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YYEBHO - METOJJUYECKHWN KOMILJIEKC

PA3JIEJI 2 ckAHAJIMTHYECKAS I'EOMETPU S

1. TeopeTnyeckue 0CHOBBI



BBEJIEHUE

AHanuTu4ecKas reoMeTpHsl Kak HayKa 3aHUMAaeTCsl U3yUYE€HUEM CBOMCTB Ieo-
METPUUYECKUX OOBEKTOB cpelcTBaMU anreOpbl. OCHOBHBIM METOJIOM 3TOW HAyKU SIB-
JSIeTCS METOJ KOOPAMHAT, MO3BOJISIIOUINI ONpPeesTh MOJI0KEHUE TOUKH B HEKOTO-
POM IIPOCTPAHCTBE C MTOMOIIBIO YUCEI-KOOPAUHAT ATOM TOUKH.

Tak xak B reomeTpun €€ OOBEKTHI (JUHUU, IOBEPXHOCTH, (PUTYPHI) OIpeIes-
I0OTCA KaK MHOXKECTBa TOYEK, 00JaJaloIIMX HEKOTOPHIM OOIIMM T'€OMETPUUYECKUM
CBOMCTBOM, TO METOJ] KOOPJAMHAT MO3BOJIMJI OMMCHIBATH 3TH OOBEKTHI, HUCHOIB3YS
CBSI3U MEXAY YMCIIaMH - KOOPJMHATAMU TOUYEK OOBEKTOB, T.€. CPEICTBAMHU AITeOpBHI.

1.1. TINTIOCKAS JINHWS U EE YPABHEHUE B R

B reomerpuun miockas J1uHuA / ONpenessieTcs Kak MHOKECTBO TOYEK IIOCKO-
CTH (T€OMETPUUYECKOEe MECTO TOYEK), 00IaJar0MUX HEKOTOPBIM OOIIUM JJIsI BCEX TO-
yeK JMHUM cBoiicTBoM. Hampumep, okpykHOCTh pamuyca R ecth MHOXecTBO Beex
TOYEK IUIOCKOCTH, YAaJE€HHbIX Ha paccrosure R or mexoropoit touku O sroit mioc-
KOCTH.

Benem anamutuueckoe ornpeaeneHue Mmiockor guHuu. [IycTe Ha miockocTh
BBEJICHA JICKapTOBa CHCTEMa KOOpJuHAT. BeiOepeM Ha 3TO# TIOCKOCTH MPOU3BOJIb-
Hyro Touky M(X;y). PaccMOTpuM BMeECTE€ CO MHOKECTBOM TOYEK KOOPIMHATHOM

IJIOCKOCTH MHOKecTBO ypaBHenuil Buaa F(X,y)=0. Byaem rosopurts, 4ro uucia
X =Xq,yY =Y, yaosirersopsior ypasuernuto F(X,y)=0, ecmu F(X,,y,)=0 u
emy He ynosierBopsitor, ecnu F(X,,y,) # 0. Hampumep umcma x, =1,y, =5
VIOBJIETBOPAIOT ypaBHEHHI0O SX—Yy =0 © He YIOBIETBOPAIOT YPABHEHHUIO
3x+y+2=0.

ONPEJAEJIEHUE 1.1. Ypasuenue F(X,y) =0, caswiBaroniee Mmexay coboii
nepeMeHHble X U ) HA3bIBAIOT ypaeHenuem niockoi aunuu ( B BrIOpaHHOH CHC-

TeMe KOOPIHMHAT, €CIIM KOOPAMHATHI X W ) mo0oit Touku M 3To# nuHHU emy

YAOBJICTBOPSIIOT , @ KOOPJAMHATHI BCEX TOUEK , HE JIeXKAIIUX HA HEH , eMy He YJIOBJe-
TBOPSIIOT .

MHOXeCTBO BCEX TOYEK KOOPJIMHATHOM IJIOCKOCTU , KOOPAUHATHI KOTOPBIX
ynosieTBopsior ypaBuenuio F(X,y) =0, Gynem HasbBaTh IIOCKOW JMHUEN (ILI1O-
CKOW KpUBOH) .

3amMeTuM, YTO 3TO MHOKECTBO TOUYEK MOXKET COAEPKATh CKOJIBKO YrOJHO TO-
YeKk, OBbITh KOHEUHBIM WM JlakKe€ OKaszaThbCid NycThiM. Hampumep, ypaBHEHHIO

2
y =X YAOBJICTBOPAIOT KOOPAWHATHI OSCKOHEUYHOI'0 MHOKECTBa TOYCK; ypaBHC-
2 2 o
HUIO X"+ y = O YAOBJIICTBOPAIOT KOOPAMHATBI TOJIBKO OAHOH TOYKHU

2 2
0O(0;0); ypasuennio X~ +y~ +1=0 He yI0oBIETBOPSAIOT KOOPAUHATHI BCEX TO-
YeK TUIOCKOCTH. B mepBoM ciyyae miockasi KpuBasi sIBISIETCS OOBIYHON KpHUBOM (Ta-



pabosa); BO BTOPOM - KpUBasl IPEJICTABISIET COOOM TOUKY; B TPETHEM - MHUMYIO ILIO-
CKYIO KPUBYIO (MHUMAsi OKPY’KHOCTb ).

U3 onpenenenus 1.1. cnenyer, uro no6oe ypaBHenue Buga F(x,y)=0 B
o0lIeM ciiydae ompezenser Ha KoopauHatHol miockocth XOY Hekoropyro ju-
HuUto0. JIJ1s ée MOCTPOEHUS MOXKHO BOCIIOJIB30BaTHCA OOBIYHBIM METOIOM TOYEK.

[TPUMEP 1.1. IlocTpouTh JMHUIO, 3aJaHHYI0 YPABHEHUEM Y = \/;

HpI/IILaBaH HepeMCHHOﬁ X Pa3IMYHbIC YHCJIOBBIC 3HAUYCHHUA U BBIYHCIIASA COOT-
BCTCTBYIOIIUEC 3HAYCHHUA ), IOCTPOUM Ta6J'II/II_Iy1

x 0 (1 |4 |9
y 0 1 2 3

BBeneM Ha MI0OCKOCTH IEKapTOBY CUCTEMY KOOPAMHAT U MOCTPOMM Ha 3TOM
IUIOCKOCTH COOTBETCTBYIOLIME TOUKU ¢ KoopaumHaTamu X, Y. CoenuHss MOCTpOEH-

HbIE TOUKH JIMHUEH, TTOJTyUYUM UCKOMYIO KpUBYIO (puc. 1.1)

y“

Puc. 1.1

B ananutuueckoil reomeTpun u3 6ECKOHEYHOTO MHOXKECTBA ypaBHEHUN Hau-
0o0J1e€ MOJHO U3yYarOTCs TAK HA3bIBAEMbIE ANr€OpanuyecKUe YPaBHEHHUS.
OIPEJIEJIEHUE 1.2. Vpasuenne F(X,y)=0 wnaseiBaercs anreGpanue-

CKHM, €CJIM BBIpa)KCHI/IeF(X,Y) C€CTb CyMMa KOHCYHOI'0 YHCJia CJlaraCMbIX BHA

k. m o
AX y , TIC k,m_ LI CJIBIC HCOTpI/IHaTeJIBHBIe qucila, A -ICUCTBUTCIIBHOC YUCIIO.

[Ipu 5TOM Hambonblias U3 cymMm crenededl K + m HaswiBaercs cmenenvio ypasne-
HUA.

Hanpumep, ypasuenust 2X —3y+5=0, xy—7 =0 ecrs anreGpanueckue
ypaBHEHHUSI COOTBETCTBEHHO IEPBOM M BTOpOW crereHeil. Ypasuenue y —+/ X =0

anreOpandecKuM He SIBJISIETCSI.
Vpasuenne AX+By+C =0, rne A,B,C - neiictBurensusle yncia, sBis-

eTcsi HauboJiee O0IMM anreOpandecKuM YpaBHEHHEM TEPBOU CTENeHU. Y paBHEHUE
Ax? + Bxy + Cy >+ Dx + Ey +Q =0 - obuee anrebpandeckoe ypaBHEHHE BTO-
pOM CTEIECHHU.



3ajgaya U3y4eHUsS] CBOWMCTB JIMHUHU IO U3BECTHOMY €€ YPABHECHUIO SABJISIETCS OJI-
HOM W3 TJIaBHBIX 33Ja4 AHAIUTUYECKOW reoMeTpuu. BTOpoi meHTpanbHOU 3ajayei
ATOM HAyKHU SIBJISIETCS pellieHrue oOpaTHOM 3a/layuu, T.€. 3a/1a4u ONPEICIICHHs ypaBHe-
HUSI JIMHUM , €CJIM U3BECTHBI BCe €€ TOUku. Harmpumep, HemocpeaACTBEHHO U3 Olpeie-

JICHUs

OM

OM

x2 +
orpen
CTU.

OKPY>XHOCTHM  C IIEHTPOM B Hauaje koopauHar (puc.l.2) criemyer, 4To
=R < /x° +y2 :R<::>)<2+y2 =R?,
€CJIM MIPOU3BOJIbHASI TOUKA [IOCKOCTH M(X; Y)HpI/IHaI[J'IC)KI/IT OKPY)KHOCTH , M
# R, ecnu Touka M(X;y) He npunamiexut okpyxuoctu. CleI0BaTeNbHO,
y2 =R?, ecru M e/ um x* + y # R?, ecru M g /. Torxa, cornaco

2 2 2 o
eneuus 1.1. ypaBuerne X~ +y~ = R” ects ypaBHEHHE HCKOMOUN OKpPYKHO-

Ay
NP

Puc. 1.2

1.2 IPSIMAS JIMHUS HA TIJIOCKOCTHU. YPABHEHUE ITPSIMOM
1O TOYKE U HOPMAJIBHOMY BEKTOPY

[Tonoxenue npsamoit ¢ Ha koopaunaTHol miockoctn XOY BnosHe onpeje-

JACTCA 3a1aHHUCM.:

1) moObIX ABYX €€ TOYEK;

2) TOYKH M BEKTOPA, apajieabHoro

3) TOUKHU U BEKTOPA, HEPIEHAUKYIAPHOTO £ ;

4) yrnosoro koddduiuenTa u oTpeska, orcekaemoro npsamoii or ocu OY;

5) Apyrux BEITUYUH.
[TocraBuM 3a1auy OIpENCICHUs yPAaBHEHHS IPAMON / B KaXKIOM U3 IEPEUnC-

JIEHHBIX CITOCOOOB €€ 3aJaHusl.

N =

Ypasnenue npamoii no mouke u HOPMAILHOMY 6EKMOPY
[ycte Ha miockoctn XOY manma touka M(X,;y,) #u Bekrop

Ai+ Bj (puc.1.3). TpeGyercst onpeneuTh ypaBHEHHE MIPAMO £ TPOXOIAIIEH



gepe3 Touky M, nmepnenaukymsipHo Bektopy N (Bexrop N_L/ wHasbiBaetcst Hop-
MATbHLIM 6EKHIOPOM _HPAMOU ).
BribepeM Ha MIIOCKOCTH TPOM3BOJIbHYI0 To4ky M(X;y)u mocrpoum BeKTop

MM = (x —X¢)i+(y — ¥o)J-

£\~y y /

Puc. 1.3

PaCCMOTpI/IM ABa Cliy4dasd:

1) mycts Touka M € /. Torna MOMJ_E = MM ‘N=0 wm

A(xX—X¢)+B(y—yy) =0; (1.1)

2) ecnu Touka M & £, To Bexkropet MyM  u N He nepreHanKyispHsL.

Cie10BaTENLHO MOM-N;'& 0 wmm AX—Xy)+B(y—-yy)#0. M3 1) u2)m

onpenenenus 1.1. ypaBHeHUs JIOCKON JIUHUU cileayeT, 4yTo ypaBHeHue (1.1) sBiser-
Csl ypaBHEHHMEM UCKOMOM IpsMoii £ .
VYpaBuenue (1.1) Ha3pIBaeTCs ypaBHEHHEM MNPSIMON MO TOYKE U HOPMAIbHOMY

BEKTOPY N = {A;B} :

I[TPUMEP 1.2. Haiitu ypaBHeHue mnpsmoil £, TIpoxomsiueil yepe3 TOYKY

M, (2;3) neprienankyssipao Bektopy N = {4;5}.

Pemienne.  YpaBHeHue — mpsAmon l OynmeM  WCKaTb B BHIE
A(x—xy)+B(y—-yy)=0.Tloycmoenro A =4,B=5,x, =2,y, =3. Toraa
wig ¢ nonyunm  4(x —2)+5(y-3)=0<4x+5y-23=0.

1.3. YPABHEHHUE IIPSIMO 11O TOUKE 1
HAITPABJIAIOIIEMY BEKTOPY

IIycts Ha mnockoctn XOY nana Touka M (X ;Y ) u Bekrop S=mi+ nj
(puc 1.4).



f\
M S
M,
0 \ X
Puc. 14

TpeOyercs ONpeneIuTh ypaBHEHHE MpAMOM f MPOXOAAINEH 4Yepe3 TOUKy

M, (X; Yo ) mapamnensHo BekTopy S (BEKTOp S HAa3blBACTCS HANPAGHAIOUUM
6CKMOPOM NPAMOIL).

