO B 3TOH TOYKE CYIIECTBYIOT YaCTHBIE IPOU3BOIAHBIE ——; ——;—;
X' & &
N
——, IIpUYEeM 3TH IPOU3BOAHBIC CBSI3aHbI COOTHOIICHUSIMU
a XN A N
=, =, (1.30)



Ha3bIBacMbIMU ycosusamu Kowu-Pumana (C.-R.) wnu Jlanamoéepa-Iinepa. dtn
YCIIOBUSL SIBJIIIOTCS. HEOOXOJUMBIMHU YCIOBUSIMHU U PepeHpyeMoCcTH (DYyHKIUH
w=f(z) B Touke Zo. Ecnu xors Obl omHo u3 ycnoBuii (1.30) Hapymiaercs, Toraa
byukuus W=f(z) ve nuddeperuupyema B Touke Zq. [Ipu BoinoaHenuun ycnosuit (C.-
R.) mpou3BoiHAs MOXKET OBITh HAWICHA 1O OJTHOM U3 (HOPMYJI:

B IR N YO T B IR S

0”)(0’3(@(0”5/@/55/@/03(

[IpuBenem ompeneneHue, uMmeromiee (yHIAMEHTAIHHOE 3HAYEHHWE B TEOPHH
(G YHKIIMH KOMIUIEKCHOTO IIEPEMEHHOTO.

Onpeodenenue 8. DynKyua HA3BIBACTCA AHANUMUYECKOU 6 MOYKe Z(, €CIH
OHA SBJIAETCS aHAIMTHYECKOM B HEKOTOPOM OKPECTHOCTH TOYKHM Z,, T.€. €CIM JJIs

(GYHKIIUY BBITTOTHSIIOTCS YCIOBHS AU HEPESHITUPYEMOCTH HE TOJBKO B JAHHOW TOYKE,
HO U B €€ OKPECTHOCTH.

@Dyukyun  HA3BIBACTCS  AHAIUMUYECKOU € obnacmu, €ciu  OHA
muddepeHnupyema B Kax a0l TOUKE 3TOH 00JIaCTH.

W3 mnpuBeneHHBIX ONPEACICHUN BUIHO, YTO TOHSTHS AHATUTHYHOCTH U
muddepeHupyeMocTu GYHKIUU 6 001acmu COBNAAIOT, 2 AHATUTUYHOCTh (YHKITUU
6 mouke u nudPepeHIPYEMOCTh 6 mouKe - pa3Hble TOHATHSA. Ecnm dyHKIuS
aHAJIMTUYHA B TOYKE, TO OHA, 0e3ycioBHO, nuddepeHurpyema B Heil, HO oOpaTHOE
MOXET U He UMeTh MecTa. Tak kKak (yHKIus MOxkeT ObITh auddepeHnupyema B
TOYKE, HO He ObITh nudPepeHnnpyemMoil HU B KaKOW OKPECTHOCTH 3TOM Touku. B
TaKOM CJIy4yae OHa He Oy/IeT aHaJTUTUYECKOM B pacCMaTpUBAEMON TOUKE.

VYcnoBueM aHAMUTHYHOCTH (YHKIMH B OOJACTH SIBISCTCS BBIMOJIHUMOCTD
ycnoBuii Komm- PuMana juist Bcex TO4eK 3Toil 00J1acTH.

ITockonmbKy OCHOBHBIE JIEMEHTApPHBIC (PYHKIIUW SIBIISIOTCS aHAUTUTHYECKHMH,

TO IPOU3BOJHBIC IJIsI HUX HAXOJUM I10 N3BECTHOU Ta6J'II/H_[C IMPOU3BOJIHBIX
1) (Z")'=n-z""; 2)(@) =a"Ina; 2a) (&) '=¢e; 3)(Inz)= é ;

4) (sinz)'=cosz; 4a)(cosz)' =-sinz (1.32)

sin2 z '

4b) (lgz) =——; 4c) (ctg2)' =-
18



, al N
[Ipumep 6. Paccmorpum nepsyro u3 ¢popmynst (1.31); f (Z)= 5+ Ig (™).

Js pynxuuu f(z)=€* no s1oit popMyIe HanO HANTH IIPOU3BOIHYIO.

Pemenue. [Ipeo6pasyem QpyHKIMIO €° K BULY f(Z) = u(x,y) + iV(X,y): e’ =

eX+iy = ex.eiy = eX(COS y+i-sin y)= e cos y+i & sin y. Urak u(x,y): e* cos y;

al N « ,
(X y) = ¢* sin y. Beluucisem yacTHbIE IPOM3BOAHBIE — H— ' — =(€° cos y)'y =
X X

N o . s
= ¢e* cos y;gz (e*siny) 'y = " siny. IlogcraBum ux B (*): (¢%)' = €* cos y+i e*siny

= e*(cos y+i-sin y)= e*e¥ = eV = ¢’ U mbl nonyumnu popmyny 2a u3 (1.32).
[Ipumep pemieH.
Mycrs ¢dynxkmms W =f(z)=u(x,y)+iv(X,y) ompenenesa B HexoTOpOif
obnactu D u guddepennmpyema B Touke Zo= Xg+ iy € D. Berumcaum f'(zg) mo
, Al . N
omHo u3  Qopmya (1.32), Hanpumep IO IEPBOI: f(ZO)25(20)+I5(ZO).

IIpeanonaraem f'(zo) # 0. B pesynbrare nonydaercs komruiekcHoe uucio T'(zo) =

a+b-i, rae a :%(ZO)I/I b:%(zo). ITo popmymnam (1.2) u (1.5) MOKHO BHIYHCIIHTE

b
monyis |f'(z9)| = Va? + b? u aprymenr arg f'(zo) = arctg —  9TOr0 KOMIUICKCHOIO

qucia.

['eoMeTpuUeCKHUI CMBICII MOAYJISI M apT'YMEHTA IIPOU3BOIHOM. HYCTB q)yHKHI/IH

W = f(Z) mudpepennupyema B obmactu D u f'(ZO) =0 (Z0 € D). OyHKIMA
OTOOPAa3UT TOYKY Z, INIOCKOCTH Z B TOUKy W, = f(ZO) wiockoct W, KpuByto £,
IPOXOIALLYIO Yepe3 TOUKy Z, — B KpuByio L, mpoxonsuiyro uepes W, (puc. 1.5).
AW

fr( 0)‘ lim—— ects mnpemen oTHOmEHHS

Moaynes NpoOU3BOIHOU
Az—0 ‘ AZ‘

OECKOHEYHO MAJIOr0 PacCTOSHUS MEKILY OTOOPKCHHBIMU TOUKaMu W, 1 W, + AW

K OECKOHEYHO MAJIOMy PacCTOSHHUIO MEXly MX poodpasamu Z, U Z, + AZ.
19



Puc. 1.5

[Tostomy Benmuuny K :\f’(zo){ MO’KHO PacCMaTpUBAaTh T'€OMETPHYECKH Kak
ko> duuuent pactsukenus  (ecnu \f’(zo)(>1) Wi cKaTus (eciu \f'(zo)(<1) B

TOuke Z, mpu orobpaxeHun obmactu D, B obmacte G,,, ocymecTBisieMom

W
byHKIMeH W = f(Z). B kxaxmoil Touke 00JacCTH B KaXKIOM HaIpaBJICHUU
koo duienT pactskenus K Oymer cBoii.

Jlms aprymeHnTa nmpou3BOJHONM MOXKHO 3aIMCaTh

argf'(z,) =
arg lim 2% _ Jim argAW — lim (argAw —argAz) = lim argAw — lim argAz
gAz—>0 AZ  Az-0 gAZ  Az-0 g g  Az>0 g Az—0 g8z,

rae argAZz u argAW — 510 COOTBETCTBEHHO YIiibl @' U @', KOTOpBIE BEKTOPBI AZ U
AW o0pasyor ¢ geiictBurensHOM ocbto (puc.l.5). Ilycth @ u ¢— yrusl,
oOpa3oBaHHbIE KacaTelnbHbBIMH K KpuBoii ¢ u L B Toukax Z, m W, c
nedicTBUTENbHOW ochto. Torma npu Z—>Z,¢ > @, a ¢ — ¢, mnosromy
argf’(zo) = @ — @ ompenaesseT yroi, Ha KOTOPBII HY>KHO MOBEPHYTh KacaTeIbHYIO K
KpuBO# ¢ B TOUYKE Z,, 4TOOBI MOJNYYMThH HANPABIEHUE KAacaTelbHOW K KpuBoii L B
TOuKe W,.

Ecmu paccmorpers nBe kpuBble 1 u /5, Lyu L,, To yrisl a u a'(puc.1.5)
MEX/y UX KacaTeJIbHBIMHU, BOOOIIE TOBOPsI, HEPaBHbIC.
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Onpeodenenue 9. Orobpaxenue obmactu D, nHa obmacte G, oOmagaromee
CBOMCTBAaMH IIOCTOSIHCTBA PACTSKEHUU (k = const) B JI00OM HalpaBlI€HUU U
coxpaHeHusi (WM KOHCEpBaTHU3Ma) YTIJIOB (a = a') MEXAY JBYMs KpPHBBIMH,
NIEPECEKAIONIMMUCA B TOYKE Z,, HA3bIBACTCA KOH@OpMHbIM (TIOTOOHBIM B MajoM).
OTtoOpaxeHue, OCylIeCTBISIEMOE AaHAIUTUYECKON (DYHKIIMEH, siBiIsieTCs] KOH(DOPMHBIM

4
BO BCEX TOUKax, B KOTOPBIX f (Z) #=0.

Jaaum eme 0HO OmpenieNieHue — 3TO TapMOHUYECKUE (PYHKIIUU - U TIOSICHUM,
KaK OHU CBSI3aHbI C aHAIUTUYECKUMU (PYHKIHUSIMU.
Onpeodenenue 10. Oyukusa @(X,y), onpeneiacHHas B HEKoTopoi oosactu D,

Ha3bIBACTCA eapmonuqecwoﬁ B OTOH 06HaCTI/I, CCJIM OHa HMCCT HCIIPCPBIBHLIC

JaCTHBIC ITPOU3BOJHBIC _a(p ; _a(p ; 0" . 0" ®. 0" @ n OBJICTBODPICT ABHCHHUIO
p a ox’ 9y’ 9x2’ oay?’ 0xdy ya p M
0%¢ 0%
Jlamaca: —=0. 1.33
0x? dy? ( )

Teopema. (CBs3b aHaIUTHYECKOW (YHKIMH C TapMOHUYeCKUMH). Ecmu

byHKIISA f(Z)z u(x,y)+ iv(x,y) aHanuTHYeckas B obmacty D, To QyHkumu
u(x,y) U v(x,y) SIBJISIFOTCS TapMOHUYECKUMHU, T.€. YIOBJIETBOPSIOT YPaBHEHHUIO

2 2 2 2
Jlamnaca %4—%:0 u %—i—%zo.

Onnako ecou  ¢yakiuu - @(Xy) uf(x,y) ABJISIIOTCSL  [TIPOU3BOJIBHO

BBIOPAHHBIMU FapMOHHYECKUMH (QyHKIMsIMH, TO QyHKIUA @ (X,Y)+ i60(x,y), BooOIie
TOBOPSI, MOXET M HEe OBbITh aHATUTUYECKOH, T.K. ycinoBus (C.-R.) mis HEX He Bcerna
OyAyT BBIIOJTHSTHCS.

OCHOBBIBasICb Ha 3TOM, MOXXHO HOCHIPOUMb AHATUTUYECKYHO (QYHKIHIO
W = f(Z) = u(x,y) + iv(x,y) M0 OJHOM 3aJaHHOW TapMOHHYECKOW (PYHKIIUU
(manmpumep, Imw = v(x,y) ), momobpaB apyryro Rew = u(x,y) TaK, YTOOBI
ynosiietBopsutichk yeiaoBus (C.-R.). Yenosus (C.-R.) (1.30) mo3BOMSIFOT OMpeaeTUTh

HEM3BECTHYIO (yHKIMIO (Hampumep, ReW = u(x,y)) 0 €¢ JBYM 4YaCTHBIM
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IPOU3BOJIHBIM WJIH, YTO TO Ke camoe, 1o ee nmojgHomy nuddepennnany. OTbICKaHHEe
rapMoHuyeckod ¢GyHkuuu 1o ee AuddepeHnMany ecTb W3BECTHas U3
JNEUCTBUTEIBLHOIO aHalu3a 3ajlaya MHTETPUPOBAHUS TMOJIHOTO aAuddepeHnuana
(GYHKIIUU JBYX MTEPEMEHHBIX.
JIOCTaTOYHO MOJTHO U3JI05KEHBI IPUMEPBI BO BTOPOM YaCTH.
1.4. UnTerpupoBanne QyHKIUM KOMILIEKCHOTO IePeMEHHOT0
1.4.1. MuTerpaj or pyHKIUN KOMILUIEKCHOTO NEPEMEHHOT0
[Iycte B obmactu D mnockoctn Z 3amana opHO3HAuHas HeNpephIBHAS
byHKIHISA W = f(Z) = u(x,y) + iv(x,y) u nyctb L — kycouHo-rnaakas
HAIIPaBJICHHAS He 3aMKHymas Kpueas, TIpuHaIexamas obmactu D Bmecre co
CBOMMH KOHLaMu Z, U Z. [1o OnpeeseHnio noiaraot

[f2)z= lim Y F(C Az, (1.34)

L max|Azy |0,
rae &y, — Tpou3BONBHAS TOuka djeMeHTapHod nyru AL, = (Z k_l,zk) npu
NPOU3BOJNIBHOM pa30uennu nyru L wa N wacreit Toukamu Z4,Zy,...,.2, =Z,
Az, =2, —Z,_,.1lpn naHHBIX yCIOBUAX MHTErpall OT (QyHKIHUU f(Z) BJI0JIb KpUBOH
L kak npenen unterpanbHoii cymmsl (1.34) cyiiecTByer.

Beruucnenue HHTCI'pajia OT (I)YHKIII/II/I KOMIIJIICKCHOT'O IICPEMCHHOI'O CBOJAUTCA K

BBIYUCJICHUIO JIByX KPUBOJIMHEHHBIX HHTETPAJIOB 2-TO pojia 1o hopmyie

[f(z)dz = [u(x,y)dx — v(x,y)dy + i{v(x, y)dx +u(x,y)dy.  (1.35)

L L

Tokaxxem BbiBox Qopmymst (1.35): tax xak  T(z)=u(x,y)+iv(X,y)u

dz=dx+idy, To [f(z)dz =] (u(x,y)+iv(x,y))(dx+idy)= | (u(xy)dx+iv(xy)dx +
L

L L

+iu(x, y)dy +(1)* v(x, y)dy)=] (u(y)dx - vxy)dy) + i[ (v(x,y)dx+u(x,y)dy).
L L
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U3 dpopmynsr (1.35) crnenyer, 4To HAa MHTETPANbl OT (HYHKUIUU KOMIUIEKCHOTO
IEPEMEHHOTO  PACIpOCTPAHSIOTCS  WU3BECTHBIE  CBOMCTBA  KPHUBOJIMHEWHBIX
UHTETpajoB.

Ecim kpuBas L 3amaHa ypaBHeHueM Y = Y(X), rme a< X< Db, torma

dy = y'(x)dx u (hopmyua (1.35) NpUHUMAET BUI:
[ (u0x, y(x))dx —v(x, y(x)y' (x)dx +i (v(x, y(x))dx + u(x, y(x))y' (x)dx =
L L
= [(U(x) = v(X)y' (x))dx +i [ (V(x) + u(x)y' (x))dx.
L L

Ecnu kpuBas L 3amana mapaMeTpuyecKMMU ypaBHEHHSIMU X = x(t),y = y(t),
oo <t<[, dYro paBHOCHJIBHO OJHOMY YPaBHEHHIO B KOMIUIEKCHOH (opme

Z(t) = X(t)+ iy(t), a <t< [, 10 nMeer MecTo yaoOHas Ul BEIYUCICHHS HHTErpaa

B
popmyna  [f(z)dz = [f(z(t))Z'(t)dt. (1.36)
L a
1.4.2. BoluucjieHHe MHTErPaJia 0T AHAJUTHYECKON QYyHKIIMHU

WNurerpan J. f(Z)dZ, BOOOIIIE TOBOPS, 3aBUCUT OT MyTH UHTerpupoBanus. Ho,
L

ecnu QyHKUUS f(Z)- aHaJUTUYECKasi, TO PE3YJIbTAT BbIUNCICHUS I/IHTeraJ'IaJ. f(Z)dZ
L

y’Ke HE 3aBUCHUT OT IIyTH UHTETPUPOBAHUS M UIMEET MECTO CJICIYIOIIas TeopeMa.

Teopema. Ecim w =f(Z)— ananumuyeckaa B obmactu D u L — HexoTopas
rnafakas (WiM KyCOYHO-TIaaKas)He 3amkuymas nyra (L comaepXUTCs ICITMKOM B
obnmactu D), coemmustonmas TOUYKu Z, W Zp , TOT/AA PE3yibTaT MHTETPUPOBAHUS HE
3aBHCHT OT IIyTH HHTETPUPOBAHHS, TO €CTh WMeeT MecTto ¢opmyna HerloToHa-
Jleitbuuma:

[f(2)dz=[7 f(2)dz = F(2) |20 = F(zv)-F(za),

(1.37)

rne F(z)- ato nepBooOpasnas aist pynkuuu f(z).
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[Ipu BBINOJHEHUM YCIOBUH TEOPEMBI NEPBOOOPA3HYIO MOYKHO HAXOAMTH I10

TabJnIle, KOTOPYIO MPUBEIEM JIUIIb JIJIi HECKOIBKUX JIEMEHTAPHBIX (DYHKIIHMA.

Zp Z+ S Zp 7 a? 7
1. z'dz==—1[P:n€eN : z=—1I|b;
fZa d n+1 |Za ! 3 fZa a d lnalza !
Zp . —_ Zp . Zp - Zp
2. fza sinz dz =-cosz |," ; 4, fza cosz dz =sinz [;° .

Kpome Toro, netictBytor mnpaBwia auddepeHIIMpOBaHUS: WHTETPUPOBAHUE TIO

4acTsM, 3aMEHa IMepeMEHHOH U paboTa ¢ nuddepeHnnaiomM.

[Ipumep 7. Beraucaurts UHTErpal _[(l+ - 27)dz 10 JINHUSIM, COEAUHSIOIUM
L

Toukn Z, =0 u z, =1+1; a) no npsimoii, 6) mo

X

Z napaboie Yy = NG (puc. 1.6).

Z,=1+i Pemenne. @yHkius f(Z) =1+1-2Z ne
SBJISIETCS ~ aHaMUTUYeCKoW  (mpoBepbTe  !),
II0O3TOMY BBIYMCIICHHE UHTErpaia BO3MOXKHO KakK

no ¢opmyne (1.35), Tak u mo dopmyie (1.36).

XV

2,=0 1

Haiinem nelcTBUTENBHYIO M MHHMYKO 4YacTH

NOJbIHTEeTpaTbHOM (QyHKIMU: 1+i-2Z = 1+i —
Puc. 1.6

2(x-1y) =(1-2x)+i(1+2y), T0 ecTh UMeeM:

u(x,y)=1-2x, v(x,y)=1+2y. Tlo dopmyre (1.35) [(l+i-2z)dz=
L

[(1-2x)dx —(1+2y)dy + i{(1+ 2y Jdx +(1—2x)dy .

L
a) ypaBHEHHME OTpE3Ka IPAMOW, IPOXOAALICH 4Yepe3 TOYKM Z, U Z,:
y = X,0 < x <1; 3naunr dy = dX. Torga nomyqaem
1 1
[@+i-22)dz = [| @-2x)-(@1+2x)] dx +i[[ @+2x)+(1-2x)] dx =
L 0 0

= — 4f xdx + 2i [ dx = —2x%|1 +2ix|} =-2+ 2i;
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0) IlepBbiii crioco0. YpaBHeHUE Oyrd mapaboibl: Y = x?,0 < x <1; 3uaunr,

dy—2xdx  w  [@+i-22)dz = [[1-2x) -+ 2x2Joxax +i [+ 2x2) +
L 0 0

+(1-2x)2x]dx = j;(1—4x —4x3)dx + ij;(1+ 2X — 2x2)dx = (X + 2X? —x4)‘(l) +

1

:—2+ﬂi.

+i(X+Xx? —Ex?’)
3", 3

Bropoit cnoco6. Bocmomp3dyemcs  popmynonn  (1.36). Ilapamerpuueckue

ypaBHeHHs mapabosl nMetoT Bua: X =1,y = t2,0 <t <1, a B komIuIekcHoii popme -
z(t) = t+it*. Haxomam Z'(t) =1+ 2it,z =t —it* u

1 4
[(+i—2z)dz = [({L+i-2t+ 20t 1+ 2it )t = 2+ 0,

L 0

3+4j
[Ipumep 8. BeruuciauTe HHTErpan I(ZZ - B)dZ.
i

Pemenue. Tak kak f(Z)=22—3 aHAIMTUYHA BCIOLYy, TO 1O (dopmyie

3+4i

3+4j 3 3 =3
y 3+41) -1
Herorona - Jleitbuuna (1.37) umeem I (22 —3}12 = (?—BZJ = ( 3) —
i i
—3[(3+4i)—i]=-48+6i.
%i
[Tpumep 9. Beruuciaute nHTETpal f ze’dz.
0
Pemenne.  DyHKIMH f(Z) =Z u (p(Z) = €° ABJNAIOTCH AHATUTUYECKUMH

Bcrony. [Ipumensist Gopmyry HHTETpUPOBAHMS IO YACTSIM, OJTYYUM
3 i i

2

j ze’dz = ze*

0

7

L) LA A
’ _Iezdz:ﬂez —e?|2 =(—£+1j—i-
0o 2 0 2

HTaK, IMOBTOPHUM, UYTO YCIOBUCM HC3aBUCHUMOCTU HHTCIpajla OT IIYyTH

HHTCTPUPOBAHUA ABJIACTCA AHAJTUTUIHOCTD HOI[BIHTGFp&JIBHOﬁ (bYHKHI/II/I
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Tenepr Oymem paccmaTpuBaTh L-KyCOUHO-TIAAKYIO 3AMKHYmMYyl0 KPUBYIO U
OyJieM ee Ha3bIBaTh 3aMKHYTHIM KOHTYpPOM. B 3TOM cilyyae Ba)KHYIO pOjb B TEOPHUH
(GYyHKUMKA KOMILJIEKCHOIO IEPEMEHHOT0 WrpaeT HHTerpanbHas Tteopema Komm.
[IpuBenem aBe GOPMYITUPOBKHU ATOM TEOPEMBI ISl OJTHO- U MHOTOCBSI3HOM 00JacTeil.

Teopema. Komm (w1 oownoceaznoit obnactu). Ilycts QyHKuus f(Z)

aHAJIUTUYHA B OJHOCBS3HON oOiactu D, Torma s mo00ro 3aMKHYTOrOo KOHTYpa

LeD (puc. 1.7) uMeeT MeCTO PaBEHCTBO ff z)dz =0. (1.38)
L

Teopema. Ko (st muozoceasnoii obnact). Ilycts f(z) amamurnuna B
MHOTOCBsI3HOM obnactu D, orpannuennoii BHemHnM koutypoM L, u BHyTpeHHHMI

koHtypamu L,,L,,...,L, . Torga umMeer Mecto paBeHCTBO

§f )z = $f(z)dz+ §f(z)dz+.. +§3f (1.39)

Ly ) Ln
IpU yCJIOBUHU, YTO HWHTErPUPOBAHUE IO BCEM KOHTYpaM MPOU3BOIUTCS TMPOTHUB
yacoBoil crpenku (puc. 1.8),To ecth Takum 00pa3om, 4TOOBI MPH ABMIKEHHHU IIO
KOHTYpY 00J1acTh, HAXOISIIAsICS BHYTPH KOHTYpa, OCTaBajach clieBa.

Cneocmeue. Jljig NBYCBA3HOM 00JIACTH CIEAYET OTMETUTh YTBEP)KICHHE: €CIU

f(Z) ananutnyna B obnactu D Berony, kpome z, € D, 1o
§f(z)dz = §f(z)dz, (1.40)
Ll LZ

rae L, u L, - npousBonsHbie KoHTYpHI B D, conepikamue ocoOyro TOUKy Zj.

Y Y z

Puc. 1.7 Puc. 1.8
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Puc. 1.9

1.4.3. UuTerpanbHnas popmysia Komu

Ecnm f(Z) ananumuuna B obnactu D,z € D u L < D —3amknymetii
KOHTYp M TOYKa Z, HAXOJMTCA WM BHYTPHU KOHTypa L MiM Ha KOHTypE, TO HMEIOT
MECTO cieayroIme GOpMYIIbl:

f(z)= L ¢ T 4

- z, (1.41)
2l -2,
L. f(2)
f0(z, )= dz, 1.42
( 0) Zﬁii(z_zo)m—l ( )

(kouTyp L mosxer 6bITh 06beMHEHHEM KOHTYpOB Lo,L, L, ,... L (puc. 1.9)).