Bribepem na miockoctn XOY npoussonbhyro Touky M(X;y) u noctpoum
Bektop MM = (X =X )1+ (Y —Y()]-

Paccmotpum nBa ciydas:

1) mycts Touka M € /. Toraa MOMHS. Crie1oBaTebHO, BEKTOPBI

M,Mn S xommueapusl. Utak, MM = AS, rne A - nekoropoe
IEUCTBUTEIILHOE YUCIIO. Torna

(x—X)i+(y—yo)i=Ami+nj) <
—X.=mA\ _ _ X —X — 1.2
@{x Xg=mh_ X=Xy _ Y=Y o _ Y~ Yo (1.2)

=L = ;
y—Yo =nA m n m n

2) mycrs touka M & (. Torma M M # AS npu mobom A. Orcroga u

X —X -
0 Y~ Yo

m n
ypasuenue (1.2) sBisercs ypaBHeHueM uckomoi npsmoit £. Ypasuenue (1.2) Ha3bl-

.13 1) u 2) u onpenenenus 1.1 ypaBHEHUsT JMHUU CIIETYET, YTO

BAETCSA YPaBHEHHEM IIPSIMOM 110 TOYKE U HAIPABJISIOIIEMY BEKTOPY S = {m;n}. Ero
TaK)K€ Ha3bIBAIOT KAHOHUYECKUM YPABHEHUEM TIPSIMOM.

3ameuanue. Ecnmu npsmas ¢ npoxomut depe3 Touky M (Xy;y,) ¥ mapai-
nenbaa ocu OX, T0 HampaBiIAIOMIKI BEKTOP S Takke mapajieleH 3toi ocu. Cie-

JI0BaTEIBHO, S = {m;O}. Xots ero npoekuus N = 0, ypaBHeHue 3TOH mpsAMOii yc-

y X—Xo Y~ Yo
JIOBWJIUCH 3allMCHIBaTh B KAaHOHWYECKOW (opme, T.e. B dopme = 0
m

10



[Tocnennee ypaBHEHHE cuMTaeTCsa ApYrol (popMoil 3anMCH ypaBHEHHS 3TOM IPSIMOM

X=Xo0 Y=Y
y = yO . AHaJIOFI/I"IHO KAHOHHNYCCKOC ypaBHeHHe BHUa = O3HaA4YacT

n
Apyryro (QopMmy 3alMCU YPaBHEHHUS INPAMOH X = X, NPOXOIAIIEH Yepe3 TOUKY

M, (X¢;¥,) mapamensro ocu OY .

1.4. YPABHEHUE ITPSIMOMH IO IBYM TOUKAM

[ycrp Ha miockoctn XOY nawsr ae toukn M (X(;¥;),M,(X,;y,) u
TpeOyeTcss HalTH ypaBHEHHE NpsAMOM £, mpoxosimiel uepe3 5TH ToukH (puc.l.5).
Cornacro ¢opmyite (1.2) ypaBHeHHe JIF000H IPAMOi Ipoxo el yepes Touky M,
3aMnuIeTcs B BUAC

0 x
Puc. 1.5
X=X _ Y™ (1.3)
m n

rge M ¥ N OPOEKIMU HEM3BECTHOIO HAMPABIISAIONIErO BEKTOPA S 3TOM MPAMOIA.
[Iprumem 3a HaIIpaBJISIOIIUN BEKTOP S BEKTOP
HalifieHHbIe yncia B ypasaenue (1.3), monyunM ypaBHEHUE UCKOMOM mpsamoi £ .

X=X _Y™9 (1.4)
Xo =X1 Yo=YV '

VYpaBuenue (1.4) Ha3piBaeTCsi ypaBHEHHEM MPSAMOW, MPOXOMASIICH 4Yepe3 NIBe
JTAHHBIE TOYKHU.

[TPUMEP 1.3. Haiitu ypaBHeHHe npsmMoi, poxomsiieit uepe3 toukn M (1;3)
u M, (5:4).

11



Pemenne. IMonaras B (1.4) X; =1L, y, =3,Xx, =5,y, =4, nonyunm wucko-
x—1 y-3

< x—-4y+11=0.
5-1 4-3

MO€ ypaBHCHHE

1.5. YPABHEHUE NPSIMOM IO TOYKE U YIJIOBOMY
KOO PUIUEHTY

ITycts Ha miockoctu XOY nposenena nexoropas npsmas £ (puc.1.6). Yriom
HakiIoHa  npsamoit k ocu OX HasbIBaeTCs yroi, Ha KOTOPBIA HYKHO IOBEPHYThH
BOKPYT Hayaja KOOPAMHAT MPOTUB JIBMJKCHUS YaCOBOM CTPENKH OCh a0CIHCC Tak,
9TOOBI OHA CTaJa MapajiebHa JaHHOUW MPSMOH.

y \

0 / X
Puc.1.6
Tanrenc yrna HakjioHa OL TPSIMOM Ha3bIBAETCS YIVIOBBIM KO3(P(PHULIMEHTOM
npsMoii 1 06o3HavaeTcs Oyksoii K . Utak,

k =tga (1.5)

3ameTnM, 4TO eciu O, octpeii yrox, To k > 0, ecam tynoi, To k <0, ecimm

T
a=0,170 k=0, ecmu a :E,TO k me cymecrsyer.

[Tycth TpebyeTcs Halith ypaBHeHHre npsamMoil £, ecian / IMPOXOIUT YEPE3 TOUKY
M, (X(;Yyy) u mmeer yriosoii koapdumment k (puc.1.7). Cormacuo dopmyie

(1.2) ypaBHeHHe 1110601 psMOit poxozsiieit gepe3 Touky M (X ;Y ) 3anuuercs

B BHUAC
X=X9 _ Y Yo
2

m n
rge M ¥ N ecTh KOOPAMHATHI HANPABJIAIOMIErO BeKTOpa S. B kauecTBe Hampaisio-

=0
IEro BEKTOpa NpsAMoi £ IprMeM €JUMHUYHBLIA BEKTOp S = {COS QoL; COS B}, COCTaB-
nsroruii ¢ ockro OX ToT e yrom O, uto u npsmas £ .
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T . =0 .
Tak kak cOSf = cos 5o |=sina, o S" ={cosa;sina}.
[Monaras M = COSOL, N = SIN O, MOJTy4YHUM

X=X, Y—Yo sin o
= S YYo=
COS O sin o, COS O (1.6)

S Y-y =t8uUX —X() & y-Yy =k(X=X,)

VYpaBuenue (1.6) Ha3pIBaeTCAd ypaBHEHUEM IMPAMOUN MO TOYKE U YIIOBOMY KO-
s dunmeHTy.

1.6. YPABHEHHUE IIPSIMO¥ C YIJIOBBIM KO ®®UIIUEHTOM.
YIoJa MEXAY ABYMA ITPAMbIMUA

T
[Tycts npsaMas / HakioHeHa nox yrioMm o # —k ocu OX u nmepecekaer och

OY B touke B(0;b) (puc.1.8). Vpasuenue ¢ cormacuo dopmyne (1.6) mpu

Xy =0,y, =b zamumercs B Buze
y-b=kx < y=kx+b. (1.7)

VYpaBuenue (1.7) Ha3pIBaeTCsl ypaBHEHUEM MPSMOM C YIJIOBBIM KO3 hULIUEH-
TOM.

YacTtHele ciayyau:

1) eciu b =0, 10 ypaBuennem mpumer Bun y = kX . D10 ecth ypaBHeHue
IIPSIMOM, IPOXOIAIIEH YEPE3 HAYaI0 KOOPAUHAT;

2)ecu kK =0, 10 Y =b ecrb ypaBuenue npsmoii, napamiensnoii ocu OX ;

3)ecim Kk =b =0, 10 Yy =0 - ypaBuenue camoii ocu OX.

13



y
f\
B(0;b)

o
0 N\ X

Puc. 1.8

ITycts Ha mnockoctu XOY nanwl nBe nepecexaromuecs: NpsMbIE fl U 62.
(puc.1.9).

/ Puc. 1.9

[ycre npsmsie | u ¢, nansl ypasuenusmu y = kX +b, n y=k,x+b,.
Tpebyercs onpeaenuTs yroa ¢ mexay Humu. [Ipeanonoxum, yTo npsiMble HE mep-
NeHAUKYJSIpHBI U BbluncauM t2@. HenocpeactBenno w3 puc.l.9 Haiigem, 4TO

Pp=0a, —0y.
Torna
tgo, —tgo
tge = tg(a, —ay) = 1+iga » L.
1%2
Ho
tea, =k, tga, =k,.
CraenoBaTeiabHO,
tgp = —k2 —k, (1.8)
1+kk, '

14



T
Urtak, eciu yroi ¢ OTCYUTBHIBACTCS OT mpsiMoit £ | K psamMoit £, U @ # —, TO

YTOJI MEXIy TPSIMBIMU MOKET OBITh HaiiZicH ¢ TomMoItbio popmysr (1.8).
3aMeTHM, 4TO eCIIH KIH l5,10 0, = &¢,. Torma tgo,, = tga.,.

CrnenoBarteipHO,
O6parHo, ecn k| =k, , To

o =0, :Eluéz.

Takum 00pazom, paBeHCTBO (1.9) aBisieTcs HEOOXOAUMBIM U 10CTATOYHBIM yC-
JIOBUEM MapAIJICIIbHOCTH ABYX MPSIMBIX.

Iycts £, L7, , Torna dopmyna (1.8) Tepsier cBoit cmbici. Ho B aToM ciydae

() T o, —o n T tga tg(nﬂx j ctgal !
=—u — 0o =—. Tornma =tg| - =— =——.
5 27 =5 2 e 1 —
CnenoBaresbHO,
1
k1
Herpynro nposeputs, uro u3 k; -k, =—1 cnenyer, uro 7, 17,. Ycnosue
(1.10) siBnsieTCA yCIOBHEM MEPIEHIUKYISIPHOCTH JBYX MPSMBbIX.
5 4 3
[TPUMEDP 1.4. Haiitu npoexuuto Touku P(—6;4) na npsmyro y = 5 X + 5
Yy
P. /

Puc. 1.10
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Pemenuie. Ha miockoctn XOY mposenem npsimyro £ u moctpoum Touky P
O6o3naunm yepe3 Q npoekiwro Toukn P Ha npsamyro ¢ (puc.1.10).

Vpasuenue npamoii (PQ) 6ynem nckars B popme ypaBHEHUS NPAMOIA 110 TOY-
K€ U yriaoBoMy Ko3(pQuiueHry, T.e. B popme y — Yp = kPQ (x—x P ).IToacrapuss

sHauenns X, =—6,y, =4, nonyunm y—4 =kpq (X +6). Tpamere (PQ) u ¢

neprenKyspbl. Torna cornacho popmyne (1.10) k, -kpy =—1. Ho k, = 3

5

torna  Kpg Z—Z. CnenoBarenbHo, ypasuenue (PQ) sanmmercs B Buze:

5 5 7
_4=—"(x+6 - Tx—_,
y 4( ) wim y PR

Touxa Q npunamnexur o6eum npsambiM ¢ u (PQ). Cnenosarensno, ee koop-
JIMHATBI yOBIETBOPAIOT YPABHEHUSIM 00eux mpsambiX. Toraa, koopauHarsl Touku
HAUIyTCS U3 CUCTEMBI

-

4 3 4 3
y=—X+-, y=—X+-, 4 3 —_1
J 5 5 = 5 5 PN y:§X+§,<:> y= s
5 7 4 3 5 7 X =-2.
4 2 5 5 4 2

Ortser : Q(—2;-1).
1.7. OBIIIEE YPABHEHUE IPSIMOM

Kak yxe wussectno, ypasuenne AX+ By+C =0, rne A,B,C- neiictsu-

TEJNBbHBIC YHCIIA, ABIAETCA OOIMM anreOpandyeckuM ypaBHEHHUEM IEPBOM CTEHCHH
OTHOCHUTEJIBHO JIBYX MEPEMEHHBIX X U Y. YCTaHOBJIEHHbIE paHee (pOpMbl ypaBHEHUS

OpSIMOM SIBJISIFOTCS TaKXKe anreOpanyecKiMy YpaBHEHUSIMU NE€PBOM CTENEHU OTHOCH-
TEJIBHO X U Y MU IPHU NOMOILU IPOCTEHIINX ACUCTBUNA MOTYT OBbITh NPUBEACHBI K

dbopme
Ax+By+C=0 (1.11)

[Tokaxem, uro ypasuenue npu mooeix A, B,C, kxpome A =B =0, onpene-
JIAeT TpAMYI0 Ha KoopauHaTHOM miockocth XOY . JlelcTBUTENBHO, MoNaras 0IHO
u3 urcenl A win B, manpumep B, He paBHbIM HyIII0, IOITyunM

AX+By+C=O<:>Ax+B(y+§j=O<:>A(X—O)+B(y+%)=0

CpaBHuBast 310 ypaBHeHue ¢ ypaBHeHHeM A(X —X )+ B(y—y,) =0, naii-

C

JIEM, YTO OHO €CTh ypaBHEHHE IMPSMOM, MPOXOIAIICH yepe3 TOUKyY (O;—Ej nepreH-
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JHUKYISIPHO BEKTOPY N= {A;B}. Cnenosarensho, u ypasaenne AX + By +C =0
€CTh YPaBHEHUE MPSIMOM.

VYpasuenue (1.11) Ha3piBaeTCa 001UM ypaBHEHHUEM MPSMOIA.
YacTHble cinyyan:

1) ecin C=0, 10 AX+ By =0. D10 €ectb ypaBHeHue PsMOii, IPOXOISIIEH
yepe3 Haualuo KOOPAUHAT;

C
2)ecrt A =0,B=0,10 y= B €CTh ypaBHEHHE MPSIMOH, MapauieIbHOMN
ocu OX;
3)ecu B=0,A#0, 10 X = A DTO0 ypaBHEHHE MPSMOM IapauIeIbHOM

ocu OY . B uactaoctu, npu C = 0 monyunm x = 0 - ypasuenue ocu OY.
[TIPUMEP 1.5. Jlana npsmas 2X + 3y +4 = 0. CocraBurs ypaBHEeHHE Mps-

MOii, Tpoxosiieii gepes Touky M (2;1) mapannensro naHHO#M IpsMOit.

2 4
Pemrenne. Tak kak 2X+3y+4=0 10 y=——X——. CpaBHuBas moiy-
2
YEHHOE ypaBHEHHUE ¢ ypaBHeHneM Y = KX + b, monyuum, uro k = ——.
ylk
¢ .
N \\ M
\ o Mo
/-\ \<\ \ >
0 e X
Puc. 1.11

Nckomast npsmasi 10pKHA OBITh NapajienbHa JaHHOW npsMoi. CienpoBaresnb-

HO, cornacHo popmyie (1.9) ee yrmosoit koddpduuuent kK = —g. Wrak, g ucko-

Moii mpsimoit u3BectHa ee Touka M (2;1) u yrmosoit koadumment k = 3 Torna
ee ypaBHeHHue Haitem 1o ¢popmyre (1.6)
Y—Ym, =k(xX—xy,)=>y-1 =—§(X—2) < 2x+3y-7=0.
3ameTHM 0Ty THO, uTo Koddduumentet A =2,B =3 y uckomoii n mannoi

IIPAMBIX OKa3aJIMCh PABHBIMH. OT0T (I)aKT HC CJIY4aCH (,IIOKaSaTL CaMOCTO}ITGHbHO).
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Otet: 2Xx+3y—-7=0.

BBIBO/. 3akaHuuBasi U3JI0KEHUE BOMPOCA O MPAMOM JIMHUM Ha TIJIOCKOCTH,
elle pa3 OTMETUM, YTO BCAKOE alredpanieckoe ypaBHEHHE NIEPBOM CTENEHU OTHOCH-
TEJIBHO JIByX IIEPEMEHHBIX X W Y, T.e. ypaBHenue BumaAX + By +C =0, ecrs

ypaBHeHHE NpsAMOM JuHuMK Ha Iiockocth XOY. W HaobopoT, ypaBHEHHE OO0
OpsIMOM  Ha 3TOM IUIOCKOCTH SBJISIETCSl anreOpanyeckuM YpaBHEHHMEM BHJIA

Ax+By+C=0.

1.8 KPUBBIE BTOPOI'O ITOPAAKA. OKPY’KHOCTb

B crenyromux maparpadax paccmMaTpHUBAarOTCS I€OMETpUYecKue oOpasbl all-
reOpandecKkoro ypaBHEHHUS] BTOPOW CTENEHU OTHOCUTEIHHO JIBYX MIEPEMECHHBIX

AX2+Bxy+Cy2+DX+Ey+Q=O, (1.12)

rie A,B,C,D,E,Q - neiicrBurenbubie ynca;

A, B, C oaHoBpeMeHHO HE paBHBI HYIIIO.

Jlunust, onpenesnsemas ypaBuenuem (1.12), Ha3bBaeTCss KPUBOW BTOPOTO IO-
psizKa.

ITycts Ha koopaunHatHo# 1iockoctH XOY jgaHa OKpy:KHOCTH pamuyca R ¢
eHTpoM B Touke M (X ;Y ) ¥ Tpedyercs onpenenuts ee ypaBHenue (puc.1.12).

BribepeM Ha 3TO# IIIOCKOCTH TPOHU3BOJILHY0 Touky M(X; V).

y
A
M
R
0 'X
Puc. 1.12

Torpa:
1) eciu Touka M neKHUT HAa OKPYIKHOCTH, TO

‘MOM‘=R<:>\/(X—XO)2+(y—yO)2 =R & (1.13)
& (x=%)” +(y—yy)” =R’

2) ecim Touka M He JIGKHUT Ha OKPYKHOCTH, TO JUIS BHYTPEHHUX TOYEK Kpyra

‘MOM‘ < R, a 1ng BHEmHUX TOUEK Kpyra ‘MOM‘ > R . CnenoBarenbHO, 11 Beex

TOYCK, HEC JCXKaIunux Ha OKPYKHOCTH,
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‘MOM‘ #R & (X—XO)2 +(y—yO)2 £ R2.

N3 1) u 2) u onpenenenust 1.1. ypaBHEHUs IJIOCKON KpHUBOM, CIEAYET, UYTO
ypaBHenue (1.13) ecTb ypaBHEHHE UCKOMOM OKPY>KHOCTH.

VYpaBuenue (1.13) sBnsiercs ypaBHEHHEM BTOPOM CTENEHU OTHOCHUTEIBHO X U
y . CiieoBaTenbHO, OKPYKHOCTh €CTh KpUBasi BTOPOro Mopsijika. PackpelB CKOOKU B

ypaBHeHud (1.13), nomyuum, 4To
x* —2XX, +XO2 +y? - 2yy, +y02 R’ o
o x+y’ —2X0X—2y0y+X02 +y02 ~R*=0
CpaBumBas ¢ (1.12), maiinem, uro A=1,B=0,C=1,D=-2x,,

2 2
E=-2y,,Q=%x,"+y, — R’ .PaccmarpuBast  momydeHHbIE  KOA(PPUIHMEHTHI

A,B,....,Q, nerko 3aMeTUTh, 9TO JUISE OKPY>KHOCTH BBITIOJHHUIIUCH JIBA YCIIOBHS:
1) koaddunment B npu npoussBeneHnn Xy paBeH HYJIIO;

2) k03P PUIMEHTHI TPU X% u y2 paBHbI MeX1y coOoi. [lokaxem, 4yTo ecnu B
(1.12) crapmme koobduuuentsl A,B u C  ynosuersopsior ycnoBusm
A=C=#0,B=0, to 310 ypaBHenue omnpenensier jaud0 JCHCTBUTEILHYIO OKPYK-
Hoctb ¢ R > 0, nu6o touky (R =0), mu6o maumyro okpyxuocts (R < 0). Iona-
rast juist ipoctotsl BeIkIanok A = C =1,B =0 B ypasuenue (1.12), nonyunm

x’+y*+Dx+Ey+Q=0<

, D D2 , 2 D? E2
S| X T+2—x+— |+ +2-—y+— -————=0
L 2 4 Y Y 4 Q 4 4
2 2 2 2
D E D E
Slilx+—| +|lyv+—=| =— 4+~ — (1.14)
( 2) (y 2] PRI
06 X E D + 2 Q=a
O3Ha4YUM — = —X,,— =—y,,—— +——Q =a.
R T R
Paccmorpum tpu ciryyas:
1) a>0. Torna  ypaBHenue  (1.14)  3anumercs B BHIE

(x =X, )2 +(Y—Yo )2 = (\/5 )2 , T.€. ONpEIEIseT JCHCTBUTEILHYIO OKPYKHOCTh
paguyca R = Ja ¢ nertpoM B Touke O (X(;¥)-
2) a=0. Torxa (1.14) 3anumiercs B Buge (X — XO)2 +(y - yo)2 =0
X =X,
= T.e. ypaBHeHue (1.14) omnpenenser €IUHCTBEHHYIO TOYKY
Y=Yo-
O,(X¢3Y() KOTOPYIO MOXXHO pacCMaTpUBaTh Kak "OKPY)XHOCTB" pajiyca HyJIb.

3) a < 0. Torna ypaBuenue (1.14) He ymOBIETBOPAECTCS HU MPU KAKUX 3HAaYe-
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HUsX X U Y. CienoBarenbHo, ypaBHeHue (1.14), He onpezaenseT HUKaKoOM NeiCTBU-

TEJIBHO CYIIECTBYIOMICH KPUBOW WM JIJIsi OOLTHOCTH TOBOPST, YTO OHO OIpEIeisieT
MHUMYI0 OKpykHOCTh ¢ R < 0.

Nrak, ecnmu B ypaBHenue (1.13) crapme ko3phUIMEHTHI YIOBIECTBOPSIOT yC-
nousim A = C,B = 0, to ypaBHeHue onpenenser HEKOTOPYHO OKPYKHOCTb.

1.9. DJIJIMIIC

ONPEJAEJIEHUE 1.3. n1uncom Ha3pIBa€TCsl MHOKECTBO BCEX TOYEK ILIOC-
KOCTH, CyMMa PacCTOSAHUN KaXJI0W U3 KOTOPBIX OT IBYX JAHHBIX TOYEK ITOM IIJIOCKO-
CTH, Ha3bIBaEMbIX (DOKyCaMU, €CTh BETUYMHA MIOCTOSTHHAS.

Bribepem Ha miockocTH e npousBosbHbie Touku F n F, u BBenem cucremy
koopaunar XOY , kak 510 nmokaszano Ha puc.1.13. O603HauuM yepe3 2C pacCTOSHUE
MEXKJly STUMH TOUYKaMH, Torna BeiOpanusle Gokycsl F, u F, Gyxyr umers xoopau-

narel F;(—c;0), a F, (c;0).

Yy
B, |M(x;y)

AIQ@AZ “x

Puc.1.13.
[Tycts Touka M(X;y) mpousBonbHas Touka mwiockoctn XOY . IMpeamosno-

kuM, uTo Touka M npunamnexur swmmncy. Torma, ecnmu 2a, roe 2a > 2C, ectb
cymma paccrosiauii ot toukn M mo rouek F u F,, To mo onpenenenuro simmnca

‘MF1‘+‘MF2‘ —2a o J(x+0) 2 +y? +4/(x—c)® +y> =2a, (1.14)

N36aBissich OT UppalMoHAIbHOCTH, ypaBHeHue (1.14) MOXKHO NMPUBECTU K BU-

ny:
(a* —c*)x* +a’y’ =a’(a’ —c?). (1.15)

Mo ycnosmio 2a >2¢>0.Torna a>c¢ u a° >c>. Iyers a” —c” = b2,
[Toncranss B ypaBuenue (1.15) momyunm:

b’x? +a’y’ =a’b’ => —+ 2= (1.16)

re b2 =2a’-c¢
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[Tycte Touka M(X;y) He nexur Ha sywmmnce. Torma s TAaKOW TOYKH

‘MFI‘ + ‘MFZ‘ # 2a . CnenoBarenbHo, KOOPAMHATE TOukd M He MOTyT yI0BJIETBO-

pATh U ypaBHeHHUo (1.16).

Wrak, cormacHo omnpenenennto 1.1. ypaBHEHMS IJIOCKOM KPHUBOW, YpaBHEHHUE
(1.16) ecTh ypaBHEHHE UCKOMOTO 3JUIMIICA.

VYpaBuenue smurca (1.16) Ha3bIBaeTCsl €ro KAHOHUYECKUM YPABHEHUEM.

Bocnonb30BaBIIMCh ypaBHEHUEM 3JUIMIICA ONpeneauM (HopMy 3TOM KpUBOWM.
Tak xak nepemMeHHble X U Y BXOJAT B (1.16) TONBKO B 4ETHOMN CTENEHH, TO KpUBas
CUMMETPUYHA OTHOCHUTEJIBHO oceil koopauHat. ClieoBaTelabHO, JOCTATOYHO OIIpe-
nenuth GopMy KpHBOM TONBKO B mepBoii uerBeptr. Ilpun X = 0 u3 (1.16) momyuum,
yto y =b. Ilpu X =a nonyuum, uro y = 0. [Ipu yBenuuenuu X or 0 1o a nepe-

MCHHAas Yy YMCHBIIACTCS OT 3HAYCHMUSA b mo 0. IIpn @ < X < +00 Yy He CyILIECTBYET.

Coenuusis aBHoM kpuBoii Toukn B, (0;b) u A, (a;0), mocrpoum uckomyro kpu-

BYIO B nepBoi uerBeptu (puc.l.13). Mcnonb3ys ee CMHMMETpPUIO OTHOCUTEIIBHO OCe
KOOpAMHAT, IOCTPOUM BCE MHOKECTBO TOYEK DJUIMIICA.

Tepmunonozus. Touku F,(—c;0) u F, (c;0) nassiBatorcs poxycamu smurca.
Touku A,(—a;0),B,(0;=b),A,(a;0),B,(0;b) naszsBaroTcs Bepumnamu siummca.
Touka O(0;0) maseiBaercs nentpom smmunca. Och, Ha KOTOPOH PACIIONOKEHBI (o-

KyCBbl dJuinnca, HaseiBaercs okansHoit ocsto. Ocu OX n OY HnassiBatotcs ocsimu
CUMMETPHH JJUIMIICA.
Orpesku [A;A, |, wmnsr 2a u [B,;B, |, wmusr 2b naswiaiores coorser-

CTBEHHO OOJBIION U MaJIoW ocsiMH 3iuunca. OTpe3ok [Fl;Fz ], JUIMHBI 2C, Ha3bIBa-
eTcsi GOKYCHBIM PACCTOSTHUEM.

Otpesku [O;Al], [O;Az], JUIMHBL A | [O;Bl], [O;Bz], IIuHBL b Has3bIBa-

IOTCSI COOTBETCTBEHHO OOJIBINON M Malloi moayocsmu siunca. CootHonenue ¢/ a,
Ha3bIBAETCA SKCLIEHTPUCUTETOM JJLIUIca U 0003HayaeTcst OykBoil &. Utak,

C

Tax kak no ycnoBuro ¢ <a, 1o 0 <& <1. DkcuenTpucurer xapakrepusyer

2

o 2 2
dopmy smunca. Jelicteurensno, b =a” —¢”. CienosarensHo,

2 2 2
b C b 2
— = 1- <] = 1 —€”. Torma, yeM MeHbIIE € T€M MEHBIIE Majas
a a a

OCh DJUIMIICA OTIMYAETCSA OT €ro 6oJbIIoH och. MHbIMM ciioBamMH, (Gopma dIUIUICca
npubamkaercs K popme okpyxuoctd paguyca R =a =Db. IIpu stom pokychr 1-
nurica Heorpannuenno npubmmkatores kK nenrpy O(0;0) sroii okpyxHocTH. B mpe-

nene npu € = 0 sumuric npeBpamaeTcs B OKPyKHOCTb.
TIPUMEP 1.6. Jlan snmuanc 9x* + 25y% = 225 . Haiiru:
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1) ero nmonyocu; 2) ¢poxychl; 3) SKCHEHTPUCUTET.