®opmyna (1.41) nazeiBaetcs unmezpanvnoi popmynoii Kowu, a uuTerpan B
npasoit yactu (1.41) - uarerpanom Komm. MuaTerpansHast popmysia Kou nossossier
HaXOJUTh 3HAYEHUE AHATUTUYECKON (PYHKIMU B JIO0O0HM TOUKeE, JeXalled BHYTpH
oomacru D, ecnm wu3BecTHBI 3HadeHums OSTOW (QyHKUMM Ha KoHType L,

orpanmumBatomieM D . Eciu touka Z, nexwur BHe obmactu D, to muterpan Komm

paBeH HyJt0 B crity Teopembl Komn (emotpu Gopmymy 1.38), Tak kak B 3TOM ciayyae

IMOABIHTCIpAJIbHAA (I)YHKHI/IH SBIIICTCS aHATMTHYECKOM B 00J1aCcTH D

dz

[IpuBenem nokazaTeabCTBO YyacTHOrO ciaydast ¢hopmyisl (1.41): gﬁp = 2mi,

Z—Zy
rIe p —3aMKHYTBI KOHTYp (HampuMep, OKPYXKHOCTH C IEHTPOM B TOYKE

Z, = X +1Y, u ¢ pagmycom p).
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IIycte TOuKa Z = x+iy NPOMU3BOJIbHASL TOYKA HAa KOHTYpe, Toraa Z—~Z, =

= (X—Xq)+1(Y—Y,). Hepeiinem B MONSPHYIO CHCTEMY KOODAMHAT C MOJIOCOM B

X=Xy + p-cose {X—onp-coscp
y=yo +p-sing M ly—yo =p-sing’

B nossipHOM cucTeMe KOOpAMHAT KOMIUIEKCHAs IEPEMEHHAs Z-Zg IPUHUMAET

TOUKe (Xg Yo) C TOMOIIBIO GOPMYIT {

BUL: Z-Zg = p(COS¢ + ising) = p-e'?. Torma dz = p-i-e'?dy. IloxgcraBuM B

dz priel®

uHTerpa: § do =1i- fozn dop = i(go‘cz)ﬁ) = 2mi, 9T0 U TpeboBaIOCh

P z-z, p pel¢

JOKa3aThb.

[Ipumep 10. Berancnutes nHTErpan §zezdz 0 3aMKHYTOMY KOHTYpy L :‘Z‘ =3.
L

Pemenue. Tak kak f(Z)= 7€’ aHaNTUTHYHA BCIOJY M KOHTYP MHTETPHPOBAHHS
‘Z‘ = 3 — 3aMKHYyTHIH, TO B cruty Teopemsl Ko (1.38): §zezdz =0.
2|=3

3
zZ
[Ipumep 11. Beraucautsb jﬁ—sdz, rae a) L— oxpyxxHocTs ‘Z‘ =2, 0) L-
Z —
L

OKPY>KHOCTb ‘Z‘ =4,

ZS

z-3

Pewenue. a) OyHkuus W(Z) = AHAJUTUYHA B 3aMKHYTOM Kpyre ‘Z‘ <2,

3
z
noaTomy 1o teopeme Komu (dhopmymna (1,38)) § ——dz=0.
=22~

3
0) B xpyre |z| < 4 dynkuusa w(z) = ZZ_—3 aQHAJTUTHYHA BCIOY, KPOME TOUKH

Z = 3, modTOMY BOCHOJIb3yeMcsi uHTerpanbHon (opmynoit Komm (1.41), monoxus

f(Z):Z, Z, =3. Oy f(Z)=Z3 AQHAJIMTHYHA B Kpyre ‘Z‘£4. Hrak

3
J 2 dz=247% =2ri-27=544.
g=aZ =3 =

COSZ
[Tpumep 12. Beruucnuts uHTErpai § dz.

22 (z+3)z-1)
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Co0SzZ

Pemienue. ¥V moppiHTerpanibHoi GyHkmu W(z) = w3 =D IBE 0coObIe

TOYKU (3HaMeHaTeab oOpamiaercs B HOJB).OTO Z = - 3 u Z = 1. B 3Tux Toukax

¢yHkuus W(Z) He aHaNMTHYHA. B 001acTH, OrpaHUYEHHOW OKPYKHOCTBHIO ‘Z‘ =2,

HAXOJUTCSI TOJBKO OofHa Touka Z, = 1. st npumenennst popmyust (1.41) monaraem

COSz
COSz
f(z)=—— wu wunTerpan nepenmimeM B BHIE Z+3 4. 3neck  (QyHKIUSA
z+3 1z[=2 z-1
COSz o
f(z)= 3 SABJIAETCS aHAJMTHYECKON B KpYre ‘Z‘ <2, artouka Z, =1 BHyTpeHHs
Z+
f(z)dz .COSZ i
TOYKa Kpyra, Io3TOMY UMEEM =27ml—— =—cosl.

‘2‘22 Z_l Z+3Z=1

1.5. Paanl B KOMILIEKCHOM 00J1aCTH
1.5.1. PabI ¢ KOMILIEKCHBIMH YJI€eHAMHA

beckoneunas CyMMa KOMINJICKCHBIX YHUCCJI, IOAYNHAIOINNXCA CANHOMY 3aKOHY,

HA3BIBAETCS PAOOM C KOMIUIEKCHBIMH 4ieHamMu: ), 8, = d, +a,+...+a, +...,(1.43)
n=1

rae &, = o, + 1P, . Psx (1.43) MOXHO 3amucarh B CISAYIOIIEM BUJIE

o0 o0 . o0 . o0
a, =2 (o, +if,) = 2o, +i 25, (1.43a)
n=1 n=1 n=1 n=1
o0 o 0]
Tor;[a Zan u Zﬁn - €CTb YHCJIOBBIC PAALI C I[Cf/iCTBPITCJ'IBHBIMI/I YJICHAMMU.
n=1 n=1
n n . n .
k=1 k=1 k=1 k=1

n n
Ha3bIBaeTCsA yacmuunoii cymmoii psma (1.43), a S, =Y a, u S, => B ecTh
k=1 k=1

o] o0
YACTHYHBIE CyMMBI, COOTBETCTBEHHO JUIs psiioB .o, U Y 3. Torma Sy=S, +1 S, .
n=1 n=1

Psin (1.43) Ha3biBaeTcs cxodaugumcs, €Civ CylmecTBYIOT U KOHeYHbl
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lim S,=Aulim S, =B. (1.44)

n—oo n—oo
Psan (1.43) Oynmer pacxooawumcsa, ecnu xotst Obl oguH w3 mpenenoB (1.44) ne
CYILIECTBYET WJIM paBeH OECKOHEYHOCTH.
Eciu mpepenst  (1.44) cymecTBylOT M paBHbl KOHEUHBIM  YHCIaM,
COOTBETCTBEHHO, A u B, Torna rosopsr, uro psaj (1.43) cxomutcs k unciy (A + B - 1).

Hrak, cxomumocts psiga (1.43) ¢ KOMIUIEKCHBIMU WICHaAMU AKBUBAJICHTHA

o0 o0
CXOJMMOCTH YHCIIOBBIX PANOB ), 0L, 1 ) [3, ¢ neHcTBUTENbHBIMM WieHaMu. B cuy
n=1 n=1

3TOr0 MHOTHE T€OPEMBI, OTHOCSILUXCS K ps/laM C IeHCTBUTEIbHBIMU WICHAMU, B TOM
yyclie NpU3HAKU cxoauMmocTu(Hanpumep, mnpusHaku JlamamOGepa wu  Komm),

MEPCHOCATCA Ha PAAbl C KOMIINICKCHBIMHA YJICHAMM.

0]
Ecou cxomutcs psin Z\an , To cxoautcst u psan (1.43), Ha3pIBaeMBbIil B 3TOM

n=1
ciyuae abCOMIOTHO CXOIAIIUMCS.
o0
PaccMOTpUM psijt U3 @hyHKUUIl KOMILIEKCHOTO nepeMennoro » W, (z), (1.45)
n=1
rae Bce QyHKuuMM W,(Z) ompemelneHsl B HEKOTOpOM o0nactu D Ha KOMIUIEKCHOM
IJIOCKOCTH.
o0
Onpedenenue 11. MHOXeCTBO BCex Z, JUISl KOTOPBIX pan Y W, (Z) cxomurcs,
n=1
Ha3BIBAETCS 00IACHIBIO CX0OUMOCIU JAHHOTO PAIA.
Jist HaxOKIeHUs OOJACTH CXOIMMOCTH HCIONb3yeM npu3Haku JlanamOepa

v Komm. [TpuBenem ux ¢popMynupoBKH.

Ilpusnax  /lanamoepa. Ecmn CYILIECTBYET KOHEYHBIN npeen
i an+1(z)
lim ﬁ =/, 1o pu 0< /<1 psn (1.45) cxonutcst abconmotHo, a ipu £ >1—
n—o0 Wn Z

pacxoautcs (pu £ >1 pacxoauTcst HE TOIBKO Psif Z‘Wn (2)|, no u pax (1.45)).

n=1
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ITpuznax Kowu. JIns yucnoBoro pana (1.45) Berumcaum limy/lw_(z2) =7.
p i psina (1.45) n%«/\ 2 (2))

Torna, eciu 0 </ <1, 10 psan cxoaures abcomorHo, eciu £ > 1 — psag pacxoaurcs.

Onpedenenue 12. OyHKIMOHAIBHBIN P BUAA
< n
Ya,(z-z,)", (1.46)
n=0

rae a,,Zy - KOMIUICKCHBIC YHCTa, Z = X + iy , Ha3bIBACTCS CMENEHHbIM PAOOM

0
10 CTeNeHsIM Z —Z,. B wactHocth, npu Z; = 0 umeem psix Zanz” 10 CTEIICHSM Z .
n=0

Kak cnemyer u3 Teopembl AGens, 001acTbI0 CXOAMMOCTH CTEIICHHOTO psijia

(1.46) sBsieTcst Kpyr ‘Z — Zo‘ <R c uentpom B Touke Z, u ¢ paguycom R, koropsrii

HaXouM 1o GopMysiam

' lim 1
R = lim ) an wm R = _—. (1.47)
n — oo lanpts n — oo lanl
O6o0menuem crenenHoro psga (1.46) sBnsercs psA Mo  IEJbIM
ompuyamenbHblM CTENEHAM Z — Z, BUJA
o0
noay a_, a_
Ya  (z-z,)" = st (1.48)
n=1 2-2y (z-2) (z-2)

O0sacTbi0 CXOIMMOCTHU 3TOTO psiJa ABJISIETCS BHEIIHOCTh Kpyra ‘Z — Zo‘ >T.

OO6nacTh omnpeaenseTcs Takke ¢ oMol npusHakoB [anambepa u Komm u paamyc
I HaxoauM 1o dhopmynam(1.47).

1.5.2 Panwl Teiisiopa u Jlopana

Teopema. Teiinopa. Eciu pynkius W = f(Z) , OJTHO3HAYHAsl U aHAUIUTUYECKas

B TOYKE Z,, TO OHA Pa3/Iaraercs B OKPECTHOCTH DTOM TOYKH B CTEIIEHHOMU DSl

o0

f(2)= Xa,(z-2)". (1.49)
n=0
K03 (PULIMEHTBI KOTOPOT'O ONpPENEsAoTCs Mo (hopmyiaMm
(n)
ay =120 g - L Ldﬁﬂ(n -012...)  (L50)
n! 27l ‘2—20‘2/)(2_20)
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OToT psia Ha3biBaeTcs psioM Telnopa s GyHKIMU f(Z).
Pamuyc R kpyra cxommmoctu ‘Z—ZO‘ <R psna Teitnopa (1.49) pasen
PACCTOSHUIO OT TOYKM Z, A0 Ommkadied Kk Z, 0co0od TOouku (QyHKIUH f(Z)

(ocobast Touka -  3TO Takas TOYKAa, B KOTOpOM (YHKIUS HE SBIAETCA
AQHAJIUTUYECKOM ).

[IpuBenem paznoxkeHue B panbl Telnopa HEKOTOPBIX AIEMEHTapHbBIX (YHKIIHMA
B OKpecTHOCTH Toukn Zy = 0.

2 n

z_1,.%2.% Z, -y (ro
e _1+l|+ TR +..._nZ::On! (R=c0),
o0 0 ZZn+1 o 0 ZZn
i = -1 , = -1) — (R = )
sinz nZ:%)( )(2n+ ) cosz EO( ) 2n)!( )
o0 Z2n+l © ZZn ( )
shz = , Chz = R =), (1.51)
nz:o(2n+ ) nZZO(Zn)!
0 o (_ n+l_n
1S =3V moy
1-z n=0 n=1 n

Teopema Jlopana. Ecnu pyHKIMS f(Z), OJHO3HAYHAsg W aHAJIUTHYECKas B

KoJble I < ‘Z — Zo‘ < R (me uckmouarorca cmyuan, xkorna I'=0,R =), T0o ona

pasyiaraeTcsi B 3TOM KOJIbIEe B 000OIICHHBIA CTETICHHOM PsijT

0

f2)= Sanz-2,f = Yanz-2,) + Sa,z-2), (152

N=—o0 N=—o0 n=0
KO2(DPUIIUEHTBI KOTOPOTO ONPEACINISIOTCS 1Mo (popMyam:

1 f(z)dz
an: . . \n+l°
27i)p3o|-p (2= 2,)

r<p<R

rae n=...,-2,-1,0,1,2,... (1.53)

OTOT psn Ha3bIBaeTCs padom Jlopana Gynkuuu f(Z).
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_1 0
B gopmyne (152) prn 2.a,(2-2,) = 3 —o=n_
n=—o0 n=1(Z—ZO)

—n HAa3bIBACTCS 2/1AGHOIL

0

n o
yacmoio paoa Jlopana, a pan Zan(z —ZO) — Ha3bIBACTCSA MPAGUILHOU HACHMbIO
n=0

paoa Jlopana.
@opmynbt (1.53) wmanoymnoOHBI 171 BEIMHCICHUS KOA(DPUIIMEHTOB psina
Jlopana, mo3ToMy 4acTo aJisi pasiiokeHus PpyHkiuu B pan JlopaHa moab3yroTcs

UCKYCCTBEHHBIMU MPUEMaMH, KOTOpble OYyIyT pacCMOTpPEHbl HAa MpuMepax. Psibi

Telinopa u Jlopana QyHkuuu f(Z) OTPENEIAIOTCA €IUHCTBEHHBIM 00pa3oM. DT

piapl B 00JMacTM CXOAMMOCTH MOXXHO TMOWIEHHO auddepeHnpoBath H

HHTCI'PUPOBATD.

} . (l n i)n+l . Zn
Ipumep 13. Haiitn 001acTh CXOTUMOCTH psifa )~ ——+ ).

n=1 Z n=0 2n+1'
Pemenue. PaCCMOTpI/IM OTACIIBHO psAaAbl II0 IIOJOXUTCIbHBIM H
o0 Zn
OTpULIATENBHBIM  cTeneHsAM Z. Psap Zozn —{ MOXHO paccMaTpuBaTh Kak psf,
n=

z
COCTABJICHHBIN M3 YJICHOB I'COMCTPHUYCCKOU IIPOTPCCCHUU CO 3HAMCHATCIICM q :E.

1, 1.e. B Kpyre ‘Z‘ <2 pamuyca R =2.

o VA
Takon psx cXOIUTCA IIPU YCI0BUU \q\ = ‘E

© (14" 1+i) 14i)"*2
Jlnst psia nz_:l(—n) u, 2%,%& =(Zn—21.

JIns HaxoXKaeHus 00JIaCTH CXOAMMOCTH IIpUMEHseM npu3Hak JlamamOepa, momydaem

1 \N+2 _ .
im et <t 2 E Y2y o 2 e
Rl 4k

00J1aCTBIO CXOOUMOCTH pdalda IO OTPHLATCIbHBIM CTCIICHAM Z SBJISICTCA BHEIIHOCTH

Kpyra paguayca I = J2 ¢ uentpoM B Touke Z, = 0.
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Taxum oOpa3om, nanHbli crenenHoi psn Jlopana cxoaurces B o0xactu, oomei
TSI TOTO M APYTOTO psifia, KOTOpast €CTh KOJIBIO +/ 2 < ‘Z‘ <2.

1.6.A301upoBaHHbIe 0COObIEe TOUKH (PYHKIHH KOMILIEKCHOTO
NepeMeHHOro

1.6.1. Knaccugukanus u30J1MpPOBAHHBIX 0COOBIX TOYEK

Touku IIOCKOCTH Z, B KOTOPBIX OJHO3HAYHAA ®YHKHHH f(Z) SABJIACTCA

aHaHHTHQCCKOfI, HAa3bIBAIOT RPAGUIbBHBIMU MOUKAMU d)ymawu. TO‘IKI/I, B KOTOPLBIX

(GYHKIHMS HE SBIISAETCS aHATUTUYECKOM, HA3bIBAIOT 0COObIMU MOYKaMu (B YACTHOCTH,

TOYKH, B KOTOPBIX f(Z) HE OIpeJiesIcHa).
Touka Z, Ha3bIBACTCS UZ0AUPOGAHHOU OCOOOU MOUKOU PYHKUUU f(Z), €CIn
f(Z) aHAJUTUYHA B HEKOTOPOM OKPECTHOCTHU ATOM TOYKH, 3a UCKIIOYEHHUEM CAMOM

TOYKHU Zo-

B 3aBucumoctu or moBefeHUs (GYHKIUU B OKPECTHOCTH OCOOOW TOUYKH

pa3INYarOT TPHU THUIA OCOOCHHOCTEH.

Onpeodenenue 13. WsonupoBanHas ocobag Touka Z, QyHKIMH f(Z)

Ha3bIBaACTCA:

a) ycmpanumoii 0co60il mouKoil, €Clii CylECTBYET KOHEUHBIN npeaes

limf(z) = C = o, (1.54)
0) nonrocom, ecnu

lim f(z) = oo, (1.55)

AT,

B) CYUWECmMEEeHHO 0CO000il MOUKOW, €CIIU HE CYIIECTBYET |Imf(Z) (aun
-2,

KOHCUHBIN, HU OCCKOHECUHBIN).
Touka Zo, MoxkeT okaszarbes moirocoM kpatHocTH K (mmm K-ro mopsiaka). B

9TOM ClIy4ac, 110 OIIPCACIICHUIO, JOJIKHBI BBITTOJIHATHCA COOTHOIICHHA Ilm f(Z) = 0
A
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Nim(z-z)f(z)=o0, lim(z-27,)%f(z)=c0, ..., lim(z-2zy)*f(z)=0 u

-7 =7

lim (z - z,)*f(z)=C< .

227

ITpu k=1 Touka Zy Ha3bIBACTCS MPOCTHIM ITOJTFOCOM.
1.6.2. Paabl ¥ 0co0bIe TOYKH

HNwmerot mecTo cnenyronme yTBepKIACHUS
0
1°. st Toro uro6sl M30MMpoBaHHast 0cobast ToUKa Z, QYHKLIHH f(Z) ObLIa
yCTpaHUMOM, HEOOXOIMMO M JOCTATOYHO, YTOOBI TIOPAHOBCKOE Pa3IOKECHUE f(Z) B

OKpecTHOCTH ToUkU Z,(1.52) He cozeprkalo riaBHOH 4acTH, T.e. UMEJIO BUJL

f(z)= ian(z—zo)n —ay+a,(z—2zy)+ay(z—z,) +...
n=0

0
2" . Jlnst TOro 4To6bl H30IMPOBaHHAs 0cobast Touka Z, (GyHKIHH f(Z) ObL1a

ITOJIFOCOM k— ro mopsaka, HCO6XOILI/IMO n JOCTAaTO4YHO, yTOOBI TJIaBHAs YacTh

nopaHoBckoro paznoxxenus (1.52) coaeprkaia JuIb KOHEYHOE YHUCIIO (k) YJICHOB

a a ©
f(z)=—K _+..+—L +>Na(z-z,),a, #0.
( ) (Z—Zo)k Z—ZO nZ::O n( 0) k

3 Jns Toro 4robsl ocobas Touka Z, QyHKUUU f(Z) OblJIa CYLIECTBEHHO

0co0oil, HEoOXOAMMO ¥ JOCTaTOYHO, YTOOBI TJaBHAsg YacTh JIOPAHOBCKOTO
pas3yioKeHus cozepikana OECKOHEYHO MHOT'O YICHOB, TO eCcTh MMena 0wl Bu (1.53).

1.6.3. Hyan ananutudeckoi pyHkuuu. CBs3b MeKIY HYJIeM U MOJI0COM
Touka Z, nasweiBacTcsa Hynem ynkyuu f(Z), €CIIH f(ZO) = 0. Touka Z,

Ha3bIBACTCA HYJICM IIOPAIKaA k , €CJIN
f(z,)=(2,)=..= T"Y(z,) =0 u £¥(z,) = 0. (1.56)

Pan Teitnopa(1.49) B OKpPecTHOCTU TOUKU Z,— HyAA HOPAOKA K ¢ynkuun

f(z) — umeer sun F(2) = a, (2 -2, )" +a,,(2-2,) " +.... = ian(z -z,)".
n=k
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Teopema. st Toro uroOb Touka Z, Gbuta Hynem nopsaka K dyskuuu f(Z),

HEO0OXO0IMMO U JOCTATOYHO, YTOOBI UMEJI0 MECTO PABEHCTBO
f(2)=(z-2)0(2), (157)
riue (p(Z) — aHAJIMTU4HA B TOYKE Z, U (p(ZO) #= 0.
Jns onpeneneHns nopsaka Hyysd QyHKIUH IT0JE3HO IIOMHUTB, YTO €CIH Z, —
Hynb nopsaka K mms g 1(Z) U HyIb mopsaka £ mis gz(z) , TO Z, — HyJb IOpAJKa

K+ ¢ nns npoussenenus gl(z) g, (Z), nopsiaka K — ¢ (nmpu K > ¢) nnst wactroro

9,(2).
9,(2)

Touku ipu K < /.

Z, — UpaBWiIbHAs TOYKA, He sBIstoasics HyneMm npu K = ¢ u ocobas

Teopema. Jlnst Toro 4Tto0bI TOYKa Z, ObLIa IMOJKOCOM MOPSIKA K st byHKIIUN

f(Z), H€O6XOILI/IMO n A0CTaTO4HO, yTOOBI dTa TOYKa ObLIa HYJICM IIOPAOKa k JJISA

1
byHKIMU ——.

f(2)

[Tpumep 14. Haiitu nynu QyHKUIMHA f(Z) = (22 + TEZ)Sh Z W OIPENEIUTh HUX
HNOPSIAKH.

Pemrenue. I[Tonaras f(Z) =0, nomyuum (22 + nz)Sh z=0, orxyna
2z +71° =0 wm shz=0. [lepBoe ypaBHeHHE HMEET KOpHU Z = 1T I KopHusmu
BTOPOTO YPaBHEHHUS SBISAIOTCS uncna Z, = K1l (k =0,£1,£2,.. )

Urak, Touku Z=*7i, z, = Kmi (k =0, 2,...)— HyJI4 QYHKIHH f(Z).
OnpenenuM ux nopsaku. Touku Z = +mi— Hymu 2-ro mopsaka, Tak Kak OHM
SABJISIFOTCS. OJJHOBPEMEHHO HYJISIMHM 1-ro mopsiaka ans pyHkuuud ( l(Z) =z’ +n’u

g, (Z) = Shz . B camom zexne, B cuy (1.56) momydaem
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9;(2)
9;(2)
Touku Z, =Kmi (k =0,£2,+ 3,...) ABJIAIOTCS HYJIAMH 1-TrO mopsaka

_— (ZZshz + (22 + ﬁz)chZ] _

Z=Zy

=27 =+21i#0,
z=tml Z=xml

=chz . =+chri=cosn=0.

Z=*%mi

OaHHOW  (pyHKUIUU f(Z), TaKk Kak f'(Z){

= (—1)k7z'2(1— kz);t Ompu k=0,£2,+3,....

[Tpumep 15. Haiitu ocoOble TOUKH (YHKIMU U BBISICHUTBH UX XapakTep:
2

2 N
a)f(Z):m, 6) f(z) 7

Pemenue. a) ocobas Touka (yHKIHH f(Z) Z =2 (3HaMeHaTenb apooOu

oOpamiaercst B Hysb). JIerko BHAETH, YTO Iimf(z) = 00, 3HAYMT, cornaacHo (2.52),
72

Z = 2 — momoc, IpuyeM 3-ro IopsAIKa, TaK Kak 110 onpeaeieHuo (2.53)
2

lim(z—2)° —2— = limz? = 4% 0;
72 (Z— 2) 72

6) M30JMpOBaHHBIE 0COOBIC TOYKH Z = NT (n =0,£1,+ 2) — IpPOCTEHIE

IOJIFOCHI, TaK KaK JUIsl (PyHKLIUH m = SINZ Touku Z, = NT ABIAIOTCA HYIAMH 1-
V4

!
ro nopsaxa. Jleiicteutensro, SINNT = O,(sinz)

= cosan = (-1)" = 0.

Z=rn

1.6.4. OcobennocTu GyHKIMU B 6€CKOHEYHO YIATE€HHOI TOUYKe
[Tox TOukOW Z=00 TOHUMAIOT aOCTPAKTHYIO TOYKY IUIOCKOCTH Z,
OKPECTHOCTBbIO KOTOpPOM SIBJSIETCSI MHOXECTBO 4YHCEl Z, YAOBJICTBOPSIOIIUX
HEPABEHCTBY ‘Z‘>R, rnie R

- A0CTaTO4YHO OoJbIIIOE HGﬁCTBHTCHLHOC

ITOJIOKUTCIBHOC YHCJIO.
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Psn Jlopana ¢dyukiuu W = f(Z) B OKPECTHOCTH TOYKH Z = 0O ONPEACIISIOT C
. 1
IOMOIIBIO 3aMCHBI TMepeMeHHOW Z = — i1 o¢yHkmun W =f| = |= gp(g” ) B

kpectHOCTH TOYKHA C = U. Pax Ha B OKPECTHOCTH TOUKH Z = UMEET BU
OKPECTHOC 0 0. Psix JIopana B OKpECTHOC 0 Z= ee

fz)=> a,z"+> a,z", (1.58)
n=0 n=1
< n 2 n
rae fl(Z)z > a,Z =a,Z+a,2°+...+a,Z +...— npaBuibHas YacTh,
n=1
X _ a, a_ a_
f,(z)=>a_z" =a, +—1+—22+...+ - ... — TJaBHas YacTh.
n=0 Z VA Z

[ToBenenue (QyHKIIMM B OKPECTHOCTH OECKOHEYHO YAAJICHHOHW TOYKH JaeT
BO3MOXHOCTh KJIacCU(PUIIMPOBATH €€ OCOOCHHOCTH B 3TOM TOUKE.

Touka Z = 00 HaA3BIBACTCA YCHIPAHUMOU 0COOOU MOUKOU (YHKYUU, SCIU

limf(z) = |A

Z—> 0

, TIIe ‘A‘ < 00,
Psan Jlopana B 3TOM ciy4ae HE COACPKHUT TOJOKUTEIBHBIX CTEIEHEU

da, da_
f(z)=a, +71+Z—22+....