Pentenvie. PasjienuB 06e yacTu ypaBHEHMs djumdiica Ha 225, HaiineM ero ka-

X2 y2

HOHHYECKOE YpPaBHCHHE %5 +2=1. Orcioma a’* = 25,b2 = 9.CretoBaTenbHO

9
a=5b=3. Bermmerum c¢® =a’ —b> =25-9=16. Torna ¢ =4, a dokychl
smanca pacnonoxensl B Toukax I (—4;0),F,(4;0). Dkcuentpucurer smmmica

gE=—=—.
a 5

1.10. 'MIIEPBOJIA

OIIPEJIEJIEHUE 1.4. I'unep6onioii Ha3bIBacTCSI MHOKECTBO BCEX TOYEK
MJIOCKOCTH, a0COJIFOTHAsI BEJIWYWHA PA3HOCTH PACCTOSHUM KaXXIO0M W3 KOTOPBIX OT
JBYX JIaHHBIX TOUYEK ATOW IUIOCKOCTH, Ha3bIBaeMbIX (DOKyCaMH, €CTh BEJIMYHMHA I10-
CTOSIHHAS.

BI)I6epeM Ha INIOCKOCTU ABC IIPOU3BOJIBHBIC TOYKHN Fl , A F2 N BBCIACM CUCTC-

my koopaunat XOY Ha 3Toii IIOCKOCTH Tak, Kak mokasano Ha puc.l.14. O6o3Ha-
4uM 4epe3 2C paccrosiHue Mexay Toukamu I u F,, Torna BeiGpanusie hokycs 0y-

nyt umetsb koopaunatsr: i (—c;0), a F, (c;0).

57
U /

B,

my
>
ws)
[\)
>
()

Puc.1.14.

[Tycts Touka M(X;y) mpousBonbHas Touka miockoctn XOY . IMpeamorno-
UM, uto Touka M(X;y) npunamiexut runepboine. Torma, ecnu 2a, rae 2a < 2c,

ecTh abCOJIOTHAsI BEIMYMHA Pa3HOCTH pacctosHuil o Touku M 1o touex F, n F,,
TO MO ONPEAEICHUIO TUIEPOOIIbI

MF,|~[MF,| = 422 & \(x +¢)? +y? —=\(x —¢)? +y? =12a,

N30aBussce ot HPppadrOHAJIBHOCTH, YPABHCHUC MOJKHO IIPUBCCTHU K BUAY
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(a? —cH)x? +a’y? =a’(a’ —c?). (1.18)

ITo ycnosuio 2a < 2¢. Torna ¢ >a u ¢? >a’. O6osnaunm yepes b? pas-

2 2
HOCTh C~ —a~ . [loacrasiss 310 uncio B ypasaenue (1.18), moxyuum

a2 b2 (1.19)

ITycte Touka M(X;y) He nexur Ha runepbose. Torma s TakOH TOYKH

‘MFl‘ —‘MFz‘ # +2a. CrnenoBarenbHo, KOOpaUHATE Toukd M He MOryT ynoBierT-

BOPSATH U ypaBHeHHIO (1.19).

Wrak, cornmacHo ompexaenenuto 1.1 ypaBHEHUSs IJIOCKON KpUBOMW, ypaBHEHHUE
(1.19) sBnsieTcss ypaBHEHHEM HCKOMOM runep0oiabl. OHO Ha3bIBACTCS KAHOHHMYECKUM
ypaBHEHHEM TUIIEPOOJIBI.

Omnpenenum ¢popMmy runep6ossl. Tak kak nepeMeHHble X U Y BXOIAT B ypaB-

HeHue (1.19) TonbKO B UETHOW CTEMEHHU, TO KpHUBAs CUMMETPUYHA OTHOCUTEIHHO
oceil koopauHat. CienoBaTeabHO, JOCTATOYHO OMpPeAeuTh ee (opMy TOJIBKO B MEp-
Boii uerBeptu. [Ipu X =0 wu3 (1.19) monyunm, uro y2 =-b’ < y ¢ & .Ot0 3Ha-
uuT, uTo KpHBas He umeet ¢ ocbio OY 00mux Touek. [Ipu a < X < 00 3HaueHUS Y
CYILECTBYIOT, IIPUYEM IIPU YBEJIWYEHUU X INEPEMEHHAsl Y TaKKe BO3PACTAECT U W3-

mensiercs ot 0 1o +00.
[ToxasxeM, YTO 4acTh FMIEPOOIILI, PACIIONOKEHHAS B 1 YETBEPTH, UMEET ACUM-

b b > 7
nToTy - npsimyro 'y = —X. U3 ypaBHenusm (1.19) naitnem, uro y = — x?—a’.
a a

PaccmoTpum pa3HOCTh MEXIy OpJUHATAMH NPSIMON W THIEPOOIBI IPU OAHOM M TOM
e 3HaueHun X (puc.l.15). Umeem:

Y -y - —x——\/i b (X—\/ —a?) - (x+vVx* -a )
a X +Vx° —a’ (1.20)
N :

b X2—>(2+a2

a
& x4+/x* —a’ X+\/X2—32

N3 (1.20) crmemyer, 4ro mpH YBEIMYEHHH X pa3sHOCTh MEXAy Y, H

YFHH CTPCMUTCA K HYIIIO. CJICI[OB&TGJII)HO, CTPCMUTCA K HYJIIO U PACCTOAHUC MCKIY

23



b

TOYKaMH HpﬂMOﬁ 151 FHH€p6OJIbI. Torzxa npsamas 'y = — X ABJIACTCA ACUMIITOTOM TH-

11ep0oJIbl. JIjist IOCTPOEHHsE TOM aCUMITOTHI 0CTATOYHO MOCTPOUTH TOYKY C KOOp-
nuHatamu (a;b) u mpoBecTH NPAMYIO, IPOXOAAILYIO Yepe3 OTy TOYKY M HAyajao KO-

opauHart (puc. 1.15).

YA

/) . : Yrun < >yac
b :
0 a A X
Puc. 1.15

Tepmunonozus. Touku F (— C;O), F, (C;O) Ha3BIBAIOTCS QhoKycamu _zunepoo-

avt. Touku Al(— a;O), Az(a;O) Ha3bIBAIOTCS QeHCHIGUMENbHbIMU BEPUIUHAMU

cunepbonbl, a Touku B, (O; - b), B,(0; b) - muumbimu eepuwunamu. Toaxa 0(0;0)
Ha3zbleaemcsa yenmpom 2unepdonvt. Och, Ha KOTOPOU PACTIOIOKEHBI (DOKYCHI, HA3bI-
BaeTCs POKAILHOU 0CbI0 VN delicmeumeibHou_ocblo. Och, .Ha KOTOPOI pacmolio-
’KEHBl MHUMbIE BEPIIUHBI TUTIEPOOIIbI, HA3BIBACTCS MHUMOU OCBHIO.

OTtpe3ox [F1 ; F, ], JUTMHBI 2C , Ha3bIBaeTCs oKycHblM paccmoanuem. OTpe3oK

[Al;Az], NIMHBI 24, Ha3bIBAETCS JelCMEUmMENbHOU 0Cbl0 2unepooibl (Ha3BaHUE

COBIAJACT C Ha3BaHMEM camoil ocu). OTpes3ok [Bl;Bz], nanuHEl 2b, Ha3bIBaeTCs

mnumoii_ocvio. Otpeskn [0;A ], [0;A, ], [0;B,], [0;B,] sassisarores coorsercr-

. C
BCHHO O€CUCHEUMENbHbBIMU_U_MHUMBIMU_ROAYOCAMU_2unepdoanl. Yucio — =¢ -
a

Ha3bIBACTCA JIKCUEeHmpuUucumenmom zunepﬁoﬂbl . Ilo OIIPCACICHUTIO FI/II'Iep6OJILI

c > a. CrnenoBarenbHO, € > . DKCICHTPUCUTET THIIEPOOIBI XapaKTepu3yeT ee Gpop-
2 2 2
o b C b 2
my. JletictButensHo, u3 (1.19) caenyer, uto | —| =|—| -1 | —| =¢° —1.
a a a

Torna, yeM MEHbIIIE €, TEM MEHbIIIE YUCIO D MO CPABHEHMIO C YUCIIOM A, T.€. TOUKH
runep6ossl npudamkarores k ocn XOY .

[IpssMoyTronbHUK, N300paKeHHBIN HA pUC.1.15 MyHKTUPHON JTUHUEH, CO CTOPO-

HaMH NOJIMHBI 2a u 2b , HA3bIBACTCS OCHOBHLIM IIPAMOYT'OJIBHUKOM. Cero IIOMOIIIBIO
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b b

JICTKO CTPOSATCA ABC aCHUMIITOTLI FI/IHep6OHBI Y=—"X U y=——X, ABIIAIOUIHUECA
a

AruaroHajJisiMy 5TOro npsAMoyroJIbHUKa.

Yacrueiii caydaid. [Tpu a = b runep0osia Ha3bIBaCTCS paeHOCHIOPOHHEN (PAs-

Ny . . 2 2 2
HoOounou) JIns paBHOOOUYHOU runepOonbl u3 (1.19) Haitgem, uro X —y~ =a“, a

acUMNTOTaMH OyJIyT OMCCEKTPUCHI KOOPJIMHATHBIX YIJIOB: Y =X M Y = —X. OJKC-

. c +a’+a’
HEHTPUCUTET PABHOOOYHOM TUNIEPOOIIBI € = — = ———— = V2.
a a

IIPUMEP 1.7. Jlana runepGona 16x°> —9y° = 144. Haiitu:1) nonyocu au

b; 2) poxycsl; 3) SKCUEHTPUCUTET ; 4) ypaBHEHHS ACUMIITOT.

Pemenue. Pa3nenuB o6e yactu naHHOTO ypaBHEHUs rumnep0Oosibl Ha 144, Haii-
2 2
X y

JIeM KaHOHUYECKOE ypaBHEHHUE ? —2_=1. Orcrona a* =9, b> =16. Cnenosa-

16

TensHO a =3, b=4. Torza ¢* =a’ +b? =25. Wum ¢ = 5. Qokycsl runep6obl

v
pacromararorcst B Toukax F,(—5;0), F,(5;0). Dkcrentpucurer & = — = —. Acum-
a
b 4
NTOTAMM SIBJISIOTCS MIPSIMBIE Y = £ —X = ig X.
a

1.11. IAPABOJIA

OINPEJAEJIEHME 1.5. ITapa6ooii Ha3bIBa€TCs MHOXXECTBO BCEX TOUEK ILJIOC-
KOCTH, PAaBHOYJAJIEHHBIX OT JAaHHOW TOYKH, Ha3bIBaeMOMl (POKycoM, U AaHHOU Mpsi-
MOW, Ha3bIBAEMOU TUPEKTPUCOU.

BbibepeM Ha IJIOCKOCTH MPOM3BOJIBHYIO TOYKY F M MPOU3BOIBHYIO MPSIMYIO
(NP), e npoxonsmryro uepes o1y Touky. Hazosem touky F (okycom, a npsamyro

(NP) mupexrpucoii. O6o3naunm paccrosaue ot Toukd F no npsmoit (NP) gepes
p u noctpoum cucremy koopaunat XOY rak, kak 310 n3o0paxeHo Ha puc 1.16.

Torna ¢dokyc Oyner pacroyiokeH B TOYKE F(g;O), a JaupekTpuca Oyner

p

VMETh YPaBHEHUE X = ——.

ITycte Touka M(X;y) npoussonbhas Touka miockoctd XOY . Ipeamosio-
UM, uto Touka M nexur Ha mapaGose. Torma, o ONIpeNeeHHIO dTOH KPHBOI

\WF - \MN

, e (MN)L(NP). Touka N 10 HOCTpOEHHIO MMEET KOOPAMHATHI

N(—g;y).CﬂeHOBaTeﬂLHO, PaBEHCTBO ‘MF‘ = ‘MN‘ 3aIUIIEeTCS B BUJIC
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2 2 2
p 2 p 2 p p 2
X—=| +y =,|x+=| +(y— SX+—=,|x—=| +
( 2) y ( 2) (y-y) 5 ( 2) y

OCBO60}KI[8_HCL OT UPPALHNOHAIIBHOCTH, ITOJTYUHUM

2 2

X2+px+p7:x2—px+p7+y2<:>y2:2px. (1.21)

M(x,y)

v

Puc. 1.16

ITycts Touka M He nexwur Ha mapaboine. Torma ‘MF‘ # ‘MN‘ CrietoBaTesb-

2
HO, M Y~ # 2pX.
Nrak, cornacHo ompenenenust 1.1 ypaBHEHUs IMIOCKOW KpHUBOM, ypaBHEHHUE
(1.21) sBusieTcst ypaBHeHUEM HCKOMOW Tapabosnbl. OHO HA3bIBAETCS KAHOHUYECKUM
ypaBHEHHEM apaboisl, a urcino p > () HassiBaeTcs ce mapamMeTpoMm.

Onpenenum popmy napadosisl. B ypaBHenue (1.21) nepemenHass y BXOAMT B

yeTHOM crenenu. CleqoBaTeNbHO, KpUBas CUMMETpHYHa oTHocuTenbHo ocu OX.
Ilpu x =0, y =0. 3Hauur, xpuBas NPOXOAUT dYepe3 Hayano KoopauHar. I[lpu

—0<Xx<0,ye D, rak kak no ycnosuro p > 0. Ilpu 0 < X < +00 y cymecTBy-
€T, MPUYEeM TIPU YBEJIMYCHUU X TIEpPEeMEHHas y Takke yBenuuuBaetcs. [lo momyden-
HBIM JaHHBIM TTOCTpOUM mnapadony (puc.1.16).

p
Tepmunonozun, Touka F(—;O Ha3bIBaeTC hoKycom napabdosvl. Touka

0O(0:0) uazbiBaeTcs gepuunoii napadoast. Ilpsmas X = _p HA3BIBACTCS OUPEK-
) _L

mpucout. Ocb, HA KOTOPOI pacnoioxkeH QOKycC, Ha3bIBACTCS PoKaIbHOU Ocblo. Pac-
CTOSIHHE P OT (POKyca A0 AUPEKTPHUCHI HA3bIBACTCS HAPAMEMPOM RAPAHOTbL.

Hononnenne. Eciau GokanbHyro ock napabossl mpuasts 3a ocbOY , To ypas-

26




HEHUC Hapa60.HI>I 3aIlMMIICTCA B BUAC
x* =2py. (1.22)

ITPUMEP 1.8. Haiitu pokyc 1 ypaBHEHUE TUPEKTPUCH TapabOJIbI y2 = 24x.

2
Pemenne. Tak Kak KaHOHHYECKOE ypaBHEHHE Mapadoiibl UMeeT BUI Y~ = 2PX, TO
2p = 24. Cnenosarensho, p =12, a % = 6. ®okyc napaboJbl PACIIONOKEH B TOUKE

p

F(6;0). Tupexrpuca umeer ypaBuenue X = —— = —0.

1.12 . YPABHEHUSA KPUBBIX BTOPOI'O ITIOPAJIKA C OCAMHA
CUMMETPUMU NTAPAJIVIEJIBHBIMHA OCAM KOOPAUHAT

PaccMoTpuM mpenBapuUTEnbHO OJIHY M3 YAacTHBIX 3ajlady NpeoOpa3oBaHUsl CHU-
cTeMbl KoopauHat. [lycTh Ha MIIOCKOCTH BBEIEHBI JIBE MPSMOYTOJIbHBIE JEKAPTOBBIC
cuctemsl koopauHat XOY u X'O'Y' ¢ uentpamu B Toukax O u O’ u co-
OTBETCTBEHHO NapauleIbHbIMU OCSIMU KoopauHart (puc.1.17)

yrooyy M

/0
yo/ X

0 X, X

Puc. 1.17

Iycts Touka O B cucreme XOY umeer koopaunatsl (XY, ). Beibepem
Ha IUIOCKOCTHU MPOU3BOJIBbHYIO TouKy M n 0603HaunM ee KoopauHaThl yepes (X;y) u
(x; ") B coorerctBytomux cucremax XOYu X'O"Y'. Hocrapum 3anauy ycra-
HOBJIEHHs (OPMYJI CBsA3U Mexy KoopauHatamu toukn M B crapoit (XOY) u Ho-
Boil (X'O'Y' cucremax koopaumar. Oueumno, uyro B cucreme XOY Bexrop
00’ = {Xo;yo}, BEKTOP OM = {X;y}. B cucreme X'O'Y' Bexrtop
oM = {x';y'}.

CornacHo npaBuily CI0KEHUS BEKTOPOB
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_ !
X=X, +X

Y=Yo+Yy.

OM =00"+0'M um (1.23)

®opmysl (1.23), cBs3pIBaroue MeXAy cOO0OW cTapble U HOBbIE KOOPIWHATHI
TOUYKH IIOCKOCTH, Ha3bIBAIOTCA (DOPMYyJIaMH MApaJIIEIbHOTO IEPEHOCa CUCTEMBI KO-
opaunar. ITycts Teneps Ha miockoctd XOY 3aman smmnc ¢ nomyocsMu a u b,

ueHTp kortoporo Haxomutcs B Touke O'(X;Vy,), a OCM CUMMETPUN NapasIeNbHbI

ocam koopaunat OX u OY . Tpebyercsa naiitu ypaBHeHue >iuiuica. Beegem Ho-
By1o cucremy koopauHat X'O'Y' ¢ momomipio mapasiensHoro mepeHoca CHCTEMBI
XOY, pacrionoxus ee Hauano KOOpAUWHAT B 1eHTpe diumurca (puc. 1.18). Torma B

nosoit cucreme X'O'Y’ kaHOHMYecKkoe ypaBHEHHE >JIMIICA 3AMMINETC B BHIC
X!2 yrZ
o r r_
— = 1. U3 (1.23) naiimem, 9to X' =X —X,,y =y —Y,.Toraa B 3axaHn-
a b
Hoi cucreme koopaunar XOY , ypaBHeHue djIMIIca IPUMET BU:

(x=%¢)" (Yy—Yo)’

+ =1. (1.24)
a’ b?
Y t Y'f
D
0 X, X
Puc.1.18

Vpasuenue (1.24) sBinsercss ypaBHEHUEM JJUIUICA C MOJYOCIMH @ U D, LeH-
tpom B Touke O'(X();y) U OCAMH CHMMETPHH, NMAPAIUIETbHBIME KOOPAMHATHBIM
OCSIM.

Pelas aHaJIOrHYHBIM 00pa30M 3a/1a4y OTHOCHTENLHO YPaBHEHHS IHIIEPOOIIBI,
¢ uentpom B Touke O'(X(;y,), ¢ OCSIMH CHMMETPHH MApaIENbHBIMKE OCSM KOOD-

JIMHAT, ¢ AEHCTBUTEIBHOM IIOIYOChI0 PABHOM @, MHMMOM paBHOW b, moayuum ypas-
HEHUE

(x=x0)° (y-vo)’ _,

(1.25)
a’ b2

AHaJIOTMYHO HAWJEM, YTO YpaBHEHUE MMapadoJibl, 0Cb CAMMETPUH KOTOPOH Ia-
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%) !
pasutenbHa ocu abcuuce, BepumHa KoTopoii Haxomutes B Touke O'(X(;y,), a ee

napaMeTp paBeH P, UMEET BUJ

(Y=¥o)* =2p(x —X,). (1.26)

Ecnu e och mapaboJibl napasuiesibHa OCH OpAUHAT, TO

(x—X¢)* =2p(y—Yo)- (1.27)

1.13. UICCJIEJOBAHUE OBIIEIO YPABHEHUS KPUBOH
BTOPOI'O NOPAAKA, HE COAEPKAIIEI'O YIEHA
C HPOM3BEAEHUEM TEKYHIUX KOOPJANUHAT

I[Tycth 3amano oblee ypaBHeHUe KpuBoil Broporo nopsaka (1.12) mpu B =0,
T.€. ypaBHEHHE BH/IA

Ax* +Cy? +Dx+Ey+Q=0. (1.28)

[Toxaxkem, uto ypaBHenue (1.28) B 3aBUCHMOCTH OT 3HaUYCHUH KOIPPUITUECHTOB
A,C,D,E,Q na miockoctn XOY omnpenenser oKpyKHOCTb, DIUIAIIC, THIIEPOOITY,
napaboJty, napy npsiMbIX, TOUKY, WJIM MHUMYIO KPUBYIO.

1) ITycts A > 0,C > 0.

[IpeoOpazyem ypaHenue (1.28), mOMOJHUB 10 MOJHOTO KBaJpaTa WICHHI, CO-
JeprKalue NepeMeHHbIe X U Y :

2 2 2 2
Alx?+ax 24P e y2+2yE+E D E Qe
2A  4AZ 2C 4C?*) 4A 4C
2 2 2 2
<:>A£x+2j +C(y+£) :D—+E——Q
2A 2C 4A 4C
BBe,Z[CM 0603Ha‘ICHI/ISI, ITI0JIOKHUB
D E D? E?
Xg=—— ) Yo ==, M=+ — —Q. (1.29)
0= oA Y0 T T c 4A  4C Q

Torna npeapiayIiee ypaBHEHHUE 3aUIICTCS B opMe:
2 2
AxX—=Xy) +C(y—y,) =m. (1.30)

ITycte m =0, rorma A(X — XO)2 +C(y — y0)2 =0,

DTO ypaBHEHHE OIpEJENseT Ha IUIOCKOCTH EAMHCTBEHHYIO TOUKY (X(;Y().
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ITlyctre m > 0. Torga ypasuenue (1.30) MOKHO 3anmcath B popMe

(x-%x)"  (y-vo) _,
m/A m/C

N3 cpaBHEHUs 3TOr0 ypaBHEHUs ¢ ypaBHeHUueM (1.24) ciemyet, 4To 3TO ypaB-
HEHUE IJUINICA, a 3HAYUT U ypaBHeHue (1.28), onpeaenser 3/uIMIC ¢ HUEHTPOM B TOU-

m m
ke O(X(;yy) ¥ MOIyoCIMH azw}X’b:JE’ rae X, Yo, M ONPEAEHAIOTCS

paBencTBamu (1.29).
B uactaoctu, npu A = C ypaBHeHHe OINpPENESIET OKPYKHOCT C LIEHTPOM B

m
touke O'(X (Y, ) u pamuycom R = N

Ecnu e B ypaBaennu (1.30) m < 0 , To OHO HE YAOBIETBOPSAETCS HU NP Ka-
KHX 3HaueHusAxX X u Y. CnenoarenbHo, ypaBHeHue (1.28) He onpenenser KpUBOW Ha

IUIOCKOCTH (WITM TOBOPAT: ONPENENAeT MHUMBIN syummnc). Urak, ypaBaenne (1.28)
npu A >0u C > Ouna mmockoctn XOY omnpenenser mu6o swimic, aub0 OKpPyK-
HOCTb, JINOO TOYKY, JIMOO MHUMBIH SJLIHUIIC.

2) IIyers A >0,C<0.

BHOBB, A0MONHAS 10 MOJHOTO KBajpara cliaraeMble, COAEpKallhe MepeMeH-
Hele X U ), u3 (1.28), nomyuum

A(x=x¢)” =|Cl(y-yo)* =m. (1.31)

rae Xg,yYo, M, onpeaensrorcs pasencreamu (1.29).
Eciu m =0, to A(X — X0)2 = ‘C‘(y— yo)2 S

& /A (x—x0) =40 (Y- o).

DTU ypaBHEHHs ONPEAECIAIOT Mapy NepeceKaromuxcs npambix. Ecim m > 0,
To ypaBHeHue (1.31) moxkHO 3anucarth B hopme:

(x=%9)* (y=¥oy) _
m/A m/|C|

N3 cpaBHenus ypaBHEHHsI ¢ ypaBHeHuWeM rumnepOoinsl (1.25) crnemyer, dro

ypaBHeHue ompezenser runepbony ¢ uenrpom B touke O'(X;y,), AeiictBuTens-

1.

/m m
HOU TNOJYyOChIO & = X ¥ MHHMOM TOIIyochr0 b = @ Ecmmu m <0, To ypas-
2 2
(Y-vyo)" (x—Xx¢) _1
m/C m|/ A
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OTO ypaBHEHHME TaKXe ONpENeNsieT TMHepOoily C LEHTPOM B TOM ke TOYKE

m
’ o o o
O (Xo;yo), HO C JCUCTBUTCJIIBHOU IIOJYOCBHO d = ,|—— , PACIIOJOXCHHOU Ha IIpsA-

m
moii mapamnensnoii ocu OY m MHuUMOM nonyockro b =.[—— pacnonoxeHHol Ha

npsaMoii napamiensHoi ocu OX .

Urak, ypasuenue (1.28) npu A - C < 0 onpenenser na miockoctn XOY nu-
60 runepOoIy, MO0 Mapy NepeceKarouXcs MPSIMbIX.

3) Iycts A > 0,C = 0.

Brimomnusis Te jxe mpeoOpa3oBaHus, YTO U B MPEABLAYIINX CIydasx MOXKHO IO-
Ka3aTh, 4yTo ypaBHeHue (1.28) ompegenser n1bo mapabosy ¢ OCbI0 CHMMETpPUU Ma-
pamiensHoit ocu OY , mubo mapy mapamieabHbIX IPSIMBIX, JH00 MHUMOE MECTO TO-
4eK (J0Ka3aTh CAMOCTOSITEIIBLHO).

4)Ecmn A =0, C>0.

B atom ciydae ypasuenue (1.28) onpenensier 6o mapaboiay ¢ OCbI0 CHMMET-
pun, napamiensaoi ocu OX, 1160 mapy napaieabHbIX IPIMBIX, JIH00 MHUMOE Me-
CTO TOYEK.

[TPUMEP 1.9. Onpenenure Buj — JHUHUM, 3aJaHHOM  YpaBHEHHEM

9x? — 16y2 —54x — 64y —127 = 0, u u300pasure 3Ty JMHHUIO HA YEPTEKE.

Pemenue. CpaBHUBas TaHHOE ypaBHEHHE C OOIIMM ypaBHEHUEM KPHBBIX BTO-
poro nopsaka, Haiigem, uto A =9,B=0,C =-16. Tak xakx A-C=-144 <0,
TO, COTJIACHO CJIy4aro 2 JaHHOE ypaBHEHUE OmpenemsieT Jubo rumnepooiy, 1udo mapy
MEPECEKAIOMINUXCS TPSIMBIX.