Touka Z=00 HaspiBaeTcsi noalocom nopaoka K  dysknuu, ecnu

limf(z) = .

Z—>0

Psan Jlopana B 3TOM citydae COAEPKUT KOHEYHOE YHCIIO (k) IIOJIOKUATEIIBHBIX

CTEIICHEN:
f(z)=a,z“+a,, 2"+ . +a,z+Ya z" (a,#0).
n=0

Touka Z = 00 Ha3bIBACTCA CYyU{ECMBEHHO 0c000u 1ia (PyHKUUH, €Clu

lim f(Z) HE CYILIECTBYET.

Z—>0
Psn Jlopana B 3TOM ciydae COAEPKHUT OECKOHEYHOE YHUCIIO TOJOKHUTEIbHBIX

CTEIIEHEN Z .
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3aMeTuM, YTO TOYKa Z = 00 Ha3bIBaeTcs HyjleM mnopsaaka K ¢QyHkuum f(Z),

1
eciu Touka = — = 0 saBnserca nynem nopsaxa K mns gpysxiuu f(gj = (p(C)
y4
[Tpumep 16. Onpenenuts xapakrep 0co00il TOUKU Z = 0O 715l QyHKLIMA:

1

1 1
a) f(2) = sin—: 6) f(z)=2%e2.

.1
Pemenue. a)/lng ¢dynkuum SIN— To4yka Z = 00— ycTpaHUMas ocoOas TOYKa
Z

JNaHHOW (PYHKIMU, TaK KaKk limsin—=0.
Z—®0 Z

1
0) Paznoxum pyHKIMIO z%e? B psan JlopaHa B OKPECTHOCTH TOYKH Z = OO

(1jn

. -

= 0 1 0 1
f(z)=2%e2 =2° AN N
@) nZ_‘E) n! 2 6 nZ:;;n!z”‘3

Tak kak rnaBHass 4acTh psaaa JlopaHa COOEPKUT KOHEYHOE YHUCIO
TOJIOKUTENBHBIX CTeNeHell Z U cTapiuas CTeleHb paBHa 3, TO 0c00asi Touka Z = 00

€CTh MOJIIOC 3-TO OpAIKA TaHHON (QYHKIIUU.
1.7. BoiueTsl GyHKINHM KOMILIEKCHOTO epeMeHHOro. [lpumenenue
K BbIYHCJICHUIO KOHTYPHbIX HHTErPAJIOB
1.7.1.Bb1yer (pyHKUMHU M €ro BbIYHCICHHE

Onpeoenenue 14. Ilycte Z, — KOHeYHas H30JMPOBaHHAs 0co0as TOYKa
OJIHO3HAYHOUN GyHKIIMKU W = f(Z). Buviuemom pynxyuu f(Z) OTHOCHTEIBbHO TOYKH

Z, Ha3pIBaCTCs KOMIUICKCHOC UuUCl0, 0003HaYyaeMoe CHMBOJIOM resf(zo) u

1
onpenensiemoe pasenctso esf(z,) = o § f(z )dZ , (1.59)
7Tl
L
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+ o o o
Trac L — IIPOU3BOJIBHBIM OPUCHTHPOBAHHBLIM IIPOTUB YaCOBOU CTPCIKH

3aMKHYTBIM KOHTYp, JIeXKalluii B 00JACTH aHATUTUYHOCTH f(Z) U CoAepKaluu

BHYTpH ce0s1 0HY 0COOYIO TOUKY Z,.
U3 onpenenenus (1.59) cnemyer, 4ro BeYET PYHKIUU PaBeH KOAPPUIHCHTY

a_, mpu (Z - ZO)_1 B JIOPAHOBCKOM Pa3JIOKEHHUH f(Z) (1.52) B OKpeCTHOCTH TOYKH

z, resf(z,)=a.. (1.60)
[IpuBenem ¢opMynbl Ui BBIUMCICHHUS BblUE€TA B TMOJMIOCAaX (DYHKIHUH,

MO3BOJISIIONTME M30€KaTh paznoxeHuss QpyHkiuu B psija Jlopana - mpoiecc B o01mem
Cilly4ae rpOMO3JIKHM.
Teopema. Eciu Z, — npocToii nomoc GyHKuuu f(Z), TO

resf(z,) = lim (f(z)(z—z,)), (1.61)

nmpu4icm, €CJIn f(Z) npcacraBuMa B BUAC OTHOIICHUA ABYX dHAJIMTHYCCKHUX B TOYKE

7yt £(z)= 58 te o(z4) % 0ur(20) = 0p'(24) % 0, 0

o(2o)
resf(z,)=— : (1.62)
)
Ecmn 2, — nomoc K — ro mopsimxa (K > 2), To
k-1 k
a2z, ) ()] (163

resf(z,) = kll lim

Teopewma. Jlna ycTpaHuMOM 0CO00M TOUKH resf(zo) =0.

Teopema. .JIns HaxXoXXJIeHHUS BbIYETA OTHOCUTEIHLHO CYIIECTBEHHO OCO00i
TOUKHM He0Oxo1uMo HaiiTh B psane Jlopana(1.52) koadpurmenr a_, :resf (ZO) =a_.

B HCKOTOPBIX Cly4dadxX HaxXoAWUT IPHMCHCHHUC IIOHATHC BbIUCTA (I)YHKI_II/II/I

OTHOCUTEIBHO OECKOHEYHO YJaJIC€HHOW TOUKHU.
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Ilyctb f(Z) aHAJIMTUYHA B HEKOTOPOM OKPECTHOCTH TOYKM Z =00, KpOMe
MOXET ObITh, CaMOW OECKOHEYHO YAAJICHHOW TOYKU. Bbriuerom QyHKIuU f(Z)

OTHOCHUTEIIBHO OECKOHEYHO y,IIaHeHHOP'I TOYKHU Z = OO HA3BIBAIOT BCIIMYUHY

resf (o) = Ziﬂiﬁ(z)dz, (1.64)
g

rie L — npousBonbHBIA OpPHEHTHMPOBAHHBIA IO YaCOBOM CTPENKE 3aMKHYTHIH
KOHTYp, puHauIexanuii ooactu R < ‘Z‘ AHATUTUYHOCTH (PYHKLHUU.
N3 onpeneneHuss cneayer, YTO BBIYET OTHOCUTENBHO Z = 00 DaBEH

koddpurmentTy mpu z" B JopaHoBcKoM paznioskennu (1.58) f(Z) B OKPECTHOCTH

Z = 00, B3ATOMY C IIPOTUBOIIOJIOKHBIM 3HaKoM: Iesf (oo) =—a_ (1.65)

Mexny yrBepxaenusimu (1.65) u (1.60), HECMOTpsI Ha UX BHEIIIHEE CXOJCTBO,

MMEETCS CYLIECTBEHHOE pasznuuue. [lesmo B TOM, 4yTO B pasioxeHun Jlopana B

-1 o o
OKPECTHOCTU TOYKU Z = OO 4yjieH d_;Z NPUHAJICKUT MPABUIIBHOM (a HE TJIABHOM )
4acTu psja, u resf (oo) MOYET OBITh OTJIMYHBIM OT HyJsd W TOrga, Korjaa f(Z)

AHAJIMTUYHA B OECKOHEYHOCTH.
1.7.2. TeopeMbl 0 BbIYe€TaX U X IPHUMEHEHUE K BHIYUCJIECHUIO

KOHTYPHBIX HHTETPaJIOB

Teopema. (OcnoBHasi Teopema Komu o Bbryerax). Ecnu QyHkums f(Z)

aHaJIMTHYHA B 00JIacTH D, 34 MHCKIIIOUCHHUCM H30JIMPOBAHHBIX OCOOBIX TOYEK

21,22,...,Zn, TO OJIA JF000T0 3dMKHYTOI'O KOHTYpPa L (- D, OXBAaThIBAIOICTO 9THU

n
TOYKH, §3f(z)dz =271 resf(z, ). (1.66)
Lt k=1
OCHOBHAst TeOpeMa O BbIYETAX UMEET BaXKHOE 3HAUYEHHE U MPUIOKECHHUI.

OHa MO3BOJSIET BBIYMCIATH MHTErPaibl 0 3aMKHYTOMY KOHTYPY OT (yHKUIHH
KOMIUIEKCHOTO IIEPEMEHHOr0, He mprberas K MepBOOOPa3HBIM HITH KPHBOIHHEHHBIM

HHTCI'pajlaM. C IIOMOIIBIO BBIYCTOB BBIYHCIIAIOTCA OIIPCACIICHHBIC 1 HECOOCTBEHHBIC
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UHTErpajgbl OT (QYHKUUMH JEHCTBUTEIBHOrO IepeMeHHoro. Ilpu BberumciieHun

HCKOTOPBIX HHTCT'PAJIIOB y,Z[O6HO ITOJIB30BAaThCA TCOpGMOﬁ O CYMMC BBIUCTOB.

Teopema. Ecnu dynkims f(Z) aHAJIUTUYHA B PACIIMPEHHOM MIOCKOCTH (T.€.

BKJIIOIIaIOIHGI)'I TOUYKY = OO), 3da UCKIKYCHHUCM KOHCYHOI'O 4YHCJIa U30JIMPOBAHHBIX

n
0COOBIX TOYEK Z,,Z,,...,2,,TO I’eSf(Zk) + resf(oo) =0 (1.67)
k=1
n
wm  resf(oo) = -3 resf(z,). (1.68)
k=1
[Tpumep 17. HaiiTu BbIYeTHI (yHKIIMHM OTHOCUTEIIBHO UX OCOOBIX TOUEK
2
Z 1
f Z) = S E——— 6) f Z)= - .
) (2) (2_2)3 @) sinz

Pemenue. OcoOble TOUKH JaHHBIX (PYHKIUH M UX XapaKTep OIpeesieHbl B

npumepe 14. Urak, a) Z= 2 — nomoc 3-ro nopsaka, nosromy 1o popmyie (1.63)

2 2
HAXOIUM resf(2): 1 lim d— (2—2)3(2—2)3 :%Iin;Z:l;
Z_ 7Z—>

0) z,=nx (n =0,+1+ 2,...) — TPOCTBIC TIOJIOCHI, IIO3TOMY BOCIIOJIB3yEMCS

Ly
(sinz)' __cosnz '

dopmynoii (1.62) u momyunm resf (n7z') =

[Tpumep 18. BeIuucnuTh BbIYETHI OTHOCUTENBHO TOUKU Z = 00 i (PyHKLUU:
f(z) =sin b
z
Pemenne. Beraer pyHKIIMM OTHOCHUTEILHO OCCKOHEYHOHN YIaJICHHOW TOYKH MOYKHO
onpenensaTe no Qopmyne (1.65), nns dero HEoOXOAMMO TMOJYYUTh JIOPAHOBCKOE
Pa3JIOKEHNE B OKPECTHOCTH JAHHOM TOUYKH.

Tak kKak Z =00 — ycTpaHumas ocobas touka (limf(z)=0 ), TO JIOPAHOBCKOE
—>»00

Pa3I0KCHHUC HC COACPKUT II0JIOKUTCIbHBIX CTEIICHEH (FJ'IaBHYIO qaCTB), HO

COJIEPKUT MPABWIbHYIO YaCTh, MOATOMY HaijeM psija Jlopana nist jaHHOM (PyHKIIUMU B
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.1 1 11 11

oKpectHOoCTM Z=00: SIN—=———+

+-———..., OTKyJa BHAHO, 4T0 a , =1,
z z 37° 517° !

cienoBatenpHo, resf (oo) =-1.
W3 npumepa ciemyeT, 4TO BBIYET (DYHKIUM OTHOCHUTENHHO OCCKOHEYHO

yAQJICHHOW YCTPAaHUMOM 0CO00M TOUKH MOXKET OKa3aThCsl OTJIMYHBIM OT HYJIS.

1.8. IIpumeHeHne BbIYETOB K BHIYHMCJICHUIO ONPeeJIeHHbIX H
HEeCOOCTBEHHBIX HHTErPAJIOB
Jlemma. Ecnu dyHKuus f(Z) €CTh aHANWTHUYEeCKass (YHKIMS B BeEpxXHEH

IMOJYIINIOCKOCTH Imz>0 3a HCKIIOYCHHCM KOHCYHOI'O 4YHCJIa KOHCYHBLIX

N30JIMPOBAHHBIX 0CO0OBIX TOYCK )51 CyoICCTBYIOT I[eﬁCTBHTCJIBHBIG quciaa

R>0, M>0, 6 >0, 115 KOTOpBIX KIMEET MECTO OIIEHKA

M
f(z) < e npu [z >R, (1.69)

R—ow

TO lim jf(n)dn:O, (1.70)

rae (puc. 1.10) Wi — MOIXYyOKPYXKHOCTH

<

panuyca R ¢ wuemtpom B mHauane
KOOp/IUHAT.
pAa R

JoxazarensctBo. Cormacuo (1.69) S

HNMCCT MCCTO OLICHKA

v

MR oM
wIRf(n)dn < R R

—0 -R 0 ﬁ X

npu R — +00, 4TO paBHOCHIBHO

(1.70).

Puc1.10
Teopema. Ecin f(z)-

AHAIMTUYECKOE MPOJOJIKEHUE f(X), X € (— oo;—l-oo), Ha BEPXHIOK MOJYIIOCKOCTh

IMmz >0 u yaosaeTBopsieT TpeOOBAHUSIM:

10) f (Z) YJOBJIETBOPSIET YCIOBUSIM JIEMMBI ;
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0 .
2" ) HE UMEET 0COOBIX TOUEK Z x Ha ocH 0x;
0 .
3")BCce M30IMPOBAHHBIE  OCOOBIE TOYKH Z, B BEpPXHEH MOIYIUIOCKOCTH

(y > 0) KOHE4HbI coBMecTHO ¢ ux unciaom: K =1, N, to

+fof(x)dx:27zi-§: Res f(z,). (1. 71)
—0 k=1

JokasarensctBo. R BeiGepem Takum 006pa3zoM, 4TOOBI BCE U30JIUPOBAHHBIE

ocobeie Toukm Z, .k =1,...,N HAaXOJWJINCh BHYTPH 3aMKHYTOTO KOHTypa

L = [— R; R]U ®g (pucynok 1.10). Toraa o ocHoBHO# Teopeme Koun o BblueTax
umeeM (popmya (1.66))
jf x)dx + [f(z dz_27z|ZReSf( ‘) (1.72)
OR
CoBepmias B IOCJEIHEM pPaBEHCTBE MHpEIEIbHBINA Iepexo (R —> +OO) u

YUUTHIBAs JeMMYy, MbI ipuxoauM K (1.71), ecnu ydects, uto mpaBasi yacth (1.72) He

3aBucUT oT R, 4To u TpeGoBaioch 10Ka3aTh.
Jdemma Koppama. Ecom f (Z) — aHanuTUYecKas (QYHKUUS B BepxHEH
nonymiockocta 1Mz > 0, 3a uckiIroueHHEM KOHEYHOTO YKCIa KOHCUHBIX

M30JIMPOBAHHBIX ~ OCOOBIX  TOYEK, W  PaBHOMEPHO OTHOCHTENbHO  arQZ

(0 <argz < Tc) CTPEMUTCS K HYJIIO IIPU ‘Z‘ —> oo, Tonpu a > 0.

lim [ e f(7)dn=0. (1.73)

R—o
OR

JoxkazarenbctBo. PaBHOMepHOe cTpemienne k Hymo npu 0<argz<m

O3HAa4YacT CICAYIOUICC:

F(@) < s, [2=R, lim p =0. (1.74)
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YpaBHEHHE TOITYyOKPYXKHOCTH O - Z = R -e'?, 0<¢@<m, R Brbpano Tax,
uTOObl  WM30MMpOBaHHbIE 0co0ble Toukdn Z,, K=1 N, naxomumuce BHyTpH

3aMKHyTOro KouTypa L = [— R; R]U ®g (puc. 1.10). Toraa cormacuo (1.74)

oR 0

i (1.75)
x , 2 _
-R - J‘ e—aRsm(p d(0=2R,uR . J' e—aRsm¢ d(p.
0 0
(s : 2¢
Hompu 0 < < > MMEET MECTO OleHKa SiN @ > ——, (1.76)
T

T
B 4eM MOXXHO YOemuThCs, CTposi rpaduku paccMaTpuBaeMbiX (YHKIMNA Ha [O;E]

T
-2aR ¢ _ T2

e 2 do=

O —N |3

n
2 —-aRsin

YTO JaeT _[ e ? d(p <
0

:_2§R'@ﬂR_i}:2§R'@_eﬂR)

C yuerom nocnenneit ouenku u3 (1.75) nomydaem

Je'*1-f (n)dn

OR

SE-MR -(l—e_aR)—)O npu R — +00.
d

Teopema. Ecim f(Z) yIOBJIETBOPSET yCIoBHsAM JieMMbl JKopaaHa M ecTh
MPOJIOJDKEHHE Ha BEPXHIOK monyruiockocts IMz >0 ¢ynkiun f(X), X € (— 00; oo)

)51 f(X) HE UMeeT 0COOBIX TOYEK Ha OCH OX, TOrga
+00 N
[e'® f(x)dx =271 Res F(z,). (1.77)
—0o0 k=1

rae Z,, k =1,_N €CTh 0COOBIE TOUKHU f(Z) B Imz>0, F(Z)z VA (Z)
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JoxkazarensctBo. L = [— R; R]U (g — 3aMKHYTBI KOHTYD, 00XOAMMBIii B

MIOJIOKUTEIIbHOM HaIlpaBJIeHUH, BHYTPU KOTOPOTO OCOObIE TOUKU f(Z). Torma

. N
§e'“? f(z)dz = je'axf x)dx+ [e'*"f(7)dn=27i-> Res F(z,), (1.78)
k=1

L WR
rae mpasas 4acth (1.78) me 3aBucur or R. Ilepexoms B (1.78) k mpemeny mpu

R — 400 u yuurtsiBas nemmy JKopnana, noxyuum (1.77), 94To U cae1oBasio JOKa3arhb.

2z dx
[Mpumep 19. Boruncautsb I a>b>0.

o (a+b-cosx)”

_ 1 . 1 /. .
Pemenne. Ilonaras z:e'x, HailgeM — =28@ 'X, COSXZE-(e'X+e 'X)=
Z

1 ( j 2’ +1
=—zZ+=|= , TOTJIa HAIIl HHTETPaJl KMEET BUJI
2 A 27
a
c=—>1
1 % dx > i dz
—z-j—2=d2=e'x-idx==——2-5f> > =
b* o (c+cosx) iz b* |74 2° +1
dx = —i— Z:|C+
7 2z
4 Z dz
e ’
b® 1 (22 + 22c+1)2
rIe TpH T[epexoae K KOHTYPHOMY HHTETPaiy ty
ucnosib3zoBanachk Gpopmyina (1.36). [TogsiHTErpaTEHAS
z y
bymxums T(z)= Haiinem ee oco0bre
(22 +27C+ l)2 0 .
-1 7 1 X
TOYKH U BBIYETHI B HUX. FIMeeM
2’ +22c+1=0, z,, =—c+~/c? -1,
Puc. 1.11
Z,=—C—~ c? —1<—1 HaxomWTCS BHE OKPYXHOCTH

z| =1 (puc.1.11)
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-1
Z,=—C+~ c’-1= — —1 maxomuTcs BHyTpH OKpy)HOCTH. Ternepsb
c++c -1

— MOJIFOC 2-TO MOPAJIKA.

f(Z):(Z+C+\/c27—1)2-(z+c—\/ﬂ)2 e

b-na (L63)_ .

k=2 e (z+c+ﬁ)2

_  lim (z+c+x/cz—1)2—22-(z+c+x/c2—1)
2-cic’ -1 (z +C++/c? —1)4

Res f(z,)=

_ I|m c+c2-1-z 2c _ C
R N o )3 (1) -1 a(2-1) 2 -1

npumensiem dopmyiy (1.66)

Tenepp

§ zdz _ 2ric _ zic
21 (22 + 220+1)2 4-(c2 —1)-x/c2 -1 2-(c2 —1)-\/c2 1

OxoHYaTEIBbHO ImoJjydyacm, 4To HCKOMBIN HHTCI'paJl paBCH

4i cri 2ra

b2 2-((:2 —1)-\/c2 1 (az—bz)-\/a2 _p2

Omeem: m :

27 oin?2
sin“ x dx
[Mpumep 20. Beruucauts | = I ———,a>b>0.
o a+b-cosx

Peurenne. ITycts z=€™ = COSX+i-SinX i Z=e"*= COSX-i-SinX, Toraa z+Z=2C0SX;
— .. 1 1 ..
Z-Z = 21'SInX wuiu z+-= 2C0SX; z- -= 21-sinX. Otcrona

1
22+1 _ e|x_e—|x Z_E Z2 1
, SInNX = - = =—,
22 21 21 212

COSX =
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i . . dz
dz=e"-idx =izdx, dXx =—i-—.B cuny sroro
4

-1 @ -w(--7)

—47° c+22+l
27

1 27 sin?x dx a
== [ ——"=lc=->
b ; c+cosx b

—L°§ (2 -1)%dz
2b |, 22(2° +2c2+1)

Haiinem ocoOble TOYKHM MOABIHTErPANbHON (YHKIMH, JIEXKAllUue BHYTPH

OKPY>KHOCTHU ‘Z‘ =1 u Beerst B mux: Z; =0— momoc 2-ro mopsuxa,

Z,,=—C malY/ c? -1, z,=-C—~ c? —1— Bue paccMaTprUBaeMON OKPYKHOCTH,

1
——— > —1 nexuT BHYTpPU OKPYKHOCTH.
Je2 —-1+c¢

Res f(0) = Ilm{ﬂ}

20| z°4+2cz+1

Zy; =

2(z ~1)-2z-(z° +2cz+1)-2-(z+¢)-(z* -1)?
HO (z +2cz+1)

=-2C;

Res f(z;) = I|m -1

z>cic?-17 (Z+C+\/C - )

4.(c® —-1-c+c? +1)? 2 (c?-1)-(Wc? -1- C) 2\/c27—1
(20 —1-2c+/c? =1)-2+/c? —1 (Ve? —=1-c)?-2+/c? -

Torma | = ﬁ-Zﬂ-(—2C+ 2+c% 1) = i—’j(—\/az —b? +a).

Omeem: — (—\/a —b? +a).

x dx
[Tpumep 21. Beruncnuthb j ( 2 13)
S (XS +4AX+
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X
(X% +4x +13)°

f2)=—— s [f2) =

(2% + 4z +13)?

Pemienve. f( ) — HempepbiBHAS QyHKIUS HA (— oo;+oo),

1 1
413

Z2

npu ‘Z‘ —> 00. Oco0bic

o 7

TOYKH f(Z) B BEpPXHEHM MOJYIUIOCKOCTH ONPENENAIOTC W3  yPaBHEHHUS

2° +4z+13=0: 2,,=-2+~-9=-2%3i, 2, =-2-3i, z,=-2+3i-

IIOJIFOC 2-T0 NOPSIAKA B BEPXHEN MOJIYIIIOCKOCTH. B cuity aToro

!

Res f(z,)= lim L Z _2} _

252431 (2 + 2+ 3i)
_ im (z+2+3i)f —2z-(z+2+3i) __ 1.
22431 (z+2+3i) 54
. . . T V4
Torma uickoMelii uHTErpai pased 21| ——I1 |=—. Omeem: — .
o4 27 27
COS X
[Ipumep 22. Bpluucauth j 9dX, nmo ¢opmyne (1.77), 3Has, dTO
0 X +
cosx = Ree™
2 COSX % COSX 1 _ 2ol
Peuienve. | — dx == j 5 dx = =-Re I 5 dx,
0 X°+9 2 . X°+9 2 o X5+ 9
e'? 1
F(Z): 5 , lim— =0. OcoOble TOUYKH OIPEHCISAIOTCS €3 YPaBHEHUS
Z2°+9 7zoxz°49
iz e—3

z2+9=0, z, =-3i, z, =3i-npocroii momoc. Res F(Zz)zlim - =
z-3iz+31 6l

+00 iX 400
e 1. . 1 T cosxdx 7
Torzxal-Re_f 5 dx==2ri- T 3 » UTO JlaeT X
2 X749 2 6-¢’i 6-e 5 x2+9  6-e
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2.METOJHUYECKHE YKA3AHHUA JIVTA CTYJEHTOB
B naHHOW yacTH OyIyT HCIHOJB30BaHBI (OPMYJIBI, TEOPEMBbI U BBIBOIBI (C
COOTBETCTBYIOIIMMH JIJII HUX HOMEPAMH) M3 IEPBOM TCOPETHUECKOH YacCTH
TAHHOT'O TOCOOMSL.

2.1.Komnnexcuoie uucna u oeiicmeusi Ha0 HUMU

[Ipumep 2.1. Pemnts ypaBHEHUE 2> —6z+10= 0, roe z=x+iy.
Pemenue. Ilepssiii cnoco6: D =36—-40=—4.
_6Exv-4 6+2J-1 6+2i

Z
L2 2 2 2

3t

Bropoii cioco6: B pesynsrate moacranosku Z = X + 1Y B JaHHOE ypaBHEHHE

HMeeM (X + iy)2 — 6(X + iy) +10= 0, orkyna mocine npeoGpa3zoBaHuil MOIYYUM

) {xz —y?—6x+10=0
CHUCTEMY YypaBHEHHIl . Pemas cucremy, mnomyuum
Xy—-3y=0

Z, =X, +1y, =3+1, z,=X, +1y, =3—-1.

[Ipumep 2.2. BbINONHUTH ACHCTBUA:  a)CIOXKEHUS; ©O) BBHIYMTAHUS;
B)YMHO>KEHHSL; I')/Ie/ICHNS KOMIUIGKCHBIX uncen Z; = -1-1 u z, = 1+i+/3.