JlomoHssL 10 MOJHOTO KBajpara cllaraeMble, colepiKaliue mepeMeHHbIe, Mo-
JTYyYUM

Puc. 1.19
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I(x* —6x+9-9)—16(y> +4y+4-4)-127=0 <
S 9(x-3)2 —16(y+2)* -81+64-127=0 <

2 2
I(x —3)2 —16(y +2)% =144 < (X163) AL MNP

9
2 2
QU G2,

VpaBHeHWe  Ompejaenser  rumepbosy € LEHTPOM B TOUKE
! ) ) )
O'(3;—-2) ,neiicTBurensHoi noiayocsto @ =4 u Maumoii nonyocsto b = 3. C uen-

tpoMm B Touke O TOCTPOMM OCHOBHO# MPSAMOYTONBHUK THIEPOONIBI CO CTOPOHAMHU
2a =8,2b =6 (puc.1.19). Jlnarosanu >Toro npsMOyrojJbHUKA SBIISIOTCS ACUMIITO-

!
Tamu runep6osbl. Tak kak npsamele npoxoast yepes Touky O'(3;—2) u umeror yrio-

Bble Kooduuments k|, =t —, To ypaBHeHHs acMMITOT HaiiayTcs 110 GpopMynam
' a
b
Y=Y =k ,(X—X,) wm y—yOZi—(X—XO). Orcrona mpu X, =3 u
’ a

Yo =—2  momyunm  y+2 =i%(x—3). Um 3x—-4y-17=0 =u
3x+4y—-1=0.

Bepumsbel rumepOonsl npy @ =4 u b =3 pacnonaratorcs B TOYKax
A (-1;-2),A,(7;-2). Haiinem xoopmuuarsl dpokycos F, u F, runep6onsr. Bei-

quemim ¢ =a’ +b? =16+9=25==c =5.Tak Kax Xo =3, T0 (oKych

pacrionoxensl B toukax Fj(=2;—2) u F,(8;—2). Dkcuentpucurer rumnepbossl

c 5

€ =—=—=1,25. Hcnons3ys mnony4eHHbIE PE3YJIbTATHI, OCTPOMM HMCKOMYIO T'H-
a

nepoomy (puc.1.19)

3aknwuenue. B mnaparpade 1.13 paccmorpensl Hamboree MPOCThIE Clydau
pacmojoKeHUs] KPUBBIX BTOPOrO MOpsAKa Ha KOOPAMHATHOH Iiockoctu. B crenu-
QIBbHBIX KypcaxX AaHAJIWTUYECKOW T'€OMETPHHM JOKAa3bIBACTCS, YTO alredpandeckoe

2 2

ypaBuenne AX” +Bxy+Cy” + Dx+Ey+Q =0 npu mobbix crapmmx xo3¢h-
¢ummentax A,B u C Bcerna onpenenser mubo OKpy:KHOCTb, 100 DIIJIMIIC, TUIIED-
601y, napadomy, 1M00 BHIPOKIECHHYIO KPUBYIO (TOUKY, IPSIMbIE, MHUMbIE KPUBBIE).
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1.14. HEPABEHCTBA BTOPOM CTENEHW OTHOCHUTEJIBHO
ABYX IIEPEMEHHbIX

ONPEAEJEHME 1.6. Hepasencteo F(X,y) > 0(wmn F(X,y) <0) nassi-
BAETCs HEPABEHCTBOM BTOPOii CTENEHH OTHOCHTENBHO JIBYX IIEPEMEHHBIX X U Y, €C-
m F(x,y)= Ax? + Bxy + Cy2 +Dx+Ey+Q, rne A,B,C,D,E,Q - neiicr-
sutenbhbie uncia;, A,B u C onHoBpemenHo He paBHbI HyI0. [ycTh, 1aHO Hepa-
BEHCTBO BHJIA

Ax* +Bxy+Cy”* + Dx +Ey+Q > 0. (1.32)

BrisicauM reomeTpudeckuii 00pa3 (CMBICI) 3TOTO HEPABEHCTBA HA KOOPUHAT-
Hoii mnockoctn XOY, T.e. HaliieM Ha 9TOM IJIOCKOCTH MHO>KECTBO BCEX TOUYEK
M(X;y), KoopaMHaTEl KOTOPHIX IPY UX IIOJACTAHOBKE B HepaBeHCTBO (1.32) o6pa-

LIAI0T €70 B BEPHOE YHUCIOBOE HEPABEHCTBO.
JIns penieHus 3TOW 3a1a4y NMPEABAPUTEIIBHO ONPEACIIMM BUI KPUBOW BTOPOTO
NOPSIAKA 110 €€ YPABHEHUIO

AX2+Bxy+Cy2+DX+Ey+Q=O. (1.33)

Homyctum, uto ypaBHeHue (1.33) ompenenser ogHy U3 KPUBBIX: OKPY>KHOCTD,
ILTATIC, THIEpOOTy Win napadoiy. Toraa 3Ta TUHUS pa3leisieT Bce MHOXKECTBO TO-
YeK MUIOCKOCTH Ha JIBa WM HA TPH MOJAMHOXKECTBA.

Hampumep, okpy>XHOCTh pa3iessieT MHOKECTBO TOYEK TUIOCKOCTH HAa MHOXKeE-
CTBO BHYTPEHHUX M BHEIIHUX TOYEK Kpyra. BeibepeM B 000M U3 00pa30BaBIINXCS
TIOJIMHOKECTB MTPOU3BOJIbHYIO TOuKy M(X;y) ¥ MOJACTaBUM €€ KOOPAMHATHI B HEpa-

BeHCTBO (1.32). Eciiu npu 3TOM okaxkercd, uro (1.32) mpeBpaiaercss B BEpHOE YH-
CJIOBOE HEPABEHCTBO, TO BhiOpanHas Touka M(X;Yy), a BMecTe ¢ Heli U Bce paccMmar-

pUBaeMoe MOJAMHOKECTBO TOYEK IIIOCKOCTH, YIOBJIETBOPSIOT 3aIaHHOMY HEPaBEHCT-
By. Eciu sxe koopaunaTel Touku M He ymoBieTBOpsitoT HepaBeHCTBY (1.32), To emy
HE YJIOBJIETBOPSIOT U BCE TOUKH PACCMATPUBAEMOI0 MOAMHOXKECTBA. [IpuMeHsis 3ToT
METOJ, Ha3bIBAEMbIN METOJIOM MPE/ICTABUTENEH, BO BCEX CIy4YasiX PEIICHUS] HEpaBEeH-
ctBa (1.32), Haiiiem reoMeTpuvecKuii 00pa3 JaHHOTO HEPaBEHCTBA. AHAJIIOTMYHO OIl-
peaensieTcss U reoMeTpruiYecKuii 00pa3 npoTUBONOI0XHOTrO (1.32) HepaBeHCTBA.

[NPUMEP 1.10. Omnpenennts reoMETpUYECKHMH CMBICI  HEPABEHCTBA

yz—x—6y+7>0.

Pemenne. OnpenenuM BHI KPUBOM y2 —x—6y+7=0. U3 cpaBuenust ¢

ypaBuennem (1.28) monyunm A = 0,B = 0,C =1. CnenosarensHo, kpusas sBjiseT-

¢ 0o mapabosiol ¢ 0ChbI cUMMETpuH, napasiensnoi ocu OX, nubo mapoi ma-
paIETbHBIX MPSAMBIX, TMO0 MHUMBIM MECTOM TOYEK.
JlonouiHsAs ciaraemble, COAep Kallue MEPEMEHHYI0 Y, IO IOJHOrO KBajapara,
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MOJTyIHM
Y2 —6y+9-x-9+7=0=(y-3) —-x-2=0=(y-3)* =x+2
N3 cpaBHeHUs ypaBHEHUs ¢ ypaBHEeHUEM mapaboiibl (1.26) ciemyer, 4TO UCKO-

1

MOW KpHMBOH siBJIsieTCs Tapabosia ¢ BepiuuHoi B Touke (—2;3) u napametpoM p = —.

MA

II

-2 0 X

Puc. 1.20

Ota nunus (puc.1.20) paznensier Bce MHOXKECTBO TOUYEK IJIOCKOCTU HA BHYT-
peHHIO0 1 BHemmHIO0 dactu [ u 11 cooTBeTcTBeHHO. BBHIOEpEM TIPOM3BOIBHOTO TpEI-

craBuTels U3 Ir000it yactu. Hanpumep, Boioepem touky M(0;3), npunamiexariyro

BHYTPEHHEMY MHOXECTBY ToueK. I1oJcTaBiss €€ KOOPAMHATHI B 3aJaHHOE HEPaBEH-
ctBo, monyunM 9 —0—18+7 = -2 < 0. Cnenosarensno, Touka M, a BmecTe ¢ Helt
¥ BCE MHOKECTBO BHYTPEHHHUX TOYEK | He yIOBIETBOPSET JAHHOMY HEPABEHCTBY.
Torma reoMeTpud4ecKuM OOPa3oOM JTOTO HEPABEHCTBA OyJET MHOXKECTBO BHEIIHUX
touek II (puc.1.20).

1.15. HOBEPXHOCTH M JINHUH B TIPOCTPAHCTBE R’

B reomerpun nmoBepXHOCTh ONpPENEISAETCS KaK MHOMXECTBO TOUYEK (F€OMETpH-

3
4eCKOE MECTO TOYEK) mpocTpancTBa R~ , 001agar0mmx HEKOTOPBIM OOIIUM IS BCEX
TOYEK IOBEPXHOCTH cBoiicTBoM. Hampumep, cdepa pamumyca R ects mMHOKECTBO

3 o
BCEX TOYEK MpocTpaHcTBa R, yaanennwix Ha paccrosuue R ot HexoTopoit Touku
O storo mpocrpancTBa.
PaccMOTpHM aHAIUTUYECKOE ONpPEAEIEHUE TIOBEPXHOCTH. I1yCcTh B MPOCTpaH-

3
crBe R~ BBemena nekaproBas cucrema koopauHat XY Z. Beibepem B 3TOM Ipo-
CTPAHCTBE MPOU3BONILHYI0 Touky M(X;Y;Z) 1 paccMOTpHM BMECTE CO MHOKECTBOM

Touek npoctpanctsa R° MuokecTBo ypasrennii Buza F(x,y,z) = 0. Byaem roso-
purb, 9to ukMcna X =X,,Y=Yg,Z=2Z, YHOBICTBOPSIOT  yPaBHCHHIO
F(x,y,z) =0, ecmn F(X(,y9,29) =0, u emy He ymOBICTBOPSIOT, e€CiIH
F(xy,Y0,2() # 0. Hanpumep, uncna x, =1, y, =2, 2z, =-3, yaoBierBops-
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10T ypaBHeHUIO 2X —3y—4z—-8 =0, auuncna x, =2,y, =0,z, =1 emy He ynos-
JIETBOPSIIOT.
ONPEJEJEHME 1.7. Ypasuenne F(X,y,z) =0, cBasbiBaroiee Mexmay .

coboi IICPECMECHHBIC BCIIMYUHBI X, y, Z , Ha3bIBACTCA YPAaBHCHHUECM ITOBCPXHOCTH B BBbI-

OpaHHOU CHCTEME KOOPAMHAT , €CIM KOOPAUHATHI JI000M(IIPOr3BOIbHOM) Toukn M
3TOM MOBEPXHOCTH €My YIOBJICTBOPSIOT, @ KOOPAWHATHI BCEX TOYEK, HE JIEKAIIUX Ha
HEW, eEMy HE yJOBJIETBOPSIOT.

MHOX€eCTBO BCEX TOYEK KOOPAMHATHOI'O MPOCTPAHCTBA R3, KOOPAWHATHI KO-
TOPBIX YJOBJIETBOPSIOT YPAaBHEHUIO, Oy/I€EM Ha3bIBaTh HOGEPXHOCHIBIO.

3aMeTHM, YTO 3TO MHOKECTBO TOYEK MOXKET COJAEPKaTh OECKOHEUHOE KOJIhYe-
CTBO TOYEK, OBITh KOHEUHBIM WM OBITH Aake NycThiM. Hampumep, ypaBHEHUIO

X* +y? +2z% =1 yaoBIeTBOPAIOT KOOPMHATL GECKOHEUHOTO MHOMKECTBA TOUEK
(cdepa c eHTpOM B Hauyaje KOOpAUHAT paauyca 1); ypaBHEHHUIO

(x — 1)2 +(y+ 2)2 +2% =0 yIOBIETBOPAIOT KOOPAMHATHI TONBKO OJIHOI
toukn M(1;—2;0). U3 onpenenenus 1.7 ciexyer, uto aH000€ ypaBHEHHE BUJA
F(X,y,z) =0 onpenenser B KOOPAMHATHOM INPOCTPAHCTBE HEKOTOPYIO MOBEPX-

HOCTb.
Kak yxe oTmedanoch, B aHAIUTUYECKON T'€OMETPUN HU3YyHalOTCS B OCHOBHOM
anreOpanyecKre ypaBHEHuUs, T.e. Takue ypaBHenus F(X,y,Z) =0, B KOTOpbIX BbI-

paxenune F(X,y,Z) npencrapiser co6oii CyMMy KOHEYHOIO YKMCIIA CJIaraeMbIX BUJA

m_. n_k o
AX Yy Z ,rae m,n,k ects nensie HEOTPHLATENLHBIE YKcia, A — JeWCTBUTEND-

Hoe uncio. Hanbonsmas cymma m + n + K HaswiBaercs cmenensio ypagnenus.
Hanpumep, ypasuernne AX+By+Cz+D =0, rne A,B,C,D - neiictsu-

TEJIbHBIE 4YMCJIa, €CThb HaubOosiee OOIMN BHUJ anreOpanyeckoro ypaBHEHUs INEPBOM
CTENIEHU OTHOCUTEIBHO TPEX MEPEMEHHBIX.