Pemienne. a) z;+2,=(-1-1)+(1+iv3)=(-1+1) +i(+/3 = 1) = 0+i (/3 — 1);
6) 21-2,=(-1-1)-(1+iV/3)= (-1-1) +i(—V3 - 1) = -2-i (/3 + 1);
B) 21 Z,=(-1-1)-(1+iv3)=-1-i-i v3-(i)2v/3=(V3-1)-i(1+V3);
z, _ —1-i _ (-1-))(1-iy/3) _-1-i+iV3 —/3 _ V31

r—

z, 1+iV3  (1+iV3)(1-iy3)  1+V3 V3+1’

[Tpumep 2.3.M300pa3uTh Ha KOMIICKCHOM IJIOCKOCTH YHCa: a) Z1= -1-i;

6) 22:1+i\/§.
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k4

EC= N 1 x

.
Puc. 2.1 Puc. 22

Pemienue. [TockonbKy KOMIUIEKCHOE 4HCIIO Z=a+Dh:1 M300paxaercsi TOYKOU C
KoopauHaTaMu (a,0) Ha KOMIUIEKCHOM IUIOCKOCTH, TO JJIs ciiydas a) (puc. 2.1)- 310
Touka Z;(-1,-1); s ciydas 6) (puc. 2.2)- 910 Touka Z, (1,v3).

[Ipumep 2.4. Halith MOIysib M IVIABHOE 3HAYEHHE APTyMEHTAa KOMIUIEKCHOIO
yncma Z =1—+/3i; IPEJCTaBUTh €ro0 B TPUTOHOMETPUYECKON M IOKa3aTelbHOM
dbopmax.

Pemenue. Jlns BBIYUCIEHHS MOIYJE M apryMeHTa KOMIUIEKCHOTO dHCIia

z=1-4/3i Bocronbzyemcs popmynamu (1.2) u (1.3) r = ‘Z‘ =+/14+3 = 2. Tak kak

~4/3
3HaQ4YCHUE AapryMeHTa (0 YyIOBJIETBOPSET  COOTHOIIEHHIO tggozxz—, TO

X 1

argz = arctg% = arctg(— \/§)= —% . Urax,

u (1.12) umeem Z = 2{cos(—%j+ isin(—%ﬂ, Z= 2e_|§.

[Ipumep 2.5. BbINOJHUTH NEUCTBUS YMHOKEHHSI M JCJIECHUSI KOMIUIEKCHBIX

Z‘ =r=2argz = —% u cornacuo (1.6)

amcen z, =—1—i u z, =1+i/3, npeacraBuB UX BHAUANE B TPHIOHOMETPHUYECKOIA

dbopwme.
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Pemenwne. [Tockonmpky 3TH yncna yxe n300paxeHsl Ha pucyHkax 2.1 u 2.2, Mbl

BUAUM COOTBCTCTBYIOIINMC 3THUM YHCIIAM apIr'yMCHTHEI. Breraucnsem nx mo q)OpMy.]IaM

(1.3) u (1.5), mony4deHHbIH pe3yJbTaT CBEpsieM ¢ pUCyHKOM. Jlns z;: tg ¢4 = :—1 = 1.

3
-7 = ——.
4

NE

3nech a = -1<0 u b =-1<0, 3nauur ¢, = arctgl- 7 =

|2, = (D + (-2 =2,

Hnst z,:t9g @, = ? =+/3. 3zech a>0 u b>0, 3nauur @,= arctg\/3_=§.

|z, = /12 + (V3)2=2. Urak z; = ﬁ{cos(—%yzjﬂsin(—%;zﬂ;

Z, = Z[COS% +isin %} IMpumenss popmyst (1.7) u (1.8), moayunm

2,7, = Zﬁ{cos(—%n +%) + isin(—%z +%ﬂ _
_ Zﬁ{cos(—%zj +isin _iﬂﬂ’

Tpumep 2.6. Boraucouts (1+ i)lz.
Pemenne.  IlpeaBapuTensHO — MEPEBOAMM  YHMCIIO Z=1+i B

TpUTOHOMETpHUYECKYI0 hopMmy. 3arem o Gpopmysie (1.9) umeem

(L+i)* = {ﬁ[w%ﬂsin%ﬂu = = (V2)*(cos3r +isin37) =

=2°(~1+i-0) = —64.
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y [Tpumep 2.7. Boruncnuth U n300pa3uth Ha

f‘\ KOMILIEKCHOM INIOCKOCTH BCE 3HAUYCHUS 3\/ -8.

> Pemenwe. [IpencraBum Z = -8 =-8+0-i=

B Tpuronomerpuieckoit dopme (1.6), mist gero

o 2.3 HaiieM MOJyJb U TJIABHOE 3HAYEHHUE apryMeEHTa
HC. £,

‘Z‘ =‘— 8‘ =8. M3 puc. 2.3 BUgHO, 4YTO
Py =argz = arg(— 8) = 7z .Utak, Tpuronomerpuyeckas GopmMa 3TOT0 KOMILJIEKCHOTO

Yyuclia UMEET BUJ Z = 8(COS T +1SIn 72').

[Mpumensis dopmyny (1.10), HaXoauM TpPU TJIABHBIX 3HAYECHUS KOPHS TIO
+2kzr .. m+2K
bopmyie W, = %[COS%+ Isin 7[—37[], rae k=012.

Bocmonb30BaBIIMCh MOKA3aTeIbHOW M TPUTOHOMETpHUEcKoi Gopmamu yucia (1.6),

(1.12), nonyyaem

mpun k=0 w,= 23 = 2(cos%+ isin%) =1+i/3,
mpu k=1 w, =2e'" =2(cosz +isinz)=-2,

.5
mpu K=2 W, — ¢ 2 =2(cos5§+isin5§)=1—i\/§.

Y, Y,

Puc. 2.4 Puc. 2.5
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Toukm W,,W,,W, 00pa3yloT BEpIIUHBI NPAGUIbHO20 TPEYTOJbHHKA,
BIIMCAHHOTO B OKPYKHOCTb pasuyca I=|z| =2 ¢ nueHTpoM B Hayaje KOOPAUHAT
(puc. 2.4).

[Tpumep 2.8. Peminth 1By4JIEHHOE YpaBHEHHE w*-i=0.

Pemenne. HaxoxaeHne Bcex KOpHEH YpaBHEHHWs CBOIAUTCA K 3a/ade: HAWTH

BCE IJIaBHBIE 3HAYCHUS KOPHS Ali. JlaHHBIN NPUMEP MOXKHO PELIUTHh AHAJIOTUYHO

npumepy 2.7, TO €CTh MEPEBECTH KOMIUICKCHOE YHCJIO Z=I B TPUTOHOMETPUUYECKYIO

T - . TT )
dopmy z=1(Cc0S- +i SIN—=) m 3areM U3BJIEKATh KOPEHb YETBEPTOW CTEICHH I10
2 2

dopmyze (1.10). Ho Mbl ceifuac mokaxem, 4TO MOXKHO paboTaTh U C MOKa3aTeIbHOU

.Pg+2kn
. 1
dopmoit uucna z=i =1-e™?2 . [pumenum popmyny (1.16) W, = Y1e * , TIIe

k=0123, ¢, =%.

T

I— T
Ipu kK =0w, =e 8, orkyna cnenyer, uro ‘Wo‘ =Llargw, = g

(+27Z’j i~ 5
Ipu k=1w, = =e?  orkyma ‘Wl‘ =largw, = §7Z

iz 13
Ipu k = 3w, =e4( j —¢'8 =|w|=Largw, =%7z.

Kak BuanHo u3 puc. 2.5, Toukn W,,W,,W,,W, KOMIUIEKCHOH IIJIOCKOCTH

NeKaT B BepIIMHAX KBajpara (Ha okpy:kHocTH paguyca [ =1 ¢ nenrpom B Hauane
KOOPAMHAT).
2.2. MHOKeCTBA TOYEK, JHHUH, 00J1ACTH HA KOMILJIEKCHOH TJIOCKOCTH
JIuHMM W 00JIacTM HAa KOMIUICKCHOM IUIOCKOCTH MBI paccMaTpUBacM Kak
MHOXKECTBO TOYEK Z, 00JaaroniuX OMPEIeICHHBIMA CBOMCTBAMHU, W3YYEHHBIMHU B

I[GﬁCTBHTGJ'II)HOM aHam3e. AHAJUTHYECKH JIMHUU M 00JacTH 3aJal0TCA KakK
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MHOECTBO 4yucell Z, YAOBJICTBOPAIOIMIUX OIPCACIICHHBIM YPAaBHCHUAM HJIM CUCTCMC
ypaBHGHHfI, HCPAaBCHCTBAMHU HJIA CHUCTEMOM HCPAaBCHCTB.

[TapameTprueckue ypaBHEHUsI KPUBOU B JIEUCTBUTEIILHBIX ITEPEMEHHBIX
x=x(t)y=yt)a<t<p
B KOMIUIEKCHOM IJIOCKOCTHU MOTYT ObITh 3aMEHEHBI OJJHUM YPaBHEHHEM
z=2(t)=x(t)+iy(t), a<t<p, (2.1)

KOTOpPOE HA3BIBAETCS KOMNJIEKCHO-napamempuieckum WA ypagHeHuem Kpueoii 6
KOMNJEeKCHOU ghopme.

Ecan KpuBas 3aaaHa B I[CI\/'ICTBI/ITGJIBHBIX INEPEMCHHBIX B HCIBHOM BHJC

F(X, y) = 0, To myTeM IOJCTaHOBKYU B 3TO YPaBHEHME BBIPAKEHHUI Z=X+iy 1 Z=X-iy

Z+7Z Z—7
wm X=——7, Y=

> ET (22)

II0JIyYUM YPaBHEHHUE KPUBOU B KOMIIJIEKCHBIX IIEPEMEHHBIX.
[Ipu peureHny 3a1ad MO ONPEACICHUIO U U300PAKEHUIO JIMHUM U 00J1acTel B

KOMILJICKCHOM IIJIOCKOCTH ciacayer IIOMHUTD FeOMeTpI/I‘-IeCKI/Iﬁ CMBICII MOAYJIA

PA3HOCTHU JBYX KOMIUIEKCHBIX YHCEN ‘21 — 22‘ (cMoTpu TpuMep 2 B NIEPBOi YacTH ).

PaccmarpuBas ‘21 _Zz‘ KaK pacCTOSIHME MEXJay JAByMs TodykamMmu Z, U Z,

IINIOCKOCTH, AOCTATOYHO JICTKO 3aAaBaTh aHAJIUTUYCCKH JIMHHUHN U 001acTH.

IMpumep 2.9. HanricaTh B KOMILIEKCHO#M (hopMe ypaBHEHHE KpUBOH £ !

X=t, y=3t*, —o<t<oo.

Pemienue. 1-i1 cmoco6. CornacHo dopmyne (2.1) mMeeM KOMIUIEKCHO-
napameTpuuecKkyro GopMy KpuBOi Z(t)z t+3t2- .

2-i1 cnoco6. Jlerko BuaeTh, 4TO JaHHAs KpuBas - mapabona Y = 3x°.
[lepeitnem B ATOM YpaBHEHHHM K KOMIUIEKCHOMY MEPEMEHHOMY, BOCIOJIb3YyEeMCs

. _ . _ . . +Z
bopmynamu z=X+ly u Z =X-1y, Toraa z+z =( x+iy)+( X-1y)=2X, To ecTbh XZZZ—Z.
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Z-7 =( x+iy)-( x-1y)=2iy, T0 ecTh yzzz;iz_. IloxcTaBuM B paBeHCTBO Y = 3X° U
z-7 (z+2Y
IOy YUM = 3(7) , OTKyza notyuaeM  3z° +62Z +3z° +2zi — 27i = 0.
|

[Tpumep 2.10. HanucaTh ypaBHEHUE OKPYKHOCTH B KOMIUIEKCHOU (hopMe.
Pewenue. 1-if cnoco6. PaccMOTpUM OKpYy HOCTh KaK MHOKECTBO TOYEK Z,

paBHOYIaJICHHBIX Ha paccrosHue [ or neHTpa Z, = X, + [ Y, Torma wnmeem
z—2z4|=r.

2-i1 cnoco6. Kak wu3BeCTHO, NapaMeTpUUECKHE YpPABHEHHSI OKPYKHOCTH
panuyca l'm ¢  LOeHTpoM B TOYKE M, (X0 ,yo) UMEIT  BU!
X —Xqy =rcost,y -y, =rsint, rne —z<t<rz.

Crnenosatensho,  Z(t) =X, +rcost+i(y, +rsint), —z<t<z. Ecm
BOCIIOJIb30BaThCsl MOKA3aTEIbHON (POPMON KOMIUIEKCHOI'O YHUCIA, TO IOJIYyYEHHOE
YPaBHEHHME MOKHO 3aI1MCaTh B BUJIE Z(t) =Zy+ re', —r<t<r.

ITpumep 2.11. Hanmucares ypaBHeHHe dmunca ¢ GOKycamu B TOYKax Z, U Z,,
©oJIbIIast OCh KOTOPOTO paBHa 2a .

Pemenne. Ilo ompemenenmto ammmnca, [ +1,=2a, roe I = ‘Z - 21‘ u
I, =‘Z—22‘— PacCTOAHHUS NPOU3BOJIBHOM TOUKM Z dyMica 10 GOKycoB Z, U Z,

coorBeTcTBeHHO (puc. 2.6). CieqoBaTelibHO, YPaBHEHUE JJUIUICA B KOMIUICKCHOW

dopme uMeeT BuUT ‘Z — 21‘ + ‘Z — Zz‘ =2a. Paccrosaune wmexnay Qokycamu:
2C = ‘21 —Z,|, a Majas MOoJIyoCh 10 U3BeCTHBIM & M C ompenenseTca U3 GOpMyJIbl
b=+a®-c*.

[Ipumep  2.12.  BBIICHUTH  T€OMETPUYECKHM  CMBICI  ypaBHEHUSA

z-2[=[z-2,|.

Pemienue. 1-it ciocod (reomerpuueckuit). B nannom ciyyae {Z}— MHOKECTBO
TOYEK, PAaBHOYIAICHHBIX OT TOYeK Z, u Z,. OdeBmaHO, 3TO ecTh mpsimast L,
NEepPHEHIUKYJIAPHAs OTPE3KY [21,22] U POXO/IAIIIas Yepe3 ero cepeauny (puc. 2.7).
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2-it cioco6 (amamurrueckuit). [Tycts Z =X +1Y, 2, =X, +1Y;, Z, =X, +1Y,

,torga Z—2;=(X =X )+i(y—y,);

2-2,=(x—%,)+i(y—Y,) ;

2.

z2-2)|= \/(X_Xl)z Hy -y, );
z-2,| :\/(X_X2)2 +Hy-vy,).

HOCKOHBKy JCBBIC YaCTH ITOCJIICIHHX COOTHOIICHUH PaBHBI (HO YCJIOBHIO
2 —

paBHbBI KW HX IIpaBbIC 4YaCTH, T.C. (X - Xl )2 + (y - yl) =

3aJa4n), TO
2 2 .,
= (X —X2) +(y—y2) . Ilocie ympouieHust Mojly4aeM ypaBHEHHE NPSIMON JIMHHUU

Ya Ya
Z3 z,
y4 /
¥ Zy
ot X 0 \ X
Z
L
Puc. 2.6 Puc. 2.7
Ax+By+C=0.
ljzl?
Y4 4

ITpumep 2.13. Kakast kpuBast onpenensercs: ypaBHEHUEM Re[

1 z X —1
— y2 . CienoBatennHO,

Pemenue. Ilycte Z=X+1y. Torma —=—= 5
Z 7ZZ X°+y
1 X X 1
Re(_ -3 2 - ITo ycnoButo > 5 = — WM X2 + y2 —-4x =0. Otkyna
Z) X°+y X“+y
2
CJIEIyET, YTO TaHHOE YCIOBUE ONPEIEIAET OKPYKHOCTb (X - 2) + y2 =4,
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[Ipumep 2.14. Onpenennuts, KAKOE MHOKECTBO TOUYEK yIOBIETBOPSIET YCIOBUIO

0<Imz<1.

Pemenue. Tak xak 10 ompeneneHuto IMZ =Y, 1o naHHOe yclIoBUE MOXKET
ObITh 3anmcano B Buje: 0 < ySl. CraenoBaTeabHO, HICKOMOE MHOKECTBO TOYECK -
TOYKH ITOJIOCHI MEXAY IPAMBIMUA Y = Omu y= 1, sxmouas atu npsimbeie (puc. 2.8).

JlaHHO€ MHOECTBO SBJSETCS 00JACTHIO, IPUYEM OTKPBITOM, HEOTPAHUYEHHOM.

[Tpumep 2.15. IlocTpouTh Ha KOMIUIEKCHOM IIOCKOCTH 00JIaCTH, 3aJaHHBIC
ycioBusimu: a) 4 < ‘Z +ﬂ+\z —Zu <5; 0) 1< ‘Z‘ <2,0<argz < %

Penienue. a) MckOMOE MHOXECTBO TOYEK YJOBJICTBOPSET JBYM YCIOBHSIM:
‘Z +1‘ + ‘Z —1‘ >4 u ‘Z +1‘ + ‘Z —1‘ <5. TlepBoe yciIOBHE OMpEAECISET BHEIIHOCTH
smmnca ¢ ¢okycamu Z;=-1 u Z, =1, mia xoroporo 2a=4,2C= ‘21 —ZZ‘,

b=+4-1=+/3 (ypaBHEHHE DdJIMIIca B JICUCTBUTENBbHBIX  MEPEMEHHBIX:

2 2

X

Z+y? =1). Bropoe ypaBHEeHHE - BHYTPEHHOCTh 3JUTUICA C (DOKycaMu B TeX Ke

25 A 21
TOYKax ¢ moiyocsiMu a;=— u Dy =.[——-1=—— (ypaBHeHHe OJuMICa B
2 4 2
x2 y2

JNEUCTBUTENBHBIX MEPEMEHHBIX: 1). Hckomas o06macTh - YacTh

—+ =
25/4 " 21/4
IIJIOCKOCTH, 3aKIOYCHHAas Me)KI[y I[BYMf{ SJIJINIICAMHA (pI/IC 29), BKJIO4asa cCaMu

amurickl. O6JaCTh 3aMKHYTas, OTPaHUYCHHAS.

Z z+1+]z-1=4 “ z+1+]z-1=5
/ / / ///// / /x W '
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6) JICTKO BUACTb, YTO MHOKCCTBO TOYCK, YJAOBJICTBOPAOIINX YCIOBHIO

1<‘Z‘< 2, eCThb BHYTPEHHOCTH KOJbI[A, OTPAHHYEHHOTO OKPYKHOCTSMH ‘Z‘zl u

‘Z‘ =2 C LeHTpaMH B Hayaje KoopauHar u paauycamu 1 u 2 . CucreMa HEPABEHCTB

0 <arg< — ompenensieT MHOKECTBO TOYEK, COCTABISIONIMX YrOJ MEKIY JIydaMu

/4
p=0u @= 1 OpUYeM TOYKH MEPBOro Jiyya MpUHaAIexaT o0JacTu, a BTOPOro -

HCT.

[lepeceuenre yKa3aHHBIX OOJNACTEHW ONpeeseT HCKoMyro obmacte D,
KOoTOpas n3odpaxena Ha puc. 2.10.

IIpumep 2.16. Kakoe MHOXECTBO TOYEK

KOMIIUJIEKCHOU
2
onpenenserca ycnosuem  IMZ° < —-17?

IINTIOCKOCTH

Pemenne. Hycts Z=X+1y. Torma Z=X—1Y n Z° =x2—y2+i(—2xy).

_ 1
Crenosarensho, IMz? = —2XY . TTo ycnosuro — 2XYy < —1 unu Xy > = . Tloay4ueHHOE

HCPABCHCTBO OMPCACIACT MHOKCCTBO TOUCK, I/I306pa}KCHHLIX Ha puc. 2.10.

Y Y

A A -

argz - —

/ %\. /=2 . —
QJl 2 X =
= 0 v
2=1 — X

Puc. 2.10
Puc. 2.11
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2.3. ®yHKUIMA KOMILUIEKCHOro nepeMmenHoro. [lpenes u HenmpepbIBHOCTH
(pyakunu. OCHOBHBIE 3JIEeMEHTApHbIE PYHKIMHU
Hanomunaem (popmyna 1.17 u3 nepBoit yactu), 4To (PYHKIUIO KOMIUIEKCHOTO
MEPEeMEHHOTO W=W(Z) MOKHO MPEJCTaBUTh B BHIe W(Z)=U(X;y) + I-V(X;y).

[Ipumep 2.17.BbimenuTs ACHCTBUTENBHYIHO W MHHUMYIO 4YacTh (YHKIUU

w(z) = e?’

Pemienue. Tak kak Z=X+1Yy, Torga o ONpeNETEHHIO II0KAa3aTeIbHOMN
2 2 2, 2 2 ..
Gysxkmuu (1.6) u (1.12), umeem e° :e(x - %'zxy =e* 7Y (c032xy+|sm2xy).
X2 _y? x2oy?

Otkyma Rew =¢ -C0S2xy, Imw =¢e -SIN2XY .

[MIpumep 2.18. Haiftu 3HaueHue QyHKUIUU W=SINZ B TOUKE
Z, =7z+i|n(2+\/§), MHa4ye ToBOps, HaiiTh oOpa3 TOYKM Z, HPH OTOOPaKeHUH
W =sinz.

Pemenne. W, =Sinz, = Sin[ﬂ'-l- i|n(2+\/§)J:no GopMmyile  TpUBEICHUS

=sin(iIn(2+V5 )= o dopmyre (1.24) =ish (In(2+J§)) = wucnonb3yeM (opMyIry

(122 :eln(2+\/§)_e—ln(z+£)l 2+\/_ +\/— (2_'_\/_)2 1

2 2 22++5)

=2i, |wg|=2

DTOT npuMep ToKa3biBaeT, yTo ¢yHKus W = SINZ B KOMIUIEKCHO#N obJjiacTu

MOKCT [IPUHUMATh 3HAYCHUS, o0obuiue et)uuuubt 10 MOAYJIIO.

ITpumep 2.19. Haiitu kopuu ypaBHeHus COSZ=2 u u300pa3uTh HX Ha
IIJIOCKOCTH.

Pemenne. Ilo ompegenenuto ¢ynkuuun W = COSZ, u3 (1.22) wumeem
e’ +e'”

> =2, oTkyaa e?? —4e'"" +1=0. TlonyueHHOE KBajAPaTHOE

ypaBHEHHE OTHOCHTENBHO € ° MMeeT KOPHH e =2+4/3. CrnenoBarenbHO, B CUILY
onpeneneHus jorapupmuaeckoit pynkiuu (1.25) ¢ yuerom (1.26) momydaem
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iz = In2£ /3| +iarg(2 £ v/3)+ i27k = In2 £ V3) +i27k, k=0+1+2,.... Orciona
omnpeznensiem Z: Z, = 27K — iln(2 + \/g), k=0,2£1,%2,.... Urak, nojay4eHsl 1B CEPUH
xopueit zU = 27k —iIn(2++/3 )2 = 22k —iIn(2—-+/3), (k =0,+1+2,...).

k k

(2)

V4uThIBas, 4TO In(2 V3 )—l —In(2+J_ ) BTOpast cepust KOpHei Z,

+\/_

IEPENUIIETCA B BHIE Z 2nk+||n(2+\/_ ) Takum 00pa3oM, KOpHAMH

JaHHOTI'O YPaBHCHUS SABJIAIOTCA TOYKH, PACIIOJOKCHHBIC HA IMPAMBIX, ITapalJICJIbHbIX

neiicrButensHoi ock OX M OTCTOAIIMX OT HEEe HAa PACCTOSHUM In(2+\/§) (pwuc.

2.12).I1pu n300paskeHUH YHUCEI YUTEHO, YTO In(2 +4/3 ) ~131.

Ya
A R - 2 Inf2+3)
| | | | >
— 21 0 21 4n 6n X
BB T

Puc. 2.12

[Tpumep 2.20. [1pu otoOpaxkenun W = z% naitru:
a) obpa3 mpsimoit uann £, Y = X—1;
0) oOpa3bl MNPSIMOYTOJIBHOM CETKH, T.€. MPAMBIX, MaApPALIECIBHBIX OCAM

KoopauHat: X = CONSt,y = const;
B) 00pa3 muHuu Z‘Z‘ =2,0<argz<r;
r) o6pas o6nactu D, 1z|<2,Imz > 0,Rez > 0;

1) obpa3 obmactu D,: BHyTpeHHOCTH TpeyrosipHUKA C BEPIIMHAMHU B TOYKax

011+ 2i.
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Pemenuie. a)llonaras Z=X-+1Yy, onpenenuM AEHCTBUTENBHYIO ¥ MHHUMYIO

2

sactu pymkumn W =2° : Rew = u(x,y)=x%—y?,Imw = v(X,y) = 2xy . Jlns Toro

4TO0bI HAaWTH ypaBHeHuWe oOpasa L, manHOM mpsmoin /,, uckiounm Y wu3

2 2
u(x,y)=x*-y
YPaBHEHHMU v(x,y): 2Xy , B PE3yJIbTaTC 4YCro IOJYy4YMM JIBa COOTHOUICHUS:
y=x-1
u=2x-1
%2 _ 9 Ecnu U3 1oay4eHHb! COOTHOLIEHUN HCKIIOUUTL X , TO IPUIEM K
V=72IX" —£X

ypaBHEHHIO 00Opa3a B IIOCKOCTH W B JACHCTBUTENIbHBIX MNepeMeHHbIXx U u V.

V= —(u2 —1). Kaxk BugHO, HCKOMBII 00pa3 - ecth mapabdomna (puc. 2.13).

2

)/Ik \/lk
y=x-1 V=%@2—Q
0| 1 % UL
A

Puc. 2.13

©0) Uro0On! Haiith 00passl cemelictBa npameix X = C, moxcraBum BMecto X

o 2,
€ro 3HA4YCHHUC B JACHUCTBUTCIBHYIO W MHHMYIO YdCTHU (bYHKHI/II/I W=2":

2
Vv
u=c?- yZ,V = 2Cy. Uckmouus orcoga Y, nonydum U = c?——— — cemeiicTBO

2
4c
mapaboJ1, CHUMMETPUYHEIX OTHOCHTENbHO ocu OU, BepIMHBI KOTOPBIX HAXOAATCS Ha

IIOJIO’KUTEIIBHOW YacTH 3TOM OCH, a BETBU HAIPaBJIEHBl B CTOPOHY OTPULIATEIILHOMU

gactu ocu OU (puc. 2.14). B wactnoctw, npu C=21 u  C= %2 cooTBETCTBEHHO

nveem V2 = —4(u—1) u v2 =-16(u —4).
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Munmas ock (ee ypaBnenme X = 0) mnockoctu Z 0ToOpasuTcs Ha JIUHUIO
2. .
{u ==y, V= 0}. BTopoe U3 3THX paBEHCTB yKa3bIBaeT, 4Tto obpas npsamoit X = 0

Ha OCHu OU, a M3 IICPBOI0 paBCHCTBA CJICAYCT, YTO U MoxeT [MPUHUMATL JIMIIb

OTpI/IHaTeJ'IBHBIe SHAYCHMUSI. CJIG)IOB&TCJIBHO, MHUMasgd OChb X = O IUIOCKOCTU Z

oTOOpakaeTcs Ha OTPUIATENBHYI) 4YacTh JIEUCTBUTEIBHOW OCH IUIOCKOCTH
us<o

W: .
v=20

CemelictBo npameix Y = 0 oTobpaxkaercs B ceMeHCTBO KPHBBIX

u=x*—d? V2
uwm U=

v =2xd 4d?

2
- d Ha INIOCKOCTHU W.

[Monyunnu cemelicTBo mapaboyi, cUMMeTpuUuHbIX oTHocutensHo ocu OU,
BEepIIMHBI Haxonarcs Ha oTpuuarensHoii wactu OU, wanpasnenue Berseit
COBIAfaeT ¢ nojoxkutenspHsM Harpaiaenuem ocu OU (puc. 2.14). B uactHOCTH,
mpu =11 u d=12 umeem Vi =4(u+1),v* =16(u+4). pu d=0

2
IIOJTy4aeM: . D710 3Hauut, uTo aeiicTBuTenbHas ock Y =0 rmiockoctn Z

0TOOPaKACTCsI B MOJIOKUTEIBHYIO YaCTh ICUCTBUTENHLHOM OCH TIIOCKOCTH W,
Urak, cerka npsambix XOY nuHuMit 0T00pasurcs B CETKY MapaOOIMYeCKUX
kpuBbIX B mockoctd UOV .

B) JIunus ¢, — NOJNYOKPYKHOCTb BEpXHEil MOIYIUIOCKOCTH C IIEHTPOM B
Hayaje KOOPAUHAT U paguycoM [ = 2. YpaBHeHHe KPUBOMH 3aIMIIEM B KOMILIEKCHO-

napameTpuyeckoun popme Z = re' ,Tne = ‘Z‘ =2, 0<op<m.
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X=-2
Xx=-1

<

0

X=

1

w <
il
F N

Torna W = z° =%’ orkyna crenyer, uro ‘W‘ =4; argw = 2argz . 3naywr,

2
npu otoOpaxkennn W = Z° TOYKH, JIEKaIIUME HA TOJYOKPYXHOCTH IUIOCKOCTH Z,

nepeiIyT B TOUKH, JIEKANIUE Ha OKPYKHOCTH ‘W‘ =4, 0<argw < 27 mockoctH

W (puc. 2.15).
Ya
R
—2 0| 2

r) st oreickanust obpasa G, obmactu D, moxHO Haiitm o6pa3z L

rpaHulbl (ecid 00JIacTh 3aMKHYTas WM OTpaHUYCHHAas), a 3aTeM BBIICHUTH
PacIoyioKeHNEe UCKOMOW OOJIACTH OTHOCUTENIBHO €€ TpaHullbl. Eciu mpousBosibHAS

Touka Z, € D, mepexomur B Touky W,, nexamryi0o BHYTpu KoHTypa L

Puc. 2.15

Puc. 2.14




obmacte (G, ectb orpaHMdYeHHas 00JACTH - MHOKECTBO TOYCK ILIOCKOCTH W,
JIeXAIINX BHYTpH KoHTypa. Eci Touka Z, € D nepexoaut B Touky W, , JIexkKalyro
BHE KOHTYpa, To obmacts G, ecTb 061acTh HEOrpaHHYCHHAsI, PACIIONIOKECHHAsT BHE

muann L, . TTo ycnoButo, obnacte D, minockoctu Z ecTh 4eTBepTh Kpyra B IEpBOii
YETBEPTU KOOPJUHATHOM IIJIOCKOCTH (puc. 2.16).

Kak Obl10 mOKa3aHO B MpenbIAyIIMX MYHKTax 0) W B) 3agayd, MHHMas OCh
OY(x=0) mepexomur B orpumaremshylo  momyocs  OU(u<0,v=0),
JCUCTBUTENIbHASI OCh OX(y = 0)— B mosoxkuTeNbHyI0 moxyocs OU(U>0,v=0), a
nyra AB okpyxHoctd miockoct Z mepexoauT B moiyokpyxknocts A'CB’
BepxHel nmomyriaockocta W .

Ha ocHOBaHuM 3TOro MOXHO 3aKiIrouuTh, uTo oOpasom konrypa OABO

mwiockoctu Z siBiasiercs koutyp OA'CB'O  mnockoct W (puc. 2.16). UroObl

yOeIUTECS B 3TOM, YETBEPTH Kpyra ‘Z‘ <2,Rez>0, Imz>0 orobpaxaercs B

BEPXHUN TIOIYKPYT: ‘W‘ <4, Imv >0, nokakem, 4YTo NpPOU3BOJLHAS TOYKA

oOJyiact DZ NepeXoqUT B TOYKY TOJIyKpyra GW. Hampumep, mpu
YA V“
7 w
D c /‘W‘ =4
B % ‘Z‘ e 2 l,/=.ﬁ.¥"":\\
ol A B 0l A u
Puc. 2.16

_ - _ 2_ -
Z,=1+1, W, =2, =21, re. W, €G,,.

n) obnacte D, m3obpaxena Ha puc. 2.17a. Haiinem nocienoBareabHO o6pasbl

Y4YacCTKOB I'paHUIIbl 001acTu DZ, IIOMHSI, 4TO u(x, y) =x% - y2 y V(X, y) = 2XY.
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Otpesok Z,Z,, ypaBueHue koroporo X, =1, mpuuem 0<y <2, umeer

2.
CBOMM 00pa3oM JIHHHIO: {u =1-vy%; V:2y}. JIerko YCTaHOBHTBH, YTO 3TO €CTh

yacTh mapaGoist V- = —4(u — 1), T.k. —35U<1,0<Vv <4 (puc. 2.17 6).

Otpesok 0z,, ypasuenue koroporo Y = 2X, rne 0< X <1, umeer cBoum

u=-3x° 3
00pasoM JIMHUIO: , » OTKyna nmeeM V= 2 U, npuuem —3< U <0,
vV =4x

0<v <4 (puc. 2.17 6).

:HV

Puc.2.17a Puc. 2.176

Otpezok 0z,:y=0,0<x<1 orobpaxaercsi B otpesok ocu O0U, Ttk

u=x’, v=0u 0<u<1 (puc.2.17 6).

Yrobbl MOKa3aTh, KyAa MEPEXOMUT BHYTPEHHOCTb TpeyrombHuka 0Z;Z,,

o ,
Bo3bMeM TouKy Z, = 0,5+ 0,51. Haiimem cootBercTByromee 3HaueHne W, = Zj = E
Takum 00pa3oMm, OTOOpaKEHUEM IPSIMOJIMHEMHOIO TPEYrONbLHUKA IIJIOCKOCTH Z,

. 2 N
ocymiecTBiasieMoro ¢GyHkuuerr W = Z°, sBIseTCS KPUBOJWHEHWHBIN TpPEYroJbHUK

wiockoctu W, mpecTaBiIeHHBIN Ha puc. 2.17 6.

[Ipumep 2.21. Oto6pasuTh C INOMOIIbIO (YHKIMH W =6€° 1ekapToBy

KOOPJAWHATHYIO CETKY.
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Pemienne. BBeneM Ha IIIOCKOCTH Z JIEKapTOBBIE, a HA IUIOCKOCTH W —

; i
MOJISIPHBIE KOOPAWHATBI, TO €CTh MOJOXHM Z =X+ I1Y,W =T€ ?. Tlo OIIPEACICHUIO

X+iy

1oKa3aTeabHOM GyHKIHK uMeeM W =€ =g =e*e" = (mo dopmyie Ditnepa)=

= e*(cosy +isiny). CrenoBarensHo,
r=wj=e‘, e¢=argw=y. (2.3)
Haiinem o6pa3bl koopanHaTHbIX TuHUN X = C. M3 paBencTBa (2.3) umeem
r=|w=e°, —oco<argw<o. (2.4)
Korna touka Z nmpobGeraer npsimyto X = C, ee 00pa3, Kak cIeayeT U3 CUCTEMBI
(2.4), mpobGeraer OKPYXHOCTb, IpPHYEM OECKOHEYHO MHOTO pa3, B CHIY

V) z
NEPUOJUYHOCTH ToOKa3zatenpbHON (yHkiumu W = €°. PaccmMoTpuM H3MEHEHUE ee

aprymenTa B mpomexytke 0 < argw < 27, 9TO COOTBETCTBYET M3MEHEHUIO Y B
TOM K€ MHTepBaje. Torma oOpasamu orpeskoB X =C, 0<Y < 2n gsusrorcs
OKPY>XHOCTH paguyca I = e’ ¢ IIEHTPOM B Hayajle KOOpAMHAT, MpoOeraeMble OUH

pa3 (puc. 2.18).

Haiinem Tenepb 00pa3bl KOOPAUHATHBIX NPpAMBIX Y = 0,—00 < X <00 u mycTh
0<d < 2x.B cuny paBenctsa (2.4) nmeem
O<|w=€e"<ow, O0<argw=d<2r. (2.5)
U3 cucremsl (2.5) cnemyer: korja Touka Z npoberaer mpsmyro Y = d, Touka
W npoberaer nyu argw = d, ucxonsmmii u3 Havana KOOpANHAT (O < ‘W‘ < oo)

(puc. 2.18).
Z o
Hrtak, pyskumss W =€~ oroOpakaeT MNpsMble, HapaliebHble MHUMOW OCH
(X = COﬂSt), B OKpPYXHOCTH C LEHTPOM B Haydajie KOOpAWHAT, a MpsMBIE,
[MAPAUIECIIbHBIE JIEUCTBUTEIIBHOU OCH (y: const), B JIy4YH, BBIXOJAIIME U3 Havala

KOOpJIMHAT; WHA4Ye TOBOPSA, JIEKapTOBas NPSIMOYTroJibHAs CETKa OToOpakaeTcs B

MOJIAPHYIO KOOPAMHATHYIO CeTKy. lIpu 3TOM 3alITpuxOBaHHBIM MNPSIMOYTOJIBHUK
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c<x<c,d<y<d (0<d-d<27) mmockoctn Z  orobpakactcs B

3aIITPUXOBAHHYIO YacTh KOJibIla IiIockocTu W (puc. 2.18).

Ya

: = ¢

27 ‘W‘ B eC\‘

)

v

Puc. 2.18

Z

[Tpumep 2.22. ITokasats, uto lim— ne cymecrayer .
z—>07Z7

Pemenue. Ilycts Touka Z crpemMuTcs K HyJjeBou Touke mo ocu 0X. Torma

. Z . X .
z=X u lim==Ilim==Iliml=1. Hycrs teneps Z—> 0 mo ocu 0Y. Torma
z—>07 x—0 X x—0

o . Z L - :
Z=1y,Zz=-y u lim—= lim Y - lim(—1)=—1. Takum oGpasom, mpexessl 10
z—»07 y-—0 1y y—0

ﬂByNIH&Hp&BH@HHHNIp&&HHQHBIH,CHCHOB&TCHBHO,Iin1—'HC(BHH€CTBy€T.

z—>07Z7
2 -
Z°+31z-2

[pumep 2.23. Beraucnurs  lim :
Z—>-1 Z+1

Pemenwue. IlogcraBuM B MECTO Z €ro mpeleiibHOE 3HAYCHHE, TO eCTh (-i):

(—)% +3i(-i)-2 _ -1+3-2

0
|5| — TONYyYMUIIM HEOMPENEICHHOCTh. 3HAYUT JPOOHOE

—i+i —i+i

BBIPaKCHHC Halo TIpeoGpasosath : Z° +3iz —2=0=2, =—2i,2, =—i.

2 - - -
lim 2 432=2 _ o @r2ifar) o on g
Z—>—i Z+1 Z—>—i (z+i Z—>—i
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2.4. IIpousBoaHasi yHKIUM KOMILIEKCHOTO IePeMEHHOrO.
Ycaosus nuddepeHunpyeMocT. AHAJIUTHYECKHE QYHKIIMH

[Mpumep 2.24. Tokazath, uyTo GyHKIMS W(Z)=Z aHAIUTUYECKas, U HAWTU ee
IIPOU3BOIHYIO.

Pemenne. B coorBerctBuu ¢ dopmynoit (1.17) w3 mepBoi 4acTH STOro
nocoOust pecTaBuM Hainy GyHkiuio B Buae W(Z)=u(X,y)+i-v(X,y). Tak kak z=x+iy,
T0 W(Z)=2=Xx+1y. U mbI BuguM, uto U(X,Y)=x; V(X,y)=Y. [IpoBepuM, BBITIOIHSIIOTCS JIH
ycinoBusi  Komm  (1.30). Jlnsg 95TOro MmOATOTOBUM  YacTHbIE  ITPOU3BOJIHBIE
a_p A ﬂ =0; al =1, u noxacrasum pesynbrar B popmyiisl (1.30). Bugum,
K 0”3’ Nz SIS
YTO PpaBEHCTBA BEPHBI /I BCEX Z W3 00JIaCTU ompejeseHuss (QYHKIUU. 3HAYUT,
byukius W(z)=z ananutuvHa. BerauciiseM ee MpOM3BOAHYIO MO OAHOM W3 (OpMYII
(1.31), manmpumep mo nepsoit w'(z)=1+0i. Urak w'(z)=(z)'=1.

[Tpumep 2.25. IIpoBeputs, sBisercs Jiu GyHKIUA W(Z)=y+iX aHaATUTHIECKOM.

Pemenwne. B otnuuane oT GyHKINN, paCCMOTPEHHON B MPEIBIIYIEM IIPpUMEpE,

3/1eCh X M Y MOMEHsIMCh MecTamu. M teneps U(X,Y)=Y; V(X,y)= x. 3HaYUT 4acTHBIC

IPOU3BOAHBIE OyIyT APYTUMHU: @ =0; é =1, ﬂ =1 ﬂ =0. IToacraBuM aaHHBIE
X ¥ X H
uugpsl B ycnoBus (1.30) u Buaum, yto Hapyuaercs BTopoe yciaoue 1# —1. 3nayur,
GyHKIMST W(Z)=y+IX HEe aHAIUTHYHA BO BCEX TOYKAX KOMIUIEKCHOW IUIOCKOCTH H
MIPOU3BOHAS JIJIs1 HEE HE CYILIECTBYET.
[Tpumep 2.26. BoisicHUTb, SBISETCA JIU aHATUTUYECKOU QyHKIMS: a) W =Z ;
o) W=2zIlmz?
Pemenue. a) Tak kak Z=X—1y, o Rew=U=X, ImMw =V =-y. Otkyza

2 1% 0,— ad O,Qz—l. Kak Bumno, mepoe ycmosue (C.-R.) (1.30) He

X 1%
BbINIOJIHAECTCS HU 1npu  kKakux X u Y. CnenoBarenbHo, (QyHKIUS He

muddepeHniupyemMa Hi B OJTHOM TOUYKE MJIOCKOCTH, a TO3TOMY U HE aHAJIUTUYHA.
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6) Mmeem W =zImz = (X +iy)y = xy +iy?. Oyuxum u(X,y)=Xxy u v(X,y)=y>

auddepeHIupyeMbl B KaXKI0M TOUYKE IJIOCKOCTH, MO0 MX YaCTHBIC NMPOU3BOJHBIC

Al Al N N

—=Y,— =X,— =0,— = 2y nHenpepriBHbI Ha Bceii wiockoctu. Ho ycnosus (C.-

y
X T XK K
R.) He BBIMOJHSAIOTCA HH B KaKOH TOYKE IJIOCKOCTH, KPOME TOUYKH (0;0), re BCe

YaCTHBIE IPOU3BOAHLIE paBHBI Hymo. CremosarensHo, (yHknus W =ZzZImz

muddepeHupyemMa ToJIbKO B OJTHOM TOYKE, HO HE SIBISETCS aHAJTUTHYECKOW B HEH,
T.K. MO ompelesieHnto, TpedyeTrcs nuddepeHunupyeMocTb B OKPECTHOCTH JaHHOMU

touku. Takum oGpasoM, Qpyukius W =ZIMZ He sABiIgETCA aHAIMTUYECKON HM IIPH

KAaKOM 3HA4€HUU Z .
W3 mpuBeACHHOTO IpUMeEpa SICHO, YTO aHAIMTUYHOCTH (PYHKIIMH B TOUKE Ooiee

cCuwiIbHOE TpeboBaHue, yeM AU HepeHIupPyEeMOCTh €€ B 3TOM TOUKE.

[Tpumep 2.27. Ilokazath, uto ¢yHKIUI W = e mubdepenuupyema u

aHAJIMTMYHA BO BCEH KOMILJIEKCHOM MJIOCKOCTH. BhIUHUCIUTE €¢ IMPOU3BOAHYIO.

Pemenue. Halinem Rew u Imw . ITo onpenenenuro, nmeem g% = 20+ )

= e**(cos2y +isin2y). Cenosarensro, U(X,Y)=e"*cos2y,

= 2e?*cos2y, a_ —2e*sin2y,
v(x,y)=e**sin2y. Otkyza 3

= 2e?*sin2y, — =2e**cos2y.

D D

Kaxk BHUJIHO, YaCTHBIC IMPOU3BOJAHBLIC HCIIPCPBIBHBI Ha Bcel IIIIOCKOCTH, H

byHKUMN u(x,y), v(x,y) b depeHurpyemMbl B KaXA0W TOUKE MIOCKOCTH. Y CIOBUS

(C.-R.) BemonHstorcsi. CnenoBaTenbHO, W=f(Z) muddepeHurpyema B Kaxaou
TOUYKE IUIOCKOCTH, a 3HAuuT, U AHWINTHYHA Ha Bced Iuiockoctd Z. [loatomy
MPOU3BOJIHYIO MOKHO HaTH mo ogHOo# u3 popmy (1.31):

, Al N

W ==+ = 2e2*(cos2y +isin2y ) = 2e?2.
S (cos2y y)
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Hakonen, mpow3BogHasi MOXKeT OBITh HaiijleHAa MO TpaBwiaM (HopMaIbLHOTO

U
nuddepenuuposanus: W' = (ezz) = 2.
[Ipumep 2.28. CymecTtByeT 1M aHaiIuTH4YecKas (QYHKOUS, IJI1 KOTOPOM

y
Rew = u(x,y)=ex ?

y
Pewenue. IIpoBepum, sABisgercs v QyHKIUSA u(x,y): e* rapmonmueckoi. C

y 2 Y/.,2 y
STOU LIEJIBIO HaXOJIUM @:ex(—l) @:ex(y—+2—y],§:exl,
X

X x? ) x® x* X3

u 1 2% A%
—F=—€ un —5+—>== O 3 MMOCJICAHCTO COOTHOIICHUA CICAYCT, YTO

@2 X2 @(2 @2

HE MOXET OBITh ACHUCTBHUTSIBHON, a TakKe M MHHMOH YacTbhIO
AHAIMTHYECKON (PyHKIUU.

[Tpumep 2.29. HaiiTu, ecinu 3T0 BO3MOXKHO, aHATUTUYECKYIO (PYHKIUIO 1O €€

nencTBUTENLHON yacTn REW = 3x2y - y3.

Pemienne. Ilpexnae mpoBepuM, SBISETCA JU (PYHKIHS u(x,y): 3x2y— y3

2 2
u u
rapMoHnyeckoil. Haxomaum a = 6xy,0f,—2 = 6y,@ = 3x% —3y? ,5—2 =—0y wu
X X %% %)
o°u o4
7 + ? =06y — 6y =0. l'apmoHnveckass Ha BCEH MIOCKOCTH (DYHKITHS u(x, y)
N Al N
COIpsDKCHA C V(X, y) ycnoBusimu Komu-Pumana — =-—,—=——. U3 3Tux
¥y X
YCJIOBUM IOJy4YaeM —— = 6xy,5 = —(3X2 — 3y2). N3 1nepBoro ypaBHEHUsI CUCTEMBI

HaXO0JIUM v(x,y) MHTETPUPOBAHUEM 110 Y, cuuTast X MOCTOSIHHBIM,

v(x,y)= [6xydy + C(x) = 3xy? + C(x),
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rmue C(X)— pou3BOJIbHAs (DYHKIWS, TOAJIeXkKalas onpenenenuro. Haiinem otrcroma

N

5:3y2 +C'(X) U TPUPABHUBACM K BBIPAKCHHUIO = paHee HailICHHOMY:

3y? + C'(X) =-3x?+3y?. Homyumm mupdepeHuManbHOE  ypaBHEHHE IS
onpenenenns ynxman C(X):C'(X)=—-3x?. Orxyza
C(x)=-3[x’dx+C=-x*+C.  Urak, V(X,y)=3xy’-x*+C.  Torma
w=Ff(z)=3xy -y’ + i(3xy2 -x3+ C): -iz® +iC.

[Ipumep 2.30. BoccTaHOBUTH aHAIUTHYECKYIO (QYHKIHIO W = f(Z) o
U3BECTHOM €€ MHUMOHW YacTH V(X, y) = —25in2xsh2y +Y U npu JONOJHUTEIBHOM
YCIOBUH f(O) =2.

Pemenue. Omyckasi npoBepKy JaHHON (QYHKIIMHM HA TAPMOHUYHOCTD, HAXOAUM

N :
— =-4sin2xch2y+1. Torma mo mepBomy ycioButo  Komm-Pumana

v _Jdu,ou :
=—) =—4sin2xch2y+1. HWurerpupyem rmociieHee COOTHOIIEHHUE,

3y Ix Ox

(

uto6bl mafitn U: U= [(—4sin2xch2y +1)dx + C(y)= 2cos2xch2y + x + C(y).

Oyukius  U=U(X,y) coaepxutr moka He wu3BecTHY0 ¢yHkimoo C(Y).UToOs

omperenuts  ee  Bup,  auddepeHuupyem u nmo Y, OOIy4uMm
al , ou ov
5 = 4c0s2xsh2y + C'(y) (*). Ilo Bropomy ycinoBuio Komm-Pumana oy = 3y

ou
10 ectb — = 4C0S2XSh2y (**). IlpupaBnuBaem mnpaseie yactu u3 (*) m (¥*):

oy
4c0s2xsh2y +C'(y) = 4cos2xsh2y. Orkyma cmenyer, uro C'(y)=0 u
C(y) = C = const.
Hrak, U = 2€0s2Xch2y + X + C, cnenosarensuo, W = U(X,Y) +iv(X,y) =

= 2¢082xch2y + X +i(— 2sin2xsh2y +y)+ C wm W(z) =z +2c0s2z + C.

72



Kak BugHO ™3 TPHUBEACHHBIX NPHUMEPOB, aHATUTHYECKAs  (YHKIIHS
ONpeaensieTcss MO CBOEW JEUCTBUTEILHOW WM MHHUMOW 4YacTM C TOYHOCTBIO 10
MPOU3BOJIBHONW TOCTOSAHHOM. 3aJlaHue JOMOJHUTEIBHOIO YCIOBUS - 3HAYCHUA
GYHKIIMM B TOYKE - TIO3BOJIACT OMNPEIACIUTh aHATUTUYECKYH  (DYHKIHIO

CANHCTBCHHBIM o6pa30M.

Ilo ycmosuo f(0)=2; Bocmomssyemcs 3TMM I8 ONpenecHHs
C:f(0)=0+2+C=2,orkyna C=0. Orser: f(z)=z+2c0s2z.

[pumep 2.31. Haiitu koddduiment mogodust K u yroi moBopora ¢ B TOUKe
Z JT 3 -
Z, npu oTOOpakeHnn W = f(Z): a) W=e",Z, = —1—|E; 6) W=2",2,=2.

o Z
Pemenne. a) Haiinem W' =f(z)=€” u ee uyactHoe 3HaueHME B TOuKe

T
Zg=-1- i% f'(zy)=¢ 2 _ e—{cos(— %) + isin(— %D . 3HAYMT, KOIPDHUIMEHT

1
nomobus K= f'(ZO){ =—<1, 1.e. oToOpakeHHE MPOM3BOIUT CHKATHUE B TOUKE Z,, a
e

T T
0] =argf’(zo)= E T.e. B JAHHOW TOYKE MPOMCXOIUT BpalleHHE Ha YroJl 5 o

4aCOBOM CTPEJIKE.
6) W' =3z%|_,=-12= 12(COS7I + 1sin TE), OTKyJa CIEIyeT, 4TO
k0o puuuent pactskenus K =12, a yron mosopora ¢ = 7.