2 2 2 o o
VpaBuenne 2X° +y°~ +3z° —4x —5=0 ecrp vacTHbIii ciy4yaii anredpau-
YECKOT0 YPaBHEHHs BTOPOM CTENEHH OTHOCUTENILHO TPEX IMEPEMEHHBIX.
o 3
B ananutrueckoii reomerpur B R~ IHHMIO paccMaTpMBarOT Kak MHOMKECTBO

BCEX TOYEK, MPUHAICKANMX KKIOM M3 JABYX IEPECEKAIOMMUXCS MOBEPXHOCTEM.
CrnenoBarenbHO, CUCTEMA YPABHEHUN

F(x,y,z) =0,
(1.34)
F,(x,y,z)=0
ONPENEIIAET YPABHEHUS JJMHAN B IIPOCTPAHCTBE R
x 2 +y2 e :RZ,
Hanpumep, cucrema ONPENEIAECT OKPYKHOCTD PAIHY-

z=0

ca R, pacnonoxennyro na miockoctu XOY .
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1.16. IIVIOCKOCTb. YPABHEHME IIVIOCKOCTH 110 TOYKE "
HOPMAJIBHOMY BEKTOPY

3
[TonoxeHue IIOCKOCTH O B IpocTpancTBe R~ BmonHe onpenensercs 3ananu-
eM:
1) 100BIX TPEX TOUYCK, HE JICKAIINX HA OJTHON TIPSIMOW;

2) TOYKH IIOCKOCTH M BekTOpa N IHepIEeHIUKYISIPHOTo O .
Haiinem ypaBHeHHE IUIOCKOCTH B Ka)IOM M3 MEPEUUCICHHBIX CIydyaeB ee 3a-

namns. Ilyets B mpoctpancte R° jama Touka My(Xy;Yp;Zg) ¥u BEKTOp
N=Ai+ B} +Ck (puc.1.21) Tpebyercst HaliTH ypaBHEHHE TUIOCKOCTH X, IPOXO-
et yepe3 Touky M, mepreHaukyspHo 3aJaHHOMY BEKTODY N.

BriGepem B R’ npou3BOJIbHYI0 Touky M(X;y;Z) ¥ MmOCTpOMM BEKTOP
MM = (x = X¢)i+(y = yo)j+(z—zy)k.

PaccMoTpuM /1Ba Cirydas:
1) ecu Touka M € a To

MMIN=N-MM=0<

S A(X—X0)+B(y—yy)+C(z-24,)=0 (1.35)

X Puc. 1.21

2) ecu Touka M ¢ o, 1o Bektopa MM u N He nepreHAUKyISApHEL

= ﬁ-MOM 20 A(x—Xxy)+B(y—-yg)+C(z—2z,) # 0.13 cnywaes 1) u
2) ¥ ompeleneHUs ypaBHEHHUs MOBEPXHOCTH cieayer, yTo ypaBHenue (1.35) ectb
YPaBHCHHE MCKOMOMW IUIOCKOCTH Ol. YpasHenue (1.35) nasvieaemca ypasnenuem

njaocKocmu no moiukKeé U HOpmMajibHOMY 6EKmOpY. BGKTOP N, HepHeHI[I/IKy.TIHpHHﬁ
IUIOCKOCTHU Ol , HA3bIBACTCSI HOPMAIbHbBIM 86EKMODOM 9TOM MJIOCKOCTH.

36



ITPUMEP 1.11. CocTaBuTh ypaBHEHHE IUIOCKOCTH, IPOXOAAIIEH YEPE3 TOUKY
M, (5;—1;3) nepnenauxymnspHo BeKTOpY N= {2;3;4}.

Pemenne. YpaBHeHHE HCKOMOM MJIOCKOCTH OyZeM UCKaTh B (popme

AX—=Xy)+B(y—-yy)+ C(z—-2z,) =0.Ionaras B ypapHenuu (1.35)

A=2B=3,C=4,x,=5,y, =-1,27 =3 nonxyuum

2(x—=5)+3(y+1)+4(z-3)=0<2x+3y+4z—-19=0.

1.17. YPABHEHME IIVIOCKOCTH 110 TPEM TOYKAM

IIycts B mpocTpancTse R’ naubi TPU TOYKHU

M, (X15Y1:21), M5 (X5;¥2325),M5(X3;y3;Z3)He nexamue Ha OIHOH
npsMoii. BeibepeM B 3TOM MpPOCTpPaHCTBE NPOM3BOJIbHYIO Touky M(X;y;Z)u mno-
CTPOUM TPU BEKTOpaA

MM = {X_X13Y_Y1;Z_Zl}
MM, = {Xz —X15¥Y2 7 Y152, _Zl}
MM, = {X3 —X15¥Y3 ~ Y1523 _Zl}

[Mpeamnonoxum, yro Touka M nexur Ha mrockoctu O (puc.1.22) mpoxoms-
meil 4epes 3amanubie Toukn M;,M,,Mj. Torga Bexroppr MM,M M, u

MIM 3 JIeXKaT Ha 9To# mnockocty. CrenoBarensHo,
MMxMM,) MM, =0
X=Xy YY1 Z2-12
X, —=X; Y-y, Z,-2;=0. (1.36)

X3 =X Y3=Y1 23774

M
M,

N

M
o

Puc. 1.22
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Ecnu xe touka M ¢ o, To Bektopst MM, MM, u MM, =e xommia-

HapHbl. Torna U uX CMEIMIAHHOE MPOU3BENCHHUE OTINYHO OT HyJs. CoracHo omnpene-
nenuto 1.7, ypaBHenue (1.36) sBisieTcsi ypaBHEHUEM UCKOMOM MJIOCKOCTH OL .

3amMeTuM, 4TO €Clu pacnucarh onpenenurensb (1.36), To mojiydeHHOE ypaBHE-
HUE Tak ke, kak u ypaBHeHue (1.35), Oyner anreOpandeckuM ypaBHEHHEM MEPBOI
CTEIIEHU OTHOCUTEIBHO TPEX MEPEMEHHBIX X,Y,Z.

1.18. OBIIEE YPABHEHHE IIJIOCKOCTH

[TycTp 3aaHO IPOU3BOJIBHOE aNredpandyeckoe ypaBHEHHE NEPBOI CTENEHH OT-
HOCUTEJIbHO IEPEMEHHBIX X, Y, Z

Ax+By+Cz+D=0. (1.37)

[TokaxxeM, yto ypaBHeHue (1.37) mpu Jr00BIX JOMYCTUMBIX 3HAYEHUSX KO3(-
¢urmento A, B,C, D Bcerna sBnsiercs ypaBHeHHEM HEKOTOPO# TUIOCKOCTH.

ITo ycnoBuIo 1o Kpaiinei mepe oaud ux kodpduuuentos A, B nm C ornu-

4yeH oT Hyns. Torja, NpeanoaoKuB s onpeaeaenHoctu, uto A # 0, nepenumem
ypasHenue (1.37) B hopme

D
A X+ +B(y—0)+C(z-0)=0.
CpaBHuBas 3TO ypaBHEHUE ¢ YypaBHEeHUEM 1uiockocTH (1.35) , HalimeM, 4To OHO

. D
SIBJISIETCS. YPABHEHHUEM IUIOCKOCTH, MNPOXOIALIEH 4YeEpe3 TOUKY MO(—X;O;O) u

umeromeii Hopmanbubiii Bektop N = A1+ Bj+ Ck. Cnenosarensno, ypaBHenue
(1.37) aBnsiercst ypaBHEHMEM HEKOTOPOM IUIOCKOCTH IMPH JHOOBIX JTONYCTHMBIX 3Ha-
4eHUAX KodpunueHToB 4,8,C,D.

Wtak, BCAKOM TIIOCKOCTH B MTPOCTPAHCTBE R’ COOTBETCTBYET allreOpanyeckoe
ypaBHEHHUE TIEPBOM CTENIEHU OTHOCHTEIBHO TPEX MEPEMEHHBIX W BCAKOMY ypaBHE-
Huto Buaa (1.37) cooTBeTCTBYET MIOCKOCTh. YpaBHeHue (1.37) Ha3piBaeTcst 00IIMM
ypaBHEHUEM TUIOCKOCTH. PaccMOTpWM HEKOTOpBIC YacTHBIC CIydauh ITOTO YpaB-
HEHUS:

1) D =0. Torma, mmockocts AX + By + Cz = 0 npoxoaut yepe3 Hauaio ko-

opaunat, Tak kak Touka O(0;0;0) npunannexuT 3ToM IWIOCKOCTH NPH JIFOOBIX 3HA-
yenusx A,B u C;

2) C=0. YpaBuenue miockoctu 3amumiercs B Buge AX + By +D = 0. Tax
kak crapimme kodpduuuentet A,B u C sBistorcs npoekiusmMu HOPMAaIbHOTO K

mwrockoctd Bektopa N, To Bektop N = {A;B;O} HEPICHANKYJIIPEH 3TOH IUIOCKO-

cru. Ho Bexktop N mnepnenmukyssipen u koopauHathoit ocu OZ. CienoBaTenbHO,
paccmarpuBaemas II0CKOCTh napamieabia ocu OZ;
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3) eciu B =0, 10 miockocts AX + Cz + D = 0 napamnensua ocu OY  (zo-
Ka3aTh CAMOCTOSITENIHHO);

4) ecin A =D =0, To mI0cKOCTh MPOXOJUT YEPE3 HAYAIO KOOPAMHAT M Ia-
pamwtensHa ocu OX . Crienosarensho, miockocts By + Cz = 0 npoxoaur uepes och
OX;

5). ecru A=B=D=0, 1o C2z=0<z=0 coBnagaer ¢ MmIOCKOCTbLIO

XOY.

ITPUMEP 1.12. Onpenenuts, MEPICHIUKYIAPEH JTH BEKTOP a= {3;0;4} TUI0C-
koctu 2X =S5y +z—-1=0.

Pemenue. Koadppuuuentot A =2,B=-5C=1 ssuassorcs npoexiusamu
HopMaibHOTo Bektopa N mockoctH. TOTa, el BEKTOp @ TepreH/HKyIApeH 3a-

JJAHHOU IIJIIOCKOCTH, TO BEKTOPLI Nuwua JOJIDKHBI OBITH KOJIJIMHCAPHBIMU. CormacHo
YCJIOBHUIO KOJUIMHCAPHOCTH ABYX BCKTOPOB IMPOCKIHWU 3THUX BCKTOPOB HOJI’KHBI OBITH

PONIOPIMOHAIIEHBIMEA MEXAy coboi. Ho — # —— CIIEOBATEIIbHO, BEKTOP a HE

(=5)

MNCPICHANKYIIAPCH ,HaHHOI;’I IIJIOCKOCTH.

1.19. YI'OJI MEXAY IIVIOCKOCTAMHA

Ilycte B R®  sagaunl  cBomMm YPaBHCHUSAMU  JBE€  ILIOCKOCTHU
o, :Ax+B,y+Cz+D,=0na,:A,x+B,y+C,z+D, =0

Puc. 1.23
X

Kosdpduuuenter A,B u C ypaBHeHHs UIOCKOCTH SIBJISIOTCA MPOEKIMAMH

HOpMasbHOro BekTopa N K 2Toi 1urockoctd. ClieoBaTeNbHO, OAMH M3 CMEKHBIX
JBYIPAaHHBIX YIJIOB () MEXIY INIOCKOCTAMH Oy U OL, PaBEH yIiay MeXIy HOpMalb-
HBIMH K 3TUM IIJIOCKOCTSIM BEKTOPAMU

N, ={A;;B;;C,} u N, ={A,;B,;C,} (puc.1.23). Torza
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N, N, A A, +B,B, +C,C,
‘Nl‘ ‘Nz‘ \/A1 +B,>+C,° JAZ +B,” +C,°

(1.38)

[To popmyne (1.38) ompenensercss OMH U3 CMEXKHBIX JBYTPAHHBIX YIJIOB ME-
XAy JAHHBIMH IJIOCKOCTSIMHU.

Cneocmeue 1. Ecnu 1maockocTd Oy U OL, ApajjIeabHbl, TO UX HOPMAJIbHBIE

Bektopsl N; u N, kxommueapusl. Torna

5.4 (1.39)
4, B, G
VYcnosus (1.39) Ha3zpIBarOTCS YCIO0BUSAMU MAPAILIEIBHOCTH JIBYX IJIOCKOCTEH.
Cneocmeue 2. Ecnu miuockoctu O M O, NEPHEHIUKYAPHBI, TO B (1.38)

T
yroi @ = 5 Torga cos@ = (. CnemoBarenbHo, u

VYcnosue (1.40) HaszpIBaeTcsl yCIOBUEM MEPNEHAUKYISIPHOCTH ABYX ILIOCKO-
CTEH.

[IPUMEP 1.13. Omnpenenuth, 0Opd KakoM 3HaueHWH £  IUIOCKOCTh
3x =5y + ¢z —3 = 0 nepnengukysspua miockoctd X +3y+2z2+5=0.

Pemenne. Bekropsl Nl = {3;-5;¢}, N2 {1;3;2} sBnsorcs HOpMaNbHBIME
BEKTOPAMU K JAHHBIM MIOCKoCTsAM. Toraa cornacHo ycinoBuio (1.40) miockoctu B3a-
MMHO HepueHauKkyIsapusl, ecmn 3-1+(=5)-3+2/ =02/ =12« ( =6.

Ortser: 6.

ITPUMEP 1.14. CocTaBuTh ypaBHEHHUE IIJIOCKOCTH, KOTOpas MPOXOJUT udepe3
touky M (3;—2;—7) mapamrensro mwiockoctn 2X —3z+5 = 0.

Pemenue. MckoMasi INIOCKOCTh TIPOXOAUT 4epe3 3aiaHHylo Touky M, Toraa
ee  ypaBHeHue, cormacHo  ¢opmyne  (1.35), sanmmercs B BUJE:
Ax-3)+B(y+2)+C(z+7)=0.