2.5. UuTerpupoBanue (PyHKIUN KOMILJIEKCHOTO IIePeMEHHOTI0

Z2
[Mpumep 2.32. BeI4uCINT HHTETPA j w(z)dz, roe z=x+iy, w(z)=
a1

(x3-3xy?+x+1)+i-(y>-3yx°+y) 1o mpsiMoit, coenumsomeii Toukn Z,=1-i u Z,=i, B
HaMpaBJICHUH OT Z1 K Zj,

Pemenue. YpaBHeHue MyTH UHTETPUPOBAHUSA, TO €CTh MPSIMOMN JTUHUU Z1Z;

X—Xq y—y1 x-1_y
uc. 2.19) vaxogum o hopmyiie = 1501051 =
(p ) dopmy e v— i

: Tornma y=-2x+1 (*) u

dy=- 2dx.
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=
/N
b
—

Puc. 2.19

Zy Zy
Tenepn paccMarpuBaeM MHTErpal j w(z)dz = j ((x* =3xy* + X +1) +
2 2

Z
+i(y® —3x°y +y))(dx +idy) = |no popmymne (1.35)|= [ (x> —3xy® +x +1)dx —

A

Z
—(y® =3x%y+y)dy +i [ (y° —3x°y +y)dx + (x> —3xy* + X +1)dy = [pmecto Y

Z

0 0
noxcrasum (*)u dy = —2dx| = [ (x° —3x(-2x +1)* + X +1) — [ ((-2x +1)° -
1 1

—3x2(=2x +1) + (=2x +1))(-2dx) + i?((—Zx +1)% —3x%(=2x +1) + (—2x +1))dx +
1

0
+[(x* = 3x(=2x +1)* + x +1)(—2dx) = 2749+2i .
1

2 i
[pumep 2.33.BBIUUCINTE j sinzdz
7l2

—cin2
Penienune. Tak kak GyHKIMsS W(Z)=SIN“Z aHAJIMTHUYECKAass BCIOIY, TO HE MMEECT
3HA4YEeHHS, IO KAaKOMY IyTH UAET unrerpuposanue. [Ipumenum dpopmyny HetotoHa —

Jleitbanma (1.37), HO BHawane 1o Qopmye 2:sin’z=1- €OS 2z MeHsieM
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T . T . T .
=+ ~+r L

4 4 4
HOABIHTErPAILHY0  (PYHKIIMIO: j sin®zdz = 1 J (1-cos2z)dz = E( jldz -
7il2 2 412 2412

T .
Z

4 r om 1 -2 2z SN2 2z
— J. cos2zdz)=—+——-=((e " +e”") +i(e”“" —e"")) IIpumep pemen.
412 8 4 4

[Tpumep 2.34. BIYUCIUTH HHTETPAI §zezdz, rae £1- oKpyx)HOCTh |z|=1.
51

Pemenne. Tak kak ¢yHkums W(Z)=Z-e” aHaIUTHYHA BCIOAY M KOHTYD
MHTErPUPOBAHUS 3aMKHYTHIN, TO 110 TeopeMe Komu (1.38) §zezdz =0.

{1

z
[Tpumep 2.35. BerauciuThb §— dz,rme 4,- okpyxuOCTH |Z|=2.
Z —
4

z
Pemenue. [loapinTerpansuas QyHKIuUs W(Z)=—2 aHAJIMTUYHA BCIOJY, KPOME
Z—

TOYKHM Z=2. DTa TOYKa HaxoauTCsd Ha KOHTYPC HWHTCIPHUPOBAHUSA, IIPUMCHIACM

dopmyny Kommu (1.41), monaras f(z)=z, zp=2. Urak, §i2dz = 2721'(2‘2_2) =4
7 -
1

[Ipumep pemieH.

sinz
dz

[Ipumep 2.36. UnTerpan 5
j=4Z° + 4

Perrenue. B kpyre ‘Z‘ <4 dyukuus

sinz
f(Z)z 74 aHAJIMTUYECKas BCIOAY, KpOME TOYCK
Z° +

Z, =21 u Z,=-2i. BolpexxeM M3 JAHHOTrO Kpyra

/
><V

obmactu 0, W O,, OrpaHWYEHHbIC JIOOBIMU

N HENEPECeKaoIUMKCA 3aMKHYTBIMH KOHTypaMu /;

ul,,upuuem ¢, < D u /, = D (puc. 2.19). Torga

Puc. 2.20 B cuily TeopeMbl Komm 111 MHOTOCBSI3HOM 00J1acTH
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(popmyma (1.39)) umeem

sinzdz . sinzdz
—|—f =1, +1,. B xagecrBe ¢, u £, MOXHO

sinz
| = § 2 4d2: i} 2.4 2,4
‘2‘242 + ng + fZ Z +

B3ATh JIIOOBIC KOHTYDBI, B YaCTHOCTH OKpyxXHocTH. Ilycts £, = {Z: ‘Z - Zi‘ 21}1/1

l, ={ZZ ‘Z+2i‘=1} (puc. 2.19). Kaxngpii w3 wmurerpanoB |, u |, moxuo

sinz dz
BBIUUCINTh 1O uHTerpansHoit Qopmyne Komm (1.41) | = § - - =
L Z+22z-2
5 i SinZ 7sin2i | j sinz  dz . sinz sin(-2i)
. = » I = . .= LT - - '
Z+2i|,_, 2 5, Z—2AZ2+2 z-2i|,_, 2
T me .
Taxum o6pasom, | =1, +1, = E[SIHZI —sin(-2i)]=
2 2 2 2
T e2| _e—2| e—2| _e2| P e2 _e—2 _
e - f— - Z_T.— =|7Z'Sh2-
2 2 2 | 2
e’dz 5
[Ipumep 2.37. BeluucauTh MHTErpal §—4, rne L — npoussonbuerii
L (Z + 2)
3AMKHYTBI KOHTYp, OJHOKPATHO OOXOASAMMUNA TOuKy Z = —2 B MOJIOXHTEIHLHOM
HaIlpaBJICHUMU.

z

(z+2)

AHAJIMTUYECKOU BCHOAY, KpPpOMC TOYKH ZO =-2. I[JUI BBIYUCJICHHUA HWHTCTIPAJId

Pemenne. BuyTpu KoHTypa moAsIHTErpaibHas (QyHKIUS ABJISIETCS

Bocmosibdyemcsi popmyioit (1.42), BBIIEIUB aHATMTUYECKYIO B YKa3aHHOW 00JacTH

GyHKIHIO f(Z) = e, momaras N = 3. Tax xak " '(Z) =€° , To B COOTBETCTBHH C

e’dz  27i I
(1.42) § ;= fr(-2)="e2,
L (Z + 2) 3! 3
2.6. Paab1 B koMILIekcHOM 1ockocTH. Paabl Teitsiopa u Jlopana
= nie—i)’
Ipumep 2.38. Mccnenosarh Ha CXOAMMOCTb PSIL D —————.
n=1
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Pemenue. K pAany u3 a0COJIIOTHBIX BEJIMYMH YICHOB JaHHOT'O psiaa IPUMCHUM

1 im (n+1)e—i)"**n"
M 1) e i)

n -n [
P—ﬂ“m(nnl) :Ve2+1ﬁm(1+1j _ver+l 1+EL>1
+

n—oo n—oo n e eZ

dn,,
npusHak Janambepa: lim|—"=
n—oo an

CrnenoBatenbHO, PSJl PACXOIUTCS.

[Tpumep 2.39. Haiitu panuyc U Kpyr CXOJIUMOCTH PSAJIOB

£ 2" z+i-1)
D2y O Zou
. "e?| 1+je?

= lim H =0<l1

1
—>oo ‘1+|n‘ n—mm

CrnenoBarenbHO, JAHHBIA PsIA CXOAUTCS, U TPUTOM aOCOIOTHO, /Il BceX Z. Poub

Kpyra CXOANUMOCTH BBIITOJHACT BCA INIOCKOCTDh, paanyC CXOANUMOCTHU R =00,

0) Ilo mpusnaky /lamambepa nmeem

n
1n /2 \z+1—ﬂ-l+m2
H n+ 2 n
. |w Z ) Z+1-1 1+m )
hm—JﬂLl:Im1( _hm =
n—ow| W, (2) n—w| N+l n+l N—00 n+l
n 2 2 in 2
e2|l+ie?2 |(z+i+1) Jell+ie
\z+1—ﬂ . A1+e" \z+1—ﬂ
= lim = <1. Orcroma 3akiaro4aeM, 49TO DS CXOIUTCS
\/E n—oo /1+en+1 e

a0COJIIOTHO B 00s1acTH ‘Z +1- i‘ < €, T.e. B Kpyre ¢ paguycom R = € u ¢ nentpom B
Touke Z, = —1+1.

[Tpumep 2.40. Paznoxuth QyHKIIUIO W = f(Z) B psa Telsiopa B OKpECTHOCTH

TOYKHM Z, ¥ yKa3aTh PaJuyC CXOAUMOCTH: a) f(Z) = e’ Lo = E;
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6) f(z):ZiJrl,z0 =2;8) f(z)=e’sinz,z, = 0.

Pemenne. a) Bocronmb3yeMmcs M3BECTHBIM pasioikeHHeM jis €° (hopMyiisl
(Z_l) 1
(1.51)); ¢ oToit menbio mpeobpazyeM (GYHKIHIO K BHAy €° =€ \/_ ee

3ameHsAsI B pa3joKeHUU Z Ha Z—E, oJayuyuM ciueaywomuit psag  Tewnmopa

, JUI KOTOPOTO PalyC CXOAuMocTH R =0,

[i(zéj

0) BoigenuM B 1poOu 1enyo 4acTh, a 3aTEM 3HAMEHaTeNlb MPaBHIBHOU ApoOu

1
npeobpasyemM Tak, 4ToObl B HEM OBLIO cjaraeMoe (Z — 2): —=1l-—-=
z+1 z+1
1 1 1 1
=1- =1——————. Ucnonb3ys paznoxenue GpyHKIuu —— (hopMyIibl
z—-2+3 3,,272 1+2

3

z g I$gp(2m?) oty Y E-2)
(1.51)), nonyunm Z+1_1 3nzo( 1)( 3 j =1 BnZO 2 :

Pamuyc cxogumoctd R =3, Tak xax Gmuwxkaiimas ocobas Touka Z = —1

yJalleHa OT LIEHTPa Kpyra CXOAMMOCTH Z, = 2 Ha PacCTOSHHUE, PABHOE 3.

B) [IpencraBum nanHyo QyHKIUIO CAEAYIOIMUM 00pa3oM:

e’sinz = ezeu;—_e_lz - %(e(l”)Z gl ‘i)z).
| |

(arie) _5(a-iey

) 1
Tormae’sinz ——( "
| !

J:li(l—l—l) _(1_i)nz“,R:oo.

n=0 n=0 2|n:0 n!

1

(z-2)z-3)

[Ipumep 2.41. Paznoxute B psn Jlopana @yHkuuio f(Z): 10

CTENEeHsAM Z B OKPCCTHOCTHU TOYKHU ZO =0.
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Pemenne. @DyHKnus f(Z) HE aHAJIUTHYHA B TOYKaX Z; =2 U Z, =3. Msl

pEIINM TPHU 3a/1adyd B 3TOM MPUMEPE, €CIIH PACCMOTPHUM TPHU pa3iudHbie 00JacTu (C

IEHTpOM B Touke Z, = 0)uccienoBanus Ha CXOJUMOCTb IOJIYYCHHBIX PSJIOB K
Hamrel ¢yHkuuu. Beigenum Tpu Kojbua ¢ neHTpoM B Touke Z, = 0, B kakgoMm u3

KOTOPBIX f(Z) SIBIISICTCS. QHATUTUYCCKON: a) KpyT ‘Z‘ <2, 6) koab1o 2 < ‘Z‘ <3, B)

3< ‘Z‘ < 00— BHEIIHOCTh Kpyra ‘Z‘ <3.

Paznoxum (QyHKIMIO HA CyMMY JABYX MPOCTEHIIUX IpoOei =
(z-2)z-3)
1 1
— + :
z-2 z-3

a) B kpyre ‘Z‘ < 2 (ynxuus f(Z) ananutnuHa. Koapuuuents! psga Jlopana

IpU  CTENEHSX C OTPHUIATEIbHBIMH TIOKA3aTeNIIMH pPaBHBI HYJIO, HOO OHH
BBIPAKAIOTCS MHTETPAIAMHU OT aHAJTUTUYECKON (PYHKIIMU MO 3aMKHYTOMY KOHTYPY.
Psn Jlopana coBnanaer ¢ psgom Teinopa. 3anuiieM Kaxayro U3 Apooeit B BUje

1 1 1 1 1 1 1

— = =—- ; = M BOCIIOJIB3YEMCs Pa3JIOKCHUCM B

z-2 2-z 2,2 z-3 3,2
2 3

psxa Teinopa GpyHkunuu (popmyner 1.51)). B cury uero umeem

1 1a(z) & 2" 1 _1a(z)'_ &7
7aas) =R < = 33[5) = S ey

n=0 3n=0 n=0
u L = i(i _szn B wurore mbi pasnoxuiau f(z) B psa Jlopana
(Z _ 2)(2 _ 3) oy 2n+1 3n+1 ) ’
KOTOPBIit COJICPIKHT TOJILKO NPaBUIBHYIO YacTh: a_, =0,
1 1
(n=01,...).

a, = —
n 2n+l 3n+1
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" 1
CXOJIUTCS, TIOATOMY

S Z
0) B xomnbue 2 < ‘Z‘ <3 pan >, — Juis GyHKIMHM
n=0 3 z-3
1 2 Zz" 2 Z" 1
MO-NIPEKHEMY —— =— > ——, a psjl > —7 I QYHKIUH ———— pacXOAuTcs,
Zz-3 203 n=02 -2
1 1
no3TOMy (PYHKIMI0O —— TMpeodpasyeM K BHUIY = . IIpencraBum
z-2 z-2 ( 2)
z|1-—
VA

1
B BHUIC CYMMBI FCOMCTpH‘{CCKOﬁ Imporpeccun CO 3HAMCHATCIICM q =—.
Z

<1, 1o ecth

3 2 \
+...+ +... OTOT psa cxoauTcd g |—
Z

1 © 1w gh
Taxum oOpazom, =—>) —— . Psin Jlopana comep xut
P (z-2)z-3) ngl z" nzzo n+l P P

_ 1
MPaBWIBHYIO U TTIABHYIO YacTH: a_, = =2" 1(n =l,2,...), a, = o (n = 0,1,2,...).
n-1 1
CXOIUTCS, a Pl

o0
B) B obmactu 3< ‘Z‘ <0 pax ), —— i GyHKIMK
n=0 Z V4

IIPEACTABUM B

©w N
> 2 T Uit pyHKIMK 1 pacxoautcs. [loaromy pyHkumMIO
o3 Z— z—3
1 1 1 12(3)" g3
BUJIE =_. =_ —| = Z| > 3). Torna umeem
z-3 2 1_§ zg(z] nZ::l z" (H )
VA
1 © on-1  » gn-l o gn-1 n-1
- + = z|>3).
(2_2)(2_3) nzz:l Ak nz::1 ik nzz:l vak q ‘ )

80



[Tonyuennsiii psax JIopaHa COAEPKUT TONBKO TIABHYIO 4acThb. lIpuBeneHHbIN
OpUMeEp MOKa3bIBAET, YTO JJIA OJHOM U TOU XK€ (PyHKUUU f(Z) psan Jlopana nmeer,
BOOOIIIE TOBOPS, pa3HbIN BUJT U1 PA3HBIX 001acTel .

ITpumep 2.42. Paznoxuts B paj Jlopana B OKpECTHOCTH TOYKH Z, CIETYIOLINE

1
bynximm: a)f(z) = z%e7, Z,=0 06) f(Z)=m,

1
B) f(Z):m, ZO :O.

1
.
Pemenne. a) dynkuus Z €% aHaNMTH4YHA BCIOLY, Kpome Z, =0, mostomy ee

MOXHO pasioXuTh B psn Jlopana B KoibIle: O<‘Z‘ < R(R :oo). B cuny (1.51)

1n
: w(zjzil .

o0
— . Orcioza nomydyaem 7°ez =7° >
n=0 nl n=0 Z Nn! n=0

1 —
niz"

e 4 22 722z 1 1
S A A Sl Rl N
21 31 4 5 6z

0) OyHkIMs aHAJIIMTUYHA B Touke Z, = —1. [ToaTomy B okpecTHOCTU

1
z%(z-1)
TouKn Z, =—1 ee MOKHO pasznoxkuth B psn Teinopa, mpuueM psi OyIeT CXOAUTHCS
B Kpyre ¢ uentpom B Z, = —1 pagumyca R =1 (paccrosnue or toukn z, = -1 no

Gmmkaiimeit oco6oit Toukn Z, = 0). Paznoxum QyHKIMIO HA CyMMy IPOCTEHIINX

o1 1 1 1
obeii: = ————.
P 2°(z-1) z-1 z z°

B cuny (1.51) umeem

1 t 1
2

71 z+1-2 2 . z+1
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i1 1 _ ¥ n
z z+1-1  1-(z+1) ngo(erl) (z+1<1).

1
Psan nna dyskmum Z—Z HalJieM MO4WwIeHHBIM nuddepeHiupoBanruemM psaa

4

1 i n-1
GyHKIHHU E: Ziz:(_l) => n(z+1) (‘Z-I—l‘<1).

4 n=0

Takum oOpaszom, B Kpyre ‘Z + 1‘ <1 IoJIy4yaeM

B) OyHKIUA ﬂ anaymutudHa B Konble 0 < ‘Z‘ <1, nosromy ee psn
Z°\Z—

JI 1 11 1 izn
opaHa MMeeT BUJL: —_— == = =
2*(z-1) z2°1-z  7%n%0
1 1 1 =
=——2———1—Z—22—...=——2———Z Z". TnaBmas wacte Jlopama B
VA zZ Z Z =0
1 1

okpectHoctH Z, = 0 f(z)=———--,a npasunsHas T,(2) = — z".
° ' A ’ 0
n=

2.7. U30ampoBaHHbIe 0cO0bIe TOUKH (PYHKIIUN KOMILJIEKCHOTO
nepeMeHHOro

Knaccudukanuys wu301MpOBAHHBIX OCOOBIX TOYEK MPEACTABICHO B TEPBOM

94acTH JaHHOTO mocoous, popmyisr (1.54) — (1.55).

[Tpumep 2.43. Haiitu ocoOble TOUKH (PYHKIIMU U BBISICHUTD UX XapakTep:

t 1
a) f(z)z%; 6) f(z) = ze 7.
2" -2

4

mnz
Pemenue. a) OcoOble TOYKH: KODHH aBHEHUS Z-—==0wucosz = 0
FemcHueC p yp

N

I
o
N
I

|

Z, Z, :(2n+1)g (n =0,£1,+ 2,...)BLIHCHI/IM MX  XapakTep.
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Otmerum, uto B Touke Z = 0 obOpamaercsa B Hymb u umciauTens. Haiinem npenen

sinz 1 T

ynkmu npu Z — 0O: Iimf(z)= lim =
z—»0 7 TT
(Z — j COSsz

z—0

CnenoarensHo, coriacHo (1.54) Touxa Z = 0 snsteTcs ycrpanumoii oco6oi

1

TT
Toukoi. Touka Z = — — mpocTOl MOJIOC, TaK Kak Uit (PyHKIHUH \|I(Z) = ; ( )
z

TC
= Z(Z——j Cth 3Ta TOYKa sABIsETCS HyjleM l-ro mopsiaka. B camom nerne,

(GYHKIIMIO MOKHO TPEACTABUTH B BUJIE: \V(Z) = (Z — Ej (p(Z), rae (p(Z) =7 ctg Z

4
aEATHTHOEA B TouKe Z=— I/I (p(ﬁj #0. Toukm Z, = (2n +f|.)E
4 4 2
(n =0,£1,+2,.. ) TAaK)KE€ SABJIAIOTCS MPOCTBIMH IOJIIOCAMH, TaK Kak JUId (QyHKLIHUU
1 , T
\|!(Z) = @ = =|2"——2Z|ClgZ oHu IABIAIOTCS HYJIAMHU 1-TO MopsiaKa
_ . - Z_
4 2n +1
vie)=| (22 Tz A | <y BT,
4 sin® z 2
L J4z=z,

T T
X|:(2n +1)§—Z:| * 0
6) B OKPECTHOCTH 0Cc000# TOUuku Z = O JJIs1 f(Z) HMECT MECTO CIICOYIOUICC

- 1 11 11 11
pasiokKeHue: f(z):ze =2 1__+EZ_2_§?+EZ_4_M

——~—.... I'maBHasg d4actb JIOPAHOBCKOT'O PAa3JIOKCHHA

COJEPXKUT OeckoHeyHo MHoro uneHoB. CrepoBarensHo, Touka Z= 0 sasmsercs

CYIIECTBEHHO 0CO00M 171 (PyHKIUM f(Z).
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3ameuanue. WccnemoBanue QyHKIUH f(Z) B CYIIECTBEHHOW OCOOOW TOYKE
MO>KHO TIPOU3BECTH JIUIIb C UCIONIb30BaHueM psna Jlopana.
[Tpumep 2.44. OnpenenuTsb XapakTep 0co00# TOUkH Z = 00 aJisd (PyHKITHI:

_ 52 p—t
a) f(Z)=Ctg§; 6) f(z)=2z"¢"".

T
Pemenne. a) Touka Z = 00— momoc (GyHKIHUU f(Z) = Clg—, Tak xax
z

. T
lim Ctg— =o0. TIlopsmok mojdroca paBeH MHOPSAKY  IMOIOca  (PYHKIUH
Z—>© Z

\|J(Q) = ctg € B Touke § =0 (C = %j , QyHKIMS Ke Y ((‘;) umeet B Touke C = 0

noJitoc 1-ro mopsiaka, Tak Kak (QyHKIUs = tg n C umeer B 910l TOUKE HyJIB -

1
w(C)

ro TOpsAKa, B 4YeM JIETKO YOEIUThCS CleIyIolIeH HpOBepKOﬁI(tgnC)‘C:O =0,
T .
(tg TEC_,)‘ = =7 # 0. Takum oOpazom, Z = 00— MPOCTON IOIKOC
¢=0 2
cos” ni|

JaHHOUW QPYyHKIUU.

0) Paznoxum nannyto ¢yHKuo0 B psja JlopaHa B OKpECTHOCTH TOYKU Z = OO !

_ ’ . ) 0 (_ Z)n _ 0 B 0 Zn+2
f(z)=2"e* =23 =>(-1)"=——. Panm Jlopama  comepxkur
n=0 Nl n=0 n!

OECKOHEYHOE MHOXKECTBO TMOJIOKHUTEIBHBIX CTENeHeH Z, ModToMy Z =00 —
CYILIECTBEHHO 0Cc00asi TOUKa (PyHKITHH.
2.8. Bb1ueTbl QYHKIIUM KOMILJIEKCHOTO MIePpeMEeHHOr0.
IIpumeHeHUs BHIYETOB

[Tpumep 2.45. HaiiTu BeI4eThl (DYHKIIMH OTHOCUTEIIBHO UX OCOOBIX TOUYEK

tgz 1
a)f(z)=%; 6) f(z) = ze *.
22—42
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Pemenne. Ocobble TOUKM AaHHBIX (YHKIUI U WX XapakTep OMpeesieHBI B

npumepe 2.43. Wrax, a) Z=0 — ycrpanumas ocoGas Touka, CII€I0OBATEIBHO,
T
resf(O): 0. Touxa Z:Z_ npoctoii momoc, cornacio (1.61) umeem
T
(z—) gz g"
T ) 4 4 4
resf 2 = lim ==
n T
z—>Z ZZ _ T E 7T
4 4

7T
Touku Z, = (n +1)— (n = O,il,iz,...) pocThie Nmomockl, Toraa mo (1.62)
n

HOJTYYHM resf |:(2n +1)g} = (P’Zn) = SNz, - =

v'(z,) ((22 _szCOSZ] 2=z,

sinz, (-1)"

{chosz— (22 —Zz) sin z}

8
= — y =0,i‘1,i2,....
(2n+1)(4n+1)n2 "

z=7,

6) Z=0 — cymecrBenHo ocobas Touka. JlnA ompesmeneHHs BbIUETA

OTHOCHUTCIILHO CYIHGCTB@HHOﬁ TOYKH HaAO TIIOJIYUYUTH PA3JIOKCHUC (bYHKIII/II/I B

OKpPECTHOCTH dToM Toukd. Kak Obpuio mokazano B mnpumepe 2.43(0),

1 1 1 1 1
ze 2 =72-1+—— > +.... CormacHo (1.60), resf(O) =a,=—=—.
21z 3z 21 2

[Ipumep 2.46. BpUMCIUTHE BBIYETBI OTHOCUTEIBHO TOYKM Z = 00 A

1
byrxunit: a) f(z)=2°e7*; 6) f(z)= z° ez,

Pemiennie. BbrueT (pyHKIMHM OTHOCHUTENIBHO OECKOHEUHOM YyAAJICHHOW TOYKHU
MOXHO ompenensatb mo ¢opmyne (1.65), mi1s dero HEOOXOIUMO IOJYYHUTh

JIOPAHOBCKOE PA3JIOKEHUE B OKPECTHOCTH TAHHON TOYKH.
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a) Kak nmoka3zano B npumepe 16 u3 nepBoii yactu psia JlopaHa B OKpeCTHOCTH

Z=00 s JIAHHOM dyHKIHH uMeeT BUJI:
. 42 S 74
z’e” =% (- 1)" ——=27" —=—+——.... Tak KaKk B Pas/OKCHHU CITaraeMoe
n=0 n! 2! 3!
d

—t OTCYTCTBYET, TO I’eSf(OO) =-a_, =0.
z

6) B mpumMepe 2.42(a) mokasano pasinoxenue B psy Jlopana dyrkuun z°e.

3 1 3 2 Z 1 1
AnanormyHo yi1 2 €4 =Z2"+2"+—+—- +—+ >
2 6 4!z 5z

+.... OTKyna cienyer,

21
41

[Ipumep 2.47. Hcnonb3yss TeOpeMbl O BbIYETaX, BBIYUCIUTH KOHTYpPHbIC

aro resf(oo)=-a_, =

MHTETPAJIBL:
4 dz

dz; 6) §

. §324_1 ‘ : i{3123(2+1)

|z-1=5 2=

D e’dz
(22 +1)z-3)
X=-2,X=2,y=-2,y=2;

Tac L_KBaILpaT, OFpaHI/I‘IeHHI)II‘/Il MNpAMBIMHA  JIMHUAMU

z 22" +1
r) § (2z-1)cos——dz; N § —5—dz
7=2 z-1 722 (2" +1)
VA
Pewenue. a) IloxgpiHTErpanbHas cbyHKuHﬂf(Z)z i q UMEET 4YeThIpe
Z —
NPOCTBIX IOJIOCA, W3 KOTOpBIX Tpu: Z, =1, Z, =1, Z, =—1 xnexar B Kpyre

3
‘Z—l‘<§ (puc. 2.20). Ilo ocHoBHO#l TeopemMe o BblueTax (1.66) umeem:

| = §> idZ = 27‘ci[l‘eSf(1)+ resf(i)+resf(— I)] BblueThl BBIYUCISEM 10

2y22 1
2
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0(z,)

o(z,) 2z, 1

bopmyre  (1.62)  resf(z,)=res—

= = 3HAYUT
3 2 b
v'(zo) w'(zo) 42§ 4z
1 i i 1
resf(l) = Z, I‘eSf(I) = resf(— I) = —Z. CrenoBarteibHO,
| — I( 1 1 lj o oml
4 4 4 2
Y,
_3
2
L
®7Z, =1
—> | F—o»
X 0 z3=3 X
P Z; =—1
Puc. 2.21 Puc. 2.22
1
0) IloneiHTerpabHas QyHKIUS f(Z) = —3 -~ HMEeT JiBe 0COOBIX TOYKH,
2°(z+1)
u3 Kotopeix Z; = —1— mpocroii nomoc, Z, =0 — nomoc 3-ro mopsiaka; npuyem
dz :
Z,= 0 naxomutcs B Kpyre ‘Z‘ < —. Ilosromy | = § — =27l resf(O). ITo
2 12°(z+1)

\Z\ZE

!

2
bopmyne (1.63) resf(o)zilim d2£z3 3(1 j 1Iim(— 1
VA

21>0dz

=1. Takum obpaszom,
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z+1)

| =271,



z

(22 + 1)(2 -3)

toukn: Z, =—I, Z, =1, Z, =3. Ho Z, =3 nexur BHe kBaipara (puc. 2.21).

B) [lompiHTerpanbpHas QyHKIUsS f(Z) = UMEeT TPHU OCOOBIX

BeryeTsl QyHKIIMM OTHOCUTENBHO €€ NPOCTBIX INOJIOCOB Z, U Z, ONpPENENEM IO

dopmyie (1.62), monoxus (p(Z) =e’, \|/(Z) = (22 + 1)(2 — 3). Torna B cuny (1.66)

HoﬂyqaeMﬁ(Z le)(zi 3 = 2mi[resf(— i)+ resf(i)] =
) Zni{— 2i(e—ii —3) 2i(?i— 3)} ) 7{%+ %J ) T{ei—(ilg 2, e_i—(i1(+) 3)] }
_ _%(m e ;e_i 6 —2e—i ] = £ (2ichi —6shi) = = (3shi ~ichi),

r) OyHKIMsA f(Z) = (22 — 1) cos AHAJIUTHYHA B KPYyTE ‘Z‘ < 2 Bcrony,

z-1
KpOM€ TOYKU Z = 1. Jlist onpeneneHusi TUNa OCOOCHHOCTH M BBbIYETAa HEOOXOIUMO
paznoxuth (QyHKUHIO B psan JlopaHa B Koublle 0< ‘Z—l‘ <1 IIpenBapurensHO

1 1
HaiiieM cos— = CO 1+— = coslcos—lsm 1S|n—1 =
Z_

1 . 1 1
= COSJ.[].——Z—F...] — SII’IJ{ — 3 +J . Jlerko BuaETh, YTO
2(1-2) z-1 3Yz-1)

pasnoxkeHue  (QyHKIHU (22 — l) COSZ—Z]- = [2(2 — 1) + 1] COSZ—zl COZIEPIKUT

OECKOHEYHO MHOI0 UJIEHOB C OTpHULOATCIIBHBIMU CTCIICHAMMA, 3HAYUT Z= 1_

-1
CYILIECTBEHHO 0c00ast Touka. Tak Kak BbIYET paBeH KOA(PUIIMEHTY Mpu (Z — 1) , TO

T0JIyYaem resf(l) =a_, = —(Sinl) .CnenosarensHho, jS (22 1) COS—l dz =
2=2 Z-

2mi(sinl).
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n). TMoasmTerpansHas QyHKIus mMeeT 3 ocooeix Toukm: Z= 0— momoc 6-To
nopsiika, Z= |l — mpocThie MOJIOCH, W BCE OHHM MPUHAMICHKAT KPYyTy ‘Z‘ < 2.

Mo3xHO INPUMCHUTb OCHOBHYIO TCOpPEMY O BbIUCTAX, HO YI[O6HCC BBIYHCIIATSH,

IMOJIb3YsCh BBIYCTOM OTHOCHUTCIILHO OCCKOHEYHO y,Z[EU'IGHHOfI TOYKH:

272" +1
| = ———~dz=-2miresf(w).
iz ZO(Z2 +1) " (OO)

Pa3znoxenue noasiHTErpasibHOM PYHKIMU B psijl JIopaHa B OKPECTHOCTH TOUKH

Z = 00 MOXHO MNOJIY4YHTb, ACIIA YMUCIIMTCIIb HAa 3HAMCHATCIIb 110 IMPAaBUIIY IACJICHUA

22+12222

MHOT'OYJIECHOB —— ———3-|-—5——7-|-.... 31ech a, = 2, 3HAYUT:
Z + Z Z Z Z Z
resf(oo) = —2, cinegoBarensHo, | = 47,
X -SIn X
[Tpumep 2.48. Berunciauthb '[
X2 + 4% + 20
X -sin X to oyl
Pemenue. I dx =Im dx, a =1,
X2 +4x + 20 _Oox +4x+ 20
7. eiz
F(Z =— , lim =0. Ocobble TOYKU ONPENEIAIOTCI U3
2° +4z7+20 7w 2( 4 20)
2|1+ —+—
Z 7

ypasnenns 2 + 4z +20=0, 2,,=—2%4i,2,=-2-4i, 2, =-2+4i.

iz O\ ai(-2+4i) N\ a—4-2i
Res F(z,)= lim 2 e” (- 2+4|).e _( 2+4|? e
z—>-2+4i (Z+2+4I) 8l 81

_(~2+4i)-ete® (-2+4i)-(cos2-i-sin2)
B 8i - 8i-e’ B
_ (sin2-cos2)+i-(sin2+2cos2)
- 4ei '

X

T dX:7z-(sin2—0052)+i7r(sin2+2c052)
G +4x+20 2e*

, 9TO JIacT
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2 X-sinx (sin2+2cos2)x
I 2 dx = 4
o XS+4x+ 20 2e

‘f X-COSX o _ (sin2-cos2)x

X% +4x + 20 2e*

—00

m-(sin2+2co0s2)
2e*

Omeem:

+00 3 o
[Tpumep 2.49. BoIUUCINTD _f (2X4 +13X2) SINX dx
X" +13X" +36

—0o0

2 (2x3 +13x)-e™
Penienue. Mickomblii nHTErpai pasen Im I ( 2 2) dx
o XT+13Xx°+36

13
(2x3 +13x)-eix 2+ 5

F(z)= : , lim——2
x* +13x* +36 H“z-(1+13)

=0. Oco0Oble TOYKH ONPEACTSIIOTCI U3

ZZ

ypasuerns z° +132° +36=0, z° =-9,—-4; z, =3i; 2, = -3i; 2, =-2i; Z, = 2i.
Hac UHTEpECYIOT TOJBKO 0cOObIE TOUKH (MOMmock! 1-ro nopsiaka) Z, =31 u Z, = 21

, TaK KaK OHH HaxXO0AiATCs B BerHel\/’I IMOJYIITIOCKOCTH.

3 iz :
Res F(z,)= lim (22 +.1322).e _3i(-18+13) 1
Z%S'i(z+3|)-(z +4) 1li-(-9+4) 2

z-(222 +13)-eiZ _1
S

Res F(z,)= Z“_[QI (22 +9)-(Z +2i)

B cuny »toro wu (1.77) wumeem, 4YTO WCKOMBIA HMHTErpajll paBeH
1(_ _ _ _
27z-§(e ‘re 2)=7z-(e ‘re 3).

Omeem: 1T - (e_2 + e‘3).
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3. MATEPUAJIBI
JIJIA CAMOCTOSITEJIBHOM PABOTHI CTYJIEHTOB

3.1. TeopeTnueckue BONMPOCHI

KomriiekcHble 4ncia 1 uX reoMeTpUuecKoe MpeACTaBICHHE.
Tpuronomerpuyeckas M TOKazarelbHas ¢GopMa KOMIUIEKCHOTO 4YHCIA.
Monaynb u apryMeHnT. @opmyiia Ditsiepa.

JleficTBUsT HaAJ KOMIUIEKCHBIMM YHUCJIaMH  (CJIOKE€HHWE U BBIYUTAHUE,
YMHOKEHHE U JIEJICHNE, BO3BEACHUE B CTENIEHb U U3BJICUYEHUE KOPHS).
MHoXecTBa TOYEK Ha KOMIUIEKCHOM TUIOCKOCTH (00JacTH W WX TPaHUIHI,
OKPECTHOCTH; MOPSAIOK CBSI3HOCTH 00JIaCTH).

Onpenenenre (yHKIMH KOMIUIEKCHOTO IEPEMEHHOIO U €r0 T€OMETPUYECKOE
UCTOJIKOBAHHUE.

[Ipenen u HEMPEPHIBHOCTH QyHKIIHH.

OcHOBHBIE  3jeMeHTapHble  (QYHKUMM  KOMIUIEKCHOIO  NEPEMEHHOIro
(moka3zatenbHasl, norapupmMuyeckas, TPUTOHOMETpUYECKas,
runepOoIMYecKre U 00paTHbIE TPUTOHOMETPUYECKHUE (PYHKITUN).
[TpousBoanas u audpepeHima.

Ycnosus nuddepenumpyemoctn  pynkuuu. YcnoBus Komum - Pumana.
(lamambepa — Diinepa).

AHaTUTUYHOCTH (DYHKITMU B TOYKE U B 00JIACTH.

apmonmveckne  ¢yHkuuu.  CBsI3b  aHATUTUYECKUX  (QYHKIUHA  C
rapMOHUYECKUMHU.

WUuTterpan ot ¢GyHKIMM KOMIUIEKCHOTO TepemMeHHoro. OmpeneneHue,
CBOICTBA, BEIYHCIICHHE.

Wuterpaneupie  Teopembl Komm (ayi1  OIHOCBA3HOM ©  MHOTOCBA3HOM
obyact).

[TepBooOpa3znasa. @opmyna Hetorona — Jleitouuia.

Wurerpanshas popmyna Komm.

WuTerpanpHas popmyiia 1uisi IPOU3BOJHBIX aHATUTHUYECKUX PYHKIUH.
UucrioBble KOMIUIEKCHBIE PAJIBI. Y CIIOBUSL CXOJIUMOCTH.

[TonsiTue KOMILIEKCHOTO (YHKIMOHANBHOTO psana. CTeneHHble psbl.
Teopema AGensi.

Psnbl Telinopa u Jlopana (rnaBHas 1 npaBuiibHast yacTtu psga Jlopana).
N3onupoBaHHbIe 0COOBIE TOUKH (YCTpaHUMasi, CyLIECTBEHHO 0c00ast, MOJII0C).
Hynu ananutudeckoit pyHkimu. CBsi3b MEXKIY HyJIEM U TIOJTIOCOM.

Bbryer (QyHKIMM B KOHEYHOW W M30JMPOBAHHOMW OCOOOM TOYKE M €ro
BBIYUCIICHUS.

OcHOBHas TeopeMa O BbIUETAX.

[IpuMeHeHue TeoOpun BHIYETOB K BHIYUCICHUIO KOHTYPHBIX UHTETPAJIOB.
Brrunciienne HecoOOCTBEHHBIX MHTETPAJIOB C TOMOUIBIO BHIYETOB.
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A

3.2. KoHTpoJIbHbIE BONPOCHI

CymiectByrot jii Takue Toukn Z € C, 9o ‘COS Z‘ >1?

Bepno 1y, uro ¢pyukuus W = SiNZ e sBisercs orpanuuennoiina C ?
Moxer nmn QyHKumsa ObITh ITUPPEPEHINPYEMOM B TOYKE Z, M HE OBITH

aHAIUTUYECKOU B 3TOU TOUKe?
MoskeT mu GyHKIUS ObITh AHATUTHYECKON TOJIBKO B OJHOU TOUKe?

BepHo 11, 9T0 QyHKITHS f(Z) aHamuTU4eckas B oomactu D, ecnn Ref(z) u
Imf (Z) - (yHKIIMH, TApMOHUYECKHE B 3TOH 001acTH?

MoskeT 11 pasznoxeHue HekoTopoi ¢yHKuuU B psan JlopaHa coaepkarh:
a) KOHEYHOE YHCJIO CIaraéMbIX ¢ OTPUIIATEILHBIMU CTETICHIMU (Z -2y );

0) KOHEYHOE YHCJIIO CJIAraéMbIX C MOJIOKHUTEIIBHBIMHU CTCIICHIMHU (z -2, );
B) OCCKOHEYHOE YHCJIO CIAaraeMbIX C OTPHIIATEIILHBIMU CTETICHSIMHU (z —Z; );
') 0ECKOHEYHOE YHCJIO CIaraéMbIX C MOJ0KUTEIbHBIMU CTETICHIMU (z —-Z, )?

. Ilycte C,, (n =0,+1 + 2,...) - ko3 uimeHTs paznoxkenus B pan Jlopana

byHKIIUU
f(z)= 3C,(z-2,)"
N=—o0
Haiitu koadpuimeHTs! C: paznoxxenus B pan Jlopana pyHKIMK:

D) (2-2)f@);  6) (2-2,)F2);  ®——F(2)

8. Ilycrs resf(z)=0.Bepuo mm, uro

o §f(z)dz=0

|2-2¢|=R

g Jroboro R > 07?

92



3.3.3AJAYN N YIPAKHEHUA
I CAMOCTOSATEJIBHOU PABOTBI

3.3.1. BBIMOJHATE OCHOBHBIC YETHIPE JACHCTBUS anreOpbl HaJl KOMIUICKCHBIMU
guciaamu Z, = —1+2iun 2, =-3—-4i.

3.3.2. HailiTu neficTBUTEIbHBIC PEIICHUS YPaBHEHUSI

(3x—i)(2+1i)+(x—iy)(1+ 2i)=5+6i.

3.3.3. Haiitu cepenuHy oTpe3Ka, COEJUHAIOIET0 TOYKH Z, U Z, .

3.3.4. Tpu mnocnemoBaTeNbHbIE BEPIIMHBI MapajyieiorpaMMa HaxOIATCS B

TOYKax Z,,Z,,Z,. HaiiTu 4eTBEpPTYIO BEPIIUHY.
3.3.5. Tokazatb, uto Z+Z=2Rez, z—7=2ilmz.

3.3.6. M300pasuTh Ha KOMIUIEKCHOH IIOCKOCTH wuucna Z= 3+ 21,
Z = 3— 2i. HaiiTu ux MOIyJIH U apryMEHTHI.

3.3.7. U300pa3uth Ha KOMIUIEKCHOU TJIOCKOCTH YUCTIa
a)3+iv3 6)3—i/3 B)—3+i/3
M BBIYUCIUTh MX MOIYIU H
r)—3-i/3 1) i/3 e)—i/3

I'IaBHBIC 3HAYCHUA apryMCHTA.

3.3.8. I[IpeacraButh B mokazarenbHOU (hopme ducia

z,=2i, z,=-5 2,=2+2i, z, =-1-/3i.

3.3.9. Haiitu Mozynb 1 apryMeHT 4Hcia e'* —e" ecm o > B, a—B<2m.
1-i)°

3.3.10. Beruncoury | ——| .
1+1

3.3.11. Pemnts ypasrenne z°+1—i=0.
3.3.12. Onpenenuts U U300pa3UTh JIMHUU, TOYKH KOTOPBIX YJIOBJIETBOPSIOT

YpaBHEHUSIM:
1) z-3+i|=1 2) |z-3i|-|z+3i[=2
3) z=cos2t+i(sin2t - 2),

.1
4) z=t+1-,1<t<
0<t<2m t
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5) Rez® =1 6) Re(1+2)=|z
7 2zz+(2+i)z+(2-i)z=2.
3.3.13. HaiiTu MHOXecTBa TOYEK KOMIUIEKCHONH IUIOCKOCTH, KOTOpPbIE

OIpEAC/ISIIOTCSI HEPABCHCTBAMM.

1) Rez< 3 T T
2) ——<argz< —
4 6
3)|Z—-Rez<0 n |22 <1
z+1| —
<lz-1+1il<
5)1_‘2 1+|‘_2 6)1<Re(1j+lm(lj<i.
4 Z z 2

3.3.14. Haiitn 3HavyeHwe (QyHKIIMU B YKa3aHHOW TOYKE, 3alHCaB OTBET B

anreOpanyeckout popme:

1) f(z) = cosz, z, =5-1i 2) f(z2)=¢, z, =1

3) f(z)=Lnz, z, =-3+4i 8 f(2)= 2, zozlii.
2

3.3.15. HaiiTu 3HaueHus cTeneHeu:

a) 2'; 0) (—1)ﬁ; B) it

3.3.16. Pemnts ypaBuenue SiN3z = 3i.

3.3.17. Mokasats Toxkaectsa: a) ch?z — sh?z = 1, 6) sinz = i sh iz,

B) COSZ = CcosX chy —isinxshy.

T
3.3.18. IIpu otoOpaskenun W = Z° waiitn: a) 06pa3 muuun £ ,:argz = 5;

T
6) 0Opa3 obnactu DZZ‘Z‘ <2, 0<argz< 3

3.3.19. IIpu oTo6pakernn W = SINZ  HaiiTn:

a) oOpa3bl NPSAMBIX, TapaJUICIbHBIX JEHCTBUTEIBHBIX OCH;
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TT T TT
6) 06pa3 npsMoyrompEuka: — — < X< —, O<y<—,
2 2 2
3.3.20. Haiitu obnacts G, B KoTOpYy!0 npeobpasyercs obuacts D, :

2<‘Z‘<3, Imz >0, Rez > 0 npu nomonm dpysxmnum f(Z)=Z+l.
VA

3.3.21. Beisicautb, nuddepenuupyemsl Iu ciaeayomue QyHkiuu. B crmydae
nuddepeHIUPYEMOCTH HAWTH NPOU3BOIHYIO: a) ‘Z‘ -Z; 6) SIn3z+2i;
B) 22 +7Z; 1) e’.

3.3.22. BbiAcHUTB, Kakue U3  cleayloumx — QyHKUAA  SBISIOTCA
aQHAJTUTUYECKUMU XOTs OBl B OJTHOM Touke: a) W = z°; 6) W=chz; B w=e’.

3.3.23. Tlokazarp, uto ycnoBus Komm-Prumana B OMSIpHBIX KOOpIUHATAX

ou _lov ou ov

UMCIOT BUA —— =—I—mu IIPOBCPHUTH UX BBIIIOJIHCHUC IJIA

o rop oo or
bynkuumii: a) W = ZS, 6) w=1Inz.
SBastoTCs U 3TH PYHKIIUN aHATUTHYECKUMU?

3.3.24. Haiitn amamutHueckyro Qynkmmioo B obmactn 0 < ‘Z‘ <00 10

X
JNEeUCTBUTEIHLHON WM MHUMOM YacTu: a) U = x3 — 3xy2; 0) U= — %
X +Yy

B) V=36 cos2y.

3.3.25. Haiitu xosp¢uuuent nomobus K u yrom mosopora ¢ mpm
oTOGpakeHHH ¢ momompbio Gpynkuun W = Z° —3z° + 32+ 5 B toukax: a) z=0;
6) z=1.

3.3.26. Haittu xospduniueHT nogoOus u yroy moBopoTa Mpu 0TOOpaKeHUH B

z-1

JaHHOM Touke Z, =1:a) W=—; 6) W=——.
Z z+1

3.3.27. BBIACHUTB, Kakas 4acTh KOMILUICKCHON IUIOCKOCTH pacTATUBAETCA, a

2
KaKasi - COKUMAaeTCsl PU OTOOPaKEHHUH ¢ MOMOIIbio GyHKImu W = Z2°.
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1
3.3.28. SBnsercs au koHGOpMHBIM oToOpaxkenue: a) W = —; 0) W = 2Z +1;
Z

B) W=2ZRez.

3.3.29. BBIYKCIUTL UHTErpa I Imzdz, ecim
L

a) L — orpesok aeiicrBurensHoit ocu ot Toukn Z, = 3 1o Z, = —3,
6) L — nomyoxpyxHocTs ‘Z‘ =3, 0<argz< .

3.3.30. Berauciaurs j Zdz, ecu
L

a) L— orpesok npsmoit, coepunsitomuii oukn Z, =1lwu z, =1,
6) L — myra okpyxuoctn ‘Z‘ =1 orroukn z, =1 no Touxkm 7, =1,

B) L — s3amknyThIii KOHTYD: ‘Z‘ =1,0<argz < 2m.

i
3.3.31. Berancnute uHTErpan _f zsinzdz.
1

dz :
3.3.32. Beruncnutb f{) 5 , ecii a) Toukn T 31 BHe koHTYypa L,
LZ°+9
6) Touka Z, = 31 nexwur BHyTpH, a Z, = —31 - BHe KoHTYypa L,
B) Touka Z, = —31 JeXuT BHYTpH, @ Z; = —31 - BHE KOHTYpa,

T) TOYKH Z,, = +31 nexar BHyTpu KoHTYypa L.

dz
3.3.33. BeruucnuTh UHTErpal § , tne L — oxpyxHOCTH ¢ HEHTpOM B
LZ—a
Touke @ W paauycom R.
2z—-1-1i
3.3.34. Berunciurhb §> dz.

i-2(2-1)(z-1)

3.3.35. Beruucaurs:

dz sinzdz

1 ; 2 ;
) I7=3 2°+4z ) 17=3 z° -7z+10
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e’dz sinmtz
3 : 4§ ——dz;
) z§12 (Z+ |)3 \2—1\:1(22—1)
(z+1)dz
4-22(z - 1)2(2 -3) '
3.3.36. HccnenoBatsh Ha CXOJAUMOCTb pAABI
= g2l - (2—4)” = nsinin
1 ; 2 — 3 :
2 Jn AN Z Ty
3.3.37. HaiiTu o6macts CXOAMMOCTH PSIOB
)Y —(z+i) 2) S (L}
n=t -1 \Inin
= e > (z+1-1i 4)
33 Y N as ..
1 (z+1-0) o0 d 3 —+> n(z+1-i)".
n=1 (Z-I-l—i) n=0

3.3.38. Pasnoxuts Qynkumio B psax Teinopa B OKpECTHOCTH TOYKM Z, M

. T
HAWTH paguyc cxoaumoctu: 1) f(Z) =sin2z, z, = Z;

2) f(z) = L 2,=1; 3) f(2)=In(2* +62+12), z,=-3.

72 —z7+1

3.3.39. Paznoxuth GpyHKIMIo B psan JIopaHa B yKazaHHOM 00J1acTH:

D f(2)=%, I<[d<2 g f(z):@, 0<[7<1;

3 f(z):ez;_z—l, 0<ld<1 4) f(z):(z—i)ssin$,0<z—i<oo.
3.3.40. HaifTi Hy/ 1 yHKLHN 1 OIIPEEIATH UX TOPSKH:

1) f(2)= (22 +9)(22 +4)"; 2 f(2)=(1-€" )22 - 4)’;3) f(2) = Z‘j‘“?
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3.3.41. Haiitu u3omupoBaHHBIE OCOOBIE TOYKH (DYHKIHUU U OINpPENEIUTh UX

XapakTep:
Z+2 .
1 fZ = , = z-1.
R P 2 f(z)=zer;

sinz .1 1

3) f(z) = ; —sin=+ —

) 1(2) (2 -1)(z+m) ) f(2) PR

3.3.42. BIsicHUTB XapakTep 0co00# TOUKH Z = 00 1isi GyHKIUN

! 272 +1
1) f(z) = ez 2_4: 2) f(z) = :
22°—7+1 COSZ
3) f(z)=—"2—— "~ 4 f(z) = .
) f(2) 72 +7+8 ) (2) z?

3.3.43. HaiiTu BbIYeTHI PYHKIMN OTHOCUTEIIBHO UX OCOOBIX TOUEK

1) f(z) =

Z+2 _
(z—l)z(z+1)2’

2) f(z) = ze*;

sinz _ .1 1
y

7 1) (zen) 4) f(z) = sin t o

3) f(z) = (

3.3.44. HaiiTu BpIueTHl (yHKIIUN OTHOCUTEIHHO TOUKH Z = 0O !

1 272 +1
1) f(z)=e? +2* - 4: 2) f(z) = :
) f(2)=e +2 ) f2)= 22
22°—z+1 COSZ
3) f(z)=—- """~ 4 f(z) = .
) f(2) 72 +7+8 ) () z7°

3.3.45. BeaucnuTh KOHTYPHBIE HHTETPAJIBI:

2z z
e““ dz 1 z
1) § N2 f Z'sin=dz;  3) § erldz;
_ T _
=2 52 (Z_j ‘Z‘% A |2]=2
2
zdz _
4) fl—, rae L- NpsIMOYTOJIbHUK C BEPIIMHAMU B TOUKaxX Z, = —I,
L COSZz
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2,=2-1,2,=2+1, z, =1.

OTBETHI
: . Z 1 2.
331 z,+2,=-4-2i; z,-2,=2+6i; +=-=——1.
., 55
20 36
332 X=—, y=——
17 17
z,+2,
3.3.3. Z:T. 3.3.4. Z,=2,—1,+1,.

3.36. |z =[z =13, argz= arctg%,

argz = —arctg%, Argz= arctg§+ 2K .

5 5
337. 1) 243, = 2) 243, -5 3y 243, 4243, -2,
6 6 6 6
5) 3, —; 6)V3, -
2 2
338. 7,227, 2, =5e", z,=2J2¢e", z, = 2e'(_m3).
3.3.0. r=23ina_B, 0= B 53101
2 2
|(3—n+&j -
3311z, =¥2e" % °7, k=04.
3.3.12. 1) oxpyxnocts I =1 c uenrpomB 2, = 31,
2) runiep6oia ¢ Gpokycamu B Toukax Z, = 31 u Z, = —3iu mapamerpom a = 1,

3) okpyxHOCTh paguyca I' =1 ¢ uenrtpom B Touke Z, = 21,
4) yacthb BeTBH runepbonsl Y = —,rme 1< X < 00,
X

5) runepGona X —Yy* = 1,6) mapabona y° = 2X +1,
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2 1" 9
7) OKpY>KHOCTb (X+1) + y—E :Z'

3.3.13. 1)neBas moiymIoOCKOCTh OT IPAMOi X = 3,

T T
2) yroa Mexay jgyyamu @ = ——u Q@ = —,

4 6
3) nmeHCTBUTENBHAS MTOJTYOCh, BKIIOYas TOUYKY O(O;O),
4) npaBasi OIyOCh, BKIIFOUAsi © MHUMYIO OCb,
5) xomblo, 06pa30BaHHOE OKPYKHOCTAMH ¢ lentpom B M o(l;l) ¥ PajnyCoB
n=1unr,=+/2,
6) 005acTh, 3aKJIFOUEHHAS] MEXK]1Y OKPYXHOCTSIMHU.