Hckomasi TIIOCKOCTh MapajijieibHa 3aJaHHOW IUIOCKOCTH. Torma u3 ycCIOBHS

2_0_-3
napajuieIbHOCTH ABYX Iuiockocred (1.39) momyuum X B =——. Orcrona
A=2,B=0,C=-3

[Moxcrasiss Haiiennsie kodpdurmentsr A, B,C B npensiaymiee ypaBuenue

HalJIeM ypaBHEHUE HCKOMOW MIIOCKOCTH

2(x —3)=3(z+7)=0 < 2x 3227 =0.
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1.20. [IPSIMASI B [TIPOCTPAHCTBE R?.
BEKTOPHOE, KAHOHUYECKHUE U TAPAMETPUYECKUE
YPABHEHUS IIPIMOM

o 3
[Tonoxenue npsmoit £ B mpoctpanctee R~ ompenensercs 3ananuem:
1) moOBIX IBYX TOYEK;

2) ee TOUKHU U BEKTOPA S, MapajuiebHOro dTOM IPSIMON;

3) ABYX MepeceKaroMXCcs MI0CKOCTEM.
[TocTraBuM 3anady onpenesieHUs] YpaBHEHUS MPSIMOM B KAKIOM M3 3THX CIIyda-
€B.

Mlycts B mpoctpanctee R°  mama Touka M 0(X03Y0Zo)u BekTOp

S = {m;n;p}. Torna uepe3 Touky M, mapauienbHO BEKTOPY S MPOXOIUT CAHHCT-

3
BenHas npsamas . Jlns onpenenenus ee ypaBHeHus BbioepeM B R~ mpoussonbHyro

touky M(X;y;Z) wu mocrpoum Bektopsl Iy, = OM, = {XO;yO;ZO}, "
r=0M = x;y;2}

21
M, M 14
i r S
0 y
X Puc. 1.24
CornacHO  OmpenesICHUI0 CyMMBbI ~ BEKTOpOB TmosryuuM  (puc.1.24)

r=r, + M,M

Iycts Touka M € £, torma Bektopst MgM n S kommueapust. Crenosa-

tensHo, MM =t-S, rue t - napamerp, npurumaromumii 000e 3HadeHue n3 R B
3aBUCUMOCTH OT 110s10keHus Toukd M Ha npsamoii £. Toraa ais rouku M € / ume-

cM

r=r,+t-S, (1.41)

rie t e R

Eciun touka M ¢ 7, To Bekropst MyM u S He kommneapHs.

CrnepnoBartenbHO, JUIsl TAKUX TOYEK paBeHCTBO (1.41) He BBINONHIETCS HU MPU
kakux t € R.. Urak, ypasuenue (1.41) sBIsieTCss BEKTOPHBIM yPaBHEHHEM TIPSIMOIA.
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Bektop S = {m;n;p} HA3bIBACTCS HANPABGAAIOUWUM BEKMOPOM npaAmMoil. Bocmosb-

30BAaBILNCH KOOPAUHATAMHU BEKTOPOB T,T,,S u3 (1.41) , monydum

xi+yj+z§:w%i+ybj+zOE+t0ni+nj+pE)¢>

X =X, +mt,
y =Y, +nt, (1.42)
Z=12z, +pt.

Vpasuenus (1.42) Ha3bIBaIOTCS MapaMETPUIECKMMH YPaBHEHUSAMH MpsaMoit £ ¢

napamMeTpoMm t B MPOCTPaHCTBE R
Ucknrouas napametp t u3 ypaBuenuii (1.42) Haitnem, 4ro

= = : (1.43)

VpaBuenus (1.43) Ha3BIBAIOTCA_KAHOHUYECKUMU YPAGHEHUAMY TIPIMOi /

3
B mpocTpancTBe R .

3ameuanue. B ypasuenuu (1.43) ycioBUIMCh CUMTATh, YTO YKCIa M,N U P
MOTYT NPUHHUMAThH JIFOObIE 3HAYEHHS, KPOME OJHOBPEMEHHOI'O PaBEHCTBA M, N U P
HYJIIO. B YaCTHOCTH, eciu YpaBHEHHUE (1.43) MMEET BU/]I

X—Xg Y—Yo Z2—-%2 .
= = , TO 3TO ypPaBHEHUE €CTb ypPaBHEHUE MPSIMOM IEPIICH-

m n
nukysspuoin ocu  OZ. JleiictBurensho, npu p =0 HanpaBisommi BeKTOp

S = {m;n;()} nepnenaukyisaped ocu OZ. CienoBarenbHo, U MapajuielibHas BEKTO-

py S mnpsmas neprneHaukyispHa 5Toi ocu. Eciu ke ypaBHenue (1.43) uMeer BUI

X=X9 _Y~=Yo_ 2772 y
= = ,TO OTO YPAaBHEHUE SIBJISIETCS YPAaBHEHUEM IIPAMOU 1ep-

0 n

neHuKyIspHoi mwiockoctn XOZ.
[IPUMEP 1.15. Onpenenuts, nexur nu touka M, (8;—7;6) Ha npsmoit 7,

npoxosiieit uepes Touky M (2;1;—4) napamnensro Bektopy S= {3;—4;5}.
Pemienvie. Haiiem ypaBHenus mpsmoii ¢ B kanoHudeckoil (opme. ITonaras
Xg =2,y =Lzy=-4,m=3,n=-4,p =35, nonyunm
g'X—Z _ y—1 =z+4
3 -4 5

IToxcTaBisiss B 9TU ypaBHEHUs KOOPAUHATHI Touku M |, Halinem
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8—2 _—7—1_6+4_2
3 —4 5 '

CnenoBareibHO, TOYKA Ml IPUHAIJIEKUT NIPAMOH £

1.21. YPABHEHUSA IPSIMOM 11O IBYM EE TOUKAM

HYCTL HpHMaﬂ g HpOXO,III/IT qepe3 ABC JAHHBIC TOUYKHU
M, (X15¥1521),M,(X5;Y,:2, ). Bektop MM, = {Xz —X1:Y2 Y152, _Zl}

pacroyioxkeH Ha camoii psmoii £ . Clie1oBaTenbHO, STOT BEKTOP SABJISETCSA OJHUM U3

HAlPaBJIAIOIIMX ~ BEKTOPOBS  oroii  mpsmoi. Torma, momaras, B (1.43)
m = X2 _Xl,n = Y2 _yl,p = Zz _Zl’XO :Xl’yo == yl,ZO - Zl,
MOJIyYUM

X=X _ YTV _ 274 (1.44)

Xo =X Yo= V1 2,7

VpaBuenus (1.44) Ha3bIBAIOTCS ypaBHEHUSMHU TPSMON £ 110 JIByM €€ TOYKaM
I[TPUMEP 1.16. Haiitn ypaBHeHus1 MenuaHsl (A4AM)TpeyroJbHUKAa C BEpLINHA-

mu B Toukax A(1;3;-5),B(0;4;—1), C(6;-2;5)

Pemenue. Tak kak Touka M penur orpesok BC momonam, To

Xm=Xb+XC =O+6=3,ym _ Ve tYe :4—2:1,
2 2 2 2

- _Zy t+Z _—1+5=2.
2 2

Menuana (AM)mnpoxomut depe3 Toukn A u M, KoopauHATBI KOTOPBIX H3-

BecTHBI. Torna, ypaBHeHUs 3TOW MeauaHbl HayTcs o Gopmyie (1.44)
X=X, Y~ VYa. z-27, x=1 y-3 z+5

Xm ~Xa Ym~—Ya Zpn—Z, 3-1 1-3 245

x=1 y=-3 z+5

2 -2 7
1.22. OBIIIUE YPABHEHMUS NPSIMOU
IIycts B MIPOCTPAHCTBE R’ JaHbI CBOMMHU YpPaBHEHUSIMHU

Ax+By+Ciz+D,; =0u A,x+B,y+C,z+D, =0 nBe miockoctu 0,0, .
Eciu 5Tu II0CKOCTH MepeceKaroTCst, TO CHCTEMa
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A,x +B,y+C,z+D, =0. (1.45)

OIIPEJENAET yPaBHEHHS IPAMOM, ABIAIOLIEHCS TUHUEN NEPECEUEHUS IIIIOCKOCTEN Oy

U O, . YpaBHenus (1.45) HaspiBatoTCA 0OIIMMH ypaBHEHUSMH IPSIMO.
4 |!
o |
2

Puc. 1.25

[Mokaxkem, uTo eciau npsmas f 3aJaHa CBOMMH yPaBHEHHSIMH B OJHOM K3 HopM
(1.41-1.45), To Bcerna BO3MOXKHO HAaWTH JIOOYIO M3 OCTaBIIUXCS ¢ GOpM ypaBHE-
uuii. Hampumep, ecnu npsvas ¢ 3amaHa CBOMMH KAHOHUYECKMMH YpPaBHEHHSIMU
X=Xog _Y=Yo_ 2772

= = , TO OTU YPaBHEHHUS PaBHOCWIBHBI CUCTEME IBYX YpaB-
m n p

HEHUU NIEPBOMN CTETICHU

/ m n ’<:> nx —my + (my, —nx,) =0,
Y=Y _%277% py —nz+(nz, —py,) =0.
. p

IlepBoe ypaBHEHME 3TOW CHCTEMBI HE coAepKUT Z. CieqoBaTesbHO, OHO OIl-
pesiensieT WIOCKOCThIO Mapamienbuyto ocu OZ. Bropoe ypaBHEHHE HE COIEPKUT X
¥ OmpeJessieT IOCKOCTh, napasuienapuyo ocu OX . Toraa sta cucrema cocrabiieHa
U3 YPAaBHEHUI NIEPECEKAIONIUXCS IIIOCKOCTEN U MpEeCTaBIseT coO00 00IIe ypaBHe-
HHS TQHHOM IpsAMoii £ .

[Iycts, HaoGopor, npsMas ¢ nana ceoumu oOIUMH ypaBHeHusMH (1.45) u
TpeOyeTcss HAliTH €e KaHOHWYECKUE ypaBHEHHMs. JlJis pelieHust 3Toil 3ajadu J10ocTa-

TOYHO yKa3aTh OAHY M3 OECKOHeYHOro MHokectBa Touek M (X(:Y(;Zg), IpH-
HaJJISKAIMX [TPSIMOM, U HATH HAIPaBIISIOIIUIA BEKTOp S = {m;n;p}.

Koopauuats! Takoit Toukn M, mpolne Bcero omnpenenuTs U3 CHCTEMBbI ypaB-
HeHuit (1.45), eciiu B 3TON cUCTEME MOJIOKUTH JUO0 X, 60 Y, TMO0 Z paBHBIMU
KaKOMY YTOJIHO 4HCiy (Hampumep, Hymto). [list onpenenenusi 0THOTO U3 BO3MOKHBIX
HAIPABJISIIONIUX BEKTOPOB S npsaMoii ¢ 1OCTpOMM — HOpPMaibHbIE BEKTOPBI
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N = {Al;Bl;Cl},ﬁz = {Az;Bz;Cz}I{aHHHX mwrockocreil (puc. 1.25). Bekrop

S nepnengukynspen Bekropam Ni, N2, Torma

i j ok
AZ BZ CZ

TozcraBisis HafiieHHBIE KOOPAUHATE Toukn M U mpoekiuu Bektopa S B
ypaBHeHus (1.43) HalileM HCKOMYIO KaHOHHUYECKYI0 (OpMY YpaBHEHUU 3aJaHHOU
IPSAMOM.

X—=2y+3z-4=0

[TPUMEP 1.17. [IpuBectu o0mume ypaBHEHUS MPSIMOI
3x+2y-52-4=0

K KAHOHUYECKOMY BHU]TY.
Pemenue. YpaBHeHus npsiMmoun ¢ wem B BUjIE

X—=Xo_Y~ Yo _2"% *)

m n p

Jist onpenenennst koopauHat Toukd M (X, Y(,Zo)B OOLWIX ypaBHEHUSX

nonoxum, Harnpumep, Z = 0. Torja MoIy4uM CUCTEMY M3 JBYX YPABHEHHH C JABYMSI
HEU3BECTHBIMU X U Y:

x—2y—-4=0 x—2y=4 y=-1
< =
3x+2y—-4=0 4x =8 X =2
Urak, Touka M, (2;—1;0) sBnsiercs onHOit U3 Touek faHHOW npsamoit. [lis on-

pejleNieHnst OJJHOTO U3 HaNpaBJSIONINX BEKTOPOB S = {m;n;p}npﬂMoﬁ BBEJIEM JBa

HOPMAaJIbHEIX BEKTOPA N| = {1;—2;3} u Ny = {3;2;—5}. Torna

1 ] k
S=N;xNa=|1 -2 3|=4i+14j+8k.
3 2 -5

Orciona m =4,n =14,p = 8. Ioxacrasnsist HaliIeHHbIC BEIMYNHBI B YPaBHE-
Hue (*) , HoIyYuM UCKOMYIO KAHOHUYECKYIO OpMY ypaBHEHHUS MPSIMON

x—=2 y+1 z x-2 y+1 z
= =—< = = —,
4 14 8 2 7 4
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1.23. YI'OJI MEKAY ABYMS ITPAMBIMUA

3
ITycTs B ipoctpancTBe R~ mansbl 1Be mpsimble

1 X=Xy Y=Y, 727
1+ =

my n, Py m, n, )

Puc. 1.26

[Tox yrmom mMexay AByMs NPSIMBIMU B IPOCTPAHCTBE MOHUMAIOT JIFOO0M U3 yT-
JI0B, 00pa30BaHHBIX JBYMs IPSIMbIMHU, IPOBEACHHBIMU U3 OJJHOW TOUKH NapauieIbHO
JaHHBIM OpsAMbIM (puc.1.26) O003HaYUM yroj MeXay HalpaBisSIOUMHA BEKTOPAMU

S1 = {ml;nl;pl}n Sy = {mzmz;Pz} JaHHBIX TMPSMBIX depe3 (. Torma oauH u3
CMEXHBIX yrioB Mexay npsiMbiMu £ | u £, Takke paBeH (. CienoBaTenbHO,

oSO = Si-S, _ m,;m, +mn, +p;P,
¢ Slls \/ 2 2 2 \/ 2 2 2 (1.46)
1‘