3.3.14.1) chlcos5+ish1sin5; 2) e™"[cos(sin1)+isin(sin1)|;

3) In5+i{(2k+1)n—arctg%} 4) %e_“_m(ui), keZ.

1
. 2k—-=|n
3.3.15.2) e*"(cosIn2+isinIn2); 6) g2 ri. g ie( ) kez.
3.3.18.a)myu L argw =m;

6) G, — momykpyr: 0< ‘W‘ <8, O<argw <.

u? V&

3.3.19. a) o6pazom npsimoit Y = C (C * 0) ABJIACTCA IUIMNC —— +——— =
ch“c sh°c

o6paszom mpsimoii Y = O sBnsercs orpesok aeiictBurenshoi ocn —1< U < 1;

2 2
u \Y;

—+— <1, v=>0.
ch“c sh°c

0) BepxHsisl MOJIOBUHA 3JUINIICA

3.3.20. G, — uacTh KoOIbla B NEPBOM KBajpare, 0OPAa30BAHHOIO IJUIHIICAMH

u? V2 u? v?2

CHENCHC

3.3.21. a) Her; 0) na, f'(Z) =3C0S3Z; B)Her; T)1a, f'(Z) = ZZeZz .
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3.3.22. a) Her; 0) a; B) HET.
3324.1) W=u+iv= (x3 — 3Xy2) n i(3x2y _ ys) pLs

2) W =

2

2+i(— y 2+Cj; 3)w = 3e”(-sin2y +icos2y)+C.
x> +y

x> +y
T
3325.0) k=3, 9=0; 6 k=69=-".

3.3.26.a) 1, 0; o) 1, —g.

1
3.3.27. PactsruBaercs BHEUIHOCTh Kpyra ‘Z‘ > E; C)KMMAETCs BHYTPEHHOCTh
1
Kpyra ‘Z‘ < E

3.3.28.a) na; 6) ma; B)mer3.3.29.a) 0; 6) — gn.

. .TC . . .
3.3.30.a) i; 0) |E; B) 2mi. 3.3.31.cosl—sinl—ie™.

3.3.32.2) O; 6)%; B) -~ 0. 33332710, 3334.47i.

3

3335.1) 0. 2) —2misin2: 3) ~i: 4 - 5 —2ni
3 e 2 3

3.3.36. 1) cxoautes; 2) pacXoautesi; 3) CXOAMUTCS.

3.3.37.1) ‘Z + i‘ <3 2)z=0; 3)‘2 +1- i‘ > 1; 4) Bcrogy pacxoauTes.

vl
3.3.38. 1) ZO (2n)

(R==),

S © 2n
2) Z(_l)n (z3n _Z3n+1)(R :1); 3) In4 + Z(_l)nﬂ (Z +3)
n=0

n=1 n-4” (RZZ)

101



3.3.39. 1) i(_ ?n + fj(_ Y2’

1
n=1 Z n=0 2

0022 _-z_i " (_1)n—1
DL ) ey e

3.3.40.1) z = #3i — nynu 1-ro nopsaaxa, Z= 12 1— nymu 5-ro nopsjxa,

-2 (-1 (2-"

2) Z=0 —mnyns 1-ro nopanxa, Z = *2 — Hynu 3-T0 MOPAAKa;

3) Zz=0 — myns 2-ro nopsxa.

3341. 1) z=0 u zZ=-1 — mpocreie nmomoce, Z=1 — nomoc 3-ro
OPSIKA;
2) Z=1 —cymectBenHo ocobas Touka; 3) Z= —T — ycTpaHHMas 0co0as

Touka, Z= t1 — mpocteie mosmockt;
4) Zz=0 — cymecTBeHHO 0OCO0asA TOYKA.

3.3.42. 1) montoc 2-To mopsiika; 2) ycTpaHuMasi 0codasi TOUKa;

3) nomtoc 3-ro nopsiaka; 4) CynecTBEHHO 0co0ast TOUKa.

3343. 1) resf(l)= % resf(0)=-2, f(-1) = %; 2) resf(l)=

N | w

sin(+1)
+2(n£1)
3344, 1) -1, 2)0; 3)-81L 4)0.

3)resf(+1) = , resf(—m) = 0; 4) resf(0) =

3.3.45. 1)%(2+ni); 2)—%'; 3)—2—; H—-7°i.
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3.4. PACUETHBIE 3AJJAHUA
3ananue Nel
Haiitu Monaynb ¥ TJIaBHOE 3HAYCHHE apryMeHTa KOMIUIEKCHOTO 4YHCIIA,
NpEeACTaBUTh €r0 B TPUTOHOMETPUYECKOM M IMokasareybHou (opmax. M300pa3uth

YHCJIO Ha KOMILJIEKCHOM MJIOCKOCTH

1. 2+5i; 13. —i/3: 25. 7+3i;
2. —2+5i; 14. 1-i; 26. —1+/2i:
3. 2-5i; 15. /3 +i: 27. -1-5i;
4, —2-5i; 16. i+/3; 28. —1-2i;
5. —cos(ﬁjﬂsin(ZJ; 17. —3-i; 29. 1431,
5 5
6. —2+2/3i: 18. 32 +i24/2: 30. —/3+i:
7. —T—i: 19. —3+3i: 31. —12-5i:
8. 4-31; 20. 2-2i; 32._i§+in
4 4
9. 3-4i: 21. cos(ﬁj—isin(z} 33. —-5+12i:
3 3
10. 3i; 2 L1 3. 34, —63i;
2 2
11. —1-i; 23. 1-i; 35. —7—7/3i;
3 4. 12 5.
i i: 24, ——+—1; 36. ———1.
12 x/§+\/§|, stz 13 13
3aganue Ne2

Boruncnuth 1 u300pa3uth pe3yabTaT Ha KOMIUIEKCHOM MIIOCKOCTH

L (Z_Zijﬁ; " (1_4]20; o5 2@—2ij12;

1+i 1+1 J3+i

) 10 10 N9
2. (3'_??j : 14, (133 : 26. [ Y31 .

2+2i 2 2 1+i



1. _. 10
6. =(71-5)";

-\4
- 3+_4|);
i

1-iv3) .
1+iv3 )

3
9. (sin£+isin£) :
6 6
-\ 10
10. (_2_2_'j :
—1+1

11. (1+i)8;

15.

17.

18.

20.

21.

[(+iv3)a-i]s

(—2+2i}2°_
U 1+i ’

(—1+ i \/5)30 ;

3aganue Ne3

33.

34.

2-i\¥
'(1+2i) ’

T . . T )
cos| —= |+isin= | ;
e

72_4
i+tg—
g3

. T
I—tg —
g3

18
T .. 7T
cos——isin— | ;
12

12
1-i)

Haiitu Bce 3HaueHMsI KOPHS U U300pa3nuTh X HA KOMIUIEKCHOM INIOCKOCTH

2. 3(1-1)(2+3i);

3. (‘/—_1;

13. 5/</2 cos£+isin£j;
J ( 6 "6

14. 432 +i22:
15. J/1+i;
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25. 13/—£+£i;
2 2

26. ,5/ 2 -;

1-3i




3i
6/ _Q_ qi- 16. : 3 HN
4. 5/-8-8i: 32+2\/§i 28. 31+/3i;

5 1.
5. 81 17. |-—=+-—F=i; 29. Y-2+2i;
W NP ¢
6. 4{%, 18. 4(1+|)(1—|), 30. \4/\/§+i;
_|_
7. 257, 19, 173, 31 4fi(3-1);
2+1
T .. T 5 5. 1+1
8. 3cos—+isin—; 20. |[-——=+—1; 32. 3—;
\/ 4 4 V2 2 1-i
9. \/-8+8V3i; 21. J\/3++/3i; 33. J~/3-i;

10. \[i(1-iV3); 22, 3Y(1-i)(1+2i); 34. 3fi(1-i);
H \/_i;igi;
12

i
32 -23i: 24, T 36. §/—1.

23, 3(1-1)2i; 35. 32
1+1

3ananue Ned
BpIssICHUTE T€OMETPUYECKUI CMBICII COOTHOLICHU I
L |z-z|=|z-1); 19. Re(22+?)=0;
2.|2-2|-|z+2>3; 20. |z-2|=1-27];
3. |z-2|+|z+2|=5 21. 222 +(2+i)z+(2-i)z=2;
4. Rez+Imz <1 22. 0<Re(iz)<1;
5. Rez=Imz;

23. 0<arg(z—i)<%;

6. 0<Imz<1; 24. |z|=Rez+1;
_ >3 -

7 y 131; 25. Rez >3, ;
z+1
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8. 1<|z+2+i|<2; 26. 0<Im(iz)<%;

9. [2-1 <[z~ 27, mf )4
' z) 2°
10. |z|-Rez <0; {|z|>2,
28. .
OSargz<E
11 Re(ljzl; ’ 1<|7<3,
z) 9 O<argz<rz
12. Im£<—l; 30. Z—_izl;
z 2 Z+I1
13. 4<|z-1+|z+1|<8; 31. 0<Reli(z+2)]<y;

14, Imz2 <1: 32. 0<Im[i(z+2)]<1;

15. |z|>2+Imz; 33. 1<Im(z+2+i)<2;

16. |z—i|+|z+i[=5; 34. |z -2i|+|z-2i|=8;

17. Re(1+2)=|z|; 35. 0<Im(iz)<%

18. 22+ 2% =1; 36. zz+(1+i)z+(1-i)z=4.

3aganme NeS
[MpuBectn ¢ynkumm k Buay W(z)=u(X,y)+iv(x,y) u mo ycnousim Koiu-

Pumana IMPOBCPUTD, ABJIAIOTCA JIN aHAJIUTHYICCKUMU Q)YHKHI/II/I

1. w=e% 19. w=ze’;

2. W=7z 20. w=[z|-z;

3. w=zRez; 21. w=¢";

4. w=sinz; 22. w=|z|-Rez;
5. w=c0sZ; 23. w=sin3z—1i;
6. w=1z2; 24. w=1zRez;
7. W=7 25. W=122;
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8. w=ze’ +(1+i)z;

9. W:E'
Z

10. w=2sinz-z°
11. w=2c0s2z+ z;
12. w=2i(cosz-1)—iz*+2;

13. W—i'

741’
14. w=Lnz;
15. w=cosz-z;
16. w=zImz:
17. w=|z|-Imz;

18. w=7%1z:

3aganue Ne6

26. w=2*+3iz;

27. w=2sinz -1z,

28. w=2i(cosz-1);
29. W:(E+l)(?—l);
30. W=22+2z7+i:
31. w=sin3z+z;

32. w=z2-2z;

33. w=

N||H

34. w=27°:

N

35. w=23+2iz-1

36. W:i(Rez)Z—(Imz)z.

[IpoBeputb, ABAAIOTCS M (QYHKIMH TApMOHUYECKUMHU. Ecnu oTBET «aa», TO HalTH

AHAJTMTUICCKY O (YHKITHIO w(z) =u(x,y)+iv(x,y), e Z=X+1y

(X, Y -BeIIeCTBEHHBIE), €CITH U3BECTHO, YTO:

1.

2.

u=x>-3xy?%
u=—>_.

X2 +y?
cu=Xx>—y?+2x;

X

LU= -2y,
X% +y? y

u=2e*siny;
(x+1) +y?

107

19.

20.

21,
22,

23.

24,

v=3x+2xy, w(-i)=2;

u=e*(xcosy-ysiny);

v=e*(ycosy+xsiny);

u=x>—-y’—x;
V=X+Y;

u=2"cos(yln2);



7. V=2XYy+3X;

8. v=arctg—,
X

9.

10.

11.

12.

13.
14,

15.

16.

17.

18.

u_

y X>0;

X

1
Sy M=

v=e"(ycosy+xsiny)+x+y;

V = arctg Y x>0, w(1)=0;

;l
u=x°-y*+2x, w(i)=2i-1

v=2(chx-siny—-xy),w(0)=0;
u=2sinx-chy-x, w(0)=0;

v=2(2shx-siny+xy), w(0)=3,
v=-2sin2x-sh2y+y, w(0)=2;

v=2cosx-chy—x*+y?
w(0)=2,

u=2e*cosy, w(0)=2;

3aganue Ne7

25,
26.

27,

34,

35.

36

v=sinx-shy;

u=e*cosy;

v=e*siny;

cu=x-y?’=x, w(0)=1

. v=e’(ycosx—xsinx);

: v=—ryyz,x¢0,y¢0;
Lu=x—y?42x;

. V=3x+2xy,w(-1)=2.

Sv=x+y+(xE-y?);

u=e*(cosy+siny);
v=e’sinXx;

u=e“cosy+e?sinx.

Berunciute uHTErpalibl. B 1ekapToBOM cHUCTEME KOOPAUHAT CAEIAaTh PUCYHOK

KOHTYpa UHTETPUPOBAHUS.

1. If(z)dz, rae f(z)=(y+1)—xi

AB — oTpe3ok npsAMOi, COeTMHSIOMMH Toukn Z, =1, Z, =—i.

no

AB

I f(z)dz, rne f(z)=x"+iy’

AB — otpe3oxk, coeauusronmit oukn A(1+i),B(2+3i).

3. j (1+i—2£)dz, L - oTpe3ok mpsamoii, coemussronmii Toukun Z, =0 wu

L

Z,=1+1.
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4. (22 +ZE)dZ, rae L— gyra oxpyxuoctu |z| = 1, 0 <argz< .

¢

Z

5. |e“dz, rne L— oTpe3ok npsaMoil Y =—X, COCAUHSIOMIMNI TOUKU

™ C—

2,=0 z,=n—Ir.

6. jzlmzzdz ,re L:|z|=1 -z <argz<0.
2
7. J.e‘z‘ Rezdz, rne L— npsmas, coemunsitomas toukn 2, =0, 2, =1+1 .

(l+|—22)dz no gyre L mapabomel Yy =X®, COeIMHSIOMEH TOUKH
0

, 2, =1+
Q. Iz Rezdz,rne L :|Z| =1. O0X0/1 MPOTUB YaCOBOM CTPEIIKH.
L

10. szdz ,rme L :|Z| =1. O06X0 MPOTHB YaCOBOM CTPEIIKH.
L

11. IZ e’dz mo orpe3ky AB, coemmmsromemy Touku z, =1, 7, =
L

JRezdz, rne L - onomamas, cocrosmas u3s orpeska [0;2]

IEHCTBUTEIBHON OCH M OTPE3Ka, COSANHSIOMIETO TOUKY Z, = 2; Z, =2 +1.

13. Iez dz, rme L - orpe3ok npsimoid, coenunsitomuii Toukn z, =0,.2, =141 .
L

14. ICOSZdZ, rae L - oTpe3sok mpsAMOH, COCIMHAIONMN TOYKU Z, =
L

Z,=m+i.

15. j(i—ZE)dz no jomaHo L, coemumHA0OWENd TOYKU Z,,Z,,Z,, TAC
2,=0, z,=1+i, z,=1.

16. I— rae L — BepXHsAA MOJIOBUHA OKPY>KHOCTH |Z| =

17. I% rie L:|7|=1, Rez>0.
L
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dz
18. .[—, rae L —HWKHSS 0JIOBUHA OKPY>KHOCTH |Z —1| =1.
Z —
L

2i 72

19. j(z3—z)e7dz. 20. jzcoszdz.
1+i 0
1+i i
21. Izsinzdz. 22. J.(z—i)e*ZdZ.
1 0
23. j% o OKpyXHOCcTH L |Z +1|:4, MPOXOJANMON TPOTUB YACOBOM
' 7+

CTPCIJIKH.

1
24. Iezdz 10 OTPE3KY MPSIMOIA, COeUHsIOIIeH Toukn Z, =1, Z, =1 .
1
1+tgz

i
25. J > dz mo mpsimoii, coequustomIeH Toukn 2, =1 u Z, =1.
COos™ z
1

I
26. J Sinz c0Sz dz 1o oTpe3Ky HPsIMOi, COSMUHSIONICH Toukn Z, =—1 n z, =1.
-1

217. ICOSZ z dz, rne L - orpe3ok mpsmoH, coequnstonmidi Toukn Z, =0 u

28. Izlm(zz)dz roe L: |ImZ|Sl; Rez =1, navanpHasg Touka 1—1.
L

29. j ze” dz.
-1

30. I tgzdz, rme L —nyra mapaGoner Yy = X*, coenunstomeit Toukn Z, =0 u
L

Z,=1+1.
. . T
31. I coszdz, rae L—oTpe3ok mnpsAMoi, COeAMHSIOMEH TOYKH Z, = Z;
L

Z,=m+I.

32. Iez dz, rme L— myra mapaGomsl Yy = X*, coequHsiomel Toukn z, =1+1i;
L

z,=-1+i.
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33. jez dz,roe L:orpesok, coemmusirouuii touku Z, =0; 2, =1+1.

34. Icoszdz, rae L - oTpe3sok mpsAMOM, COCIUHAIOMIMNA TOYKU Z, =
L

Z,=—+I
oy .
4

35. I dz, roe L - BepxHsis MOJIOBUHA OKPYKHOCTH |Z + i| =1, HavajgpbHAs TOYKA
L

z=1-1.

36. jz dz,rne L — rpanuma kBagpara Rez =1, Imz =1, nanpasnenue

00x0/1a — MPOTUB YaCOBOU CTPEIIKH.
3agpanmne Ne§
Hcnons3ys ocHoBHyro Teopemy Komm m wmHTEerpanmsHyro (opmyny Komm,
BBIYUCIIUTh HMHTErpaibl. B nexkapToBoil cucrtemMe KOOpAMHAT ClieNlaTh PHUCYHOK

KOHTYpa UHTETPUPOBAHMS M YKa3aTh Ha PUCYHKE OCOOBIE TOUYKH MOJBIHTErPAIbHOM

byHKIUN.
3
COSZz
——dz,rnel: 4: 2. ——dz;
iZ—S | | z£222+22—3
§£d2 rie [:x2+y? +6y=0; 4. § LSm§dZ;
rZ +4 2-1/=2 (Z—n/Z)
e’ dz 5 5
W, rae | — mpou3BONBHBIA 3aMKHYTHIH KOHTYp, OIHOKPATHO
r\Z+
00X oIt Tquy Z = —2 B NOJIOKHUTETLHOM HaHpaBJIeHI/II/I;
c it;(22 )(1 )dZ,rzLe FZ‘Z‘=2; 7. it; 2 9 ecnnf:|z—3i|:2
+
8. | dz o (z+1)dz
ez’ +4z 42 2(z-1)%(z-3)
1
0. § e’dz o e2dz
22 (2+i) | | 21t 2242
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e’ cosnz

12. dz:

17=1 7% +27

sin Tc(z —1)

14. dz;

2
z-1-i=1 2°—-22+2

§ COSz
zZ
i 2

16. dz;

dz

18. ;
z—;f;:l (22 - 81)

§ sinz -sin(z —1)
e 202

20. dz;

22, it;

24,

26.

28. § ——dz

30.

e’ dz
§ .

32. 5 :
71 Z +4

34 gz,
s (27 -9)(z+9)

112

R

2

29 1—32|n Z 7
ol 2
2

a1 (z+1)dz
=2 (2-1)°(z-3)

zdz

33. ;
§s (z-1)(z+4)

2 7%dz

2-8|-3 (22 + 9) (Z - 9);



(z° +1)dz
s (22 +4)(z+D)

3aganue Ne 9

BoissicHUTB XapakTep 0coObIX TOUEK (PYHKIUI

Y 2 -1
23(22+4)2’ 19 28+ 275+ 7%
sinz e’*

2. 225, 20. —;

z Z+e
3, siniz; 21, cos£+sin2_7zz;
yA yA 27
1

A zzeg; 22. zsh%;

22 +52+4 (z+1) (z-2)
COSZ in z2

T PRI
2+ (2% +1 3272
( 2)( ) 2"

1-cosz

7. thZZ, 25. m;

1
8. — 2. cosz;
CoSzZ—— 73
2
9. ZZSinl; 27 ez%-
z ' :
10. (z—l)cosL; 08, 2=SINZ.
(a-1) o

1, . 29, SN2 .
1-cosz z-shz
1+ C0s2 Z .

) 30, ———;

12 72 sin(z/2)
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e’ —1 e’ -1

13. ; 3. ——;
i z
14. C0S22 ; . %
(2—72')(2—72'/6) A
15. 1+COSZ; 33. zzsiniz;
1-7 Z
72 -32+2 1
16. —; 2az-
2 —-27+1 34. 27e;
17, ShZ. 35 24
Z 2°+52+4
sin z
18. cos—; 36. —
Z+7 (z+7) (2 +1)

3aganue Ne 10
Beruucnuth BeIUeThl (DYHKIIMA OTHOCUTEIBHO €€ 0OCOOBIX TOUEK

1

1L — , 1
' 19. —
23(22+4)2 £ sin 7%’
i
2. —; 20. cos£+ 2%
sinz 7
A (z+i)(z-1)
4 1 . 99 1-cosz
" zsinz’ " 2%(z-3)
22-5 1
° 2’ -2z+1 23"
6. c0S2z2 . y e
(z_ﬂ)(z_gj (Z-1)(z+3)
X o5 _COSZ
7. e+ T2
8. sin 12; 26. € X
i Z—i
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9 ——— z
d 27. :
28 (z—1)5
eZ
10. ; 28. ctg’ z;
(z+1)(z-2) :
1 e’ -1
11. : 29. ;
74 +1 Z
1 1-e*
12. z°%e?; 30. ?
z
13. g2 : e’
2-"2 3 z(z-1)’
4
14. z5sini2; 32. © .
Z 1+ 72
chz 2
15. : z
(zz+1)(z—3) 33. z%e?;
1
6 &5 . 34, .12;
. 1+Z4’ SInNZz
eZ
z°(z-1) 72°+62+9

36. COSz

1o (z +1)3Z(z—2)2; (z—zjr

3aganme Ne 11

Bpruncnnte ¢ MOMOIIBIO BBIUETOB CIHEAYIOLNIME HMHTErpanbl. B nekaproBoit
CUCTEME KOOpAMHAT CHENaTh PUCYHOK KOHTypa HMHTETPUPOBAHMS W YyKa3aTh Ha

PUCYHKE 0COOBIE TOUKU MOABIHTErPATbHON (PYHKIIUU.

dz 2 . 1
1. —_— 19. z—-2) sin——dz;
Z+é"i:3 23(22+4)2 Z—J;:1( ) 2—2
2. [ —Z-dz; 20, [ Ly,
s SINZ i L 2
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w

I
N
N
9]
o
N

~
R —
o
N
K

9. j ezl dz;
i

10. [ (z-1)

|z-1=1

11. j 1dz;
s 7% + 2

z-1

12. |

j2}=2

tg zdz;

1

13. j & dz;

2
A

|z-i|==
2

14. J ztg(7z)dz;

|z]=1

sinidz;

21.

22.

23.

24,

25.

26.

21.

28.
29.

30.

31.

32. |
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dZ 20e I':x*+y* —2x=0;

2 2

sm;zz x>y

l

N— N—

(z
d

Z4

N —

|z-1]=1

|z]=1

z+1
72 +27-3

Z

+

zsinz

_1)

1

70z, 20e I' :—+-—
z+1) 4 1

2 2

dz, coe I: X—+y—:l
3 9

, 20e F:x2+y2:2x;

(z—l)zsin Ldz;

z-1

tg zdz.

dz, 20e I':x*+y* =16;



I z2dz

15, (2—1)2(“2);

2 2 2
o X3 +y3 =33

z

e’ dz
16. —_
J 2°(z+1)

|2]=2

e’ —1
I —iz?

18. j zzﬁn—dz
z

33 [ £28%44
2sier £
1
34 z°e? dz
\z\:l
eZ
35 dz:
z+'l[=1 (Z +1)2 Z
Z3
36. dz.
J 2t +1

lzl=2

3aganue Ne 12

Brrancants HecOOCTBEHHEBIE HHTCTPAJIbI

L b

— X | X —
> el >
N + N

R
é'—.S
X

N eX
+ | X
H—

X2

(x2+16)
dx

x24—4)2’

- dx;

o1
O =y 8

o
é'—zS
P —
SN
+
BN
o
X

~
é'—.S
>
(2]
+
|_\

K dx
8. :
.L(x2+4x+13f

19]

Zo 4+9x

ZO.T(X +1)dx

xt+1

21.

22.

0
£ +2x+2)
I

X +4x+20)

j cosxdx
> (X +1)(x* +4)’

24.[C032de;
> 1+ x*

25.ICOS4de;
L 4+ X’

e}

C0S2X _
| e ™
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9 T dx . 7 ]‘3 X% C0S X dx:

_w(x2+1)(x2+9)’ o(x2+1)2
10. 'Zm&dx; 28. | CSSX dx;
Y X" —-2x+10 v X°+9
11 | szmx dx: 20, -xszanXdX;
Y X" —-2x+10 v X' +4
12. 'Z)(S&dx; 30. .ngdx;
2 X" —4Xx+8 o X +1
13. .CZOSAdx; 31. .Z(Cﬂdx;
7 X7 +25 JOXT+x+1
14, [XSINOXq,. 32, [N X gy
v X +9 v X +1
Todx °
15. I > 33. —dC?SX X;
= (1+) Jxt 41
16 T & : 34 OE;dXSinZX X;
L (1) (X +4) Cdxt+16
['e] 4 < deX
17. I X =dx; 35. K
I 14 x S (1+x%)
G r dx
18. dx; 36. .
-[1+ x* _'[O(x2+16)(x2+81)
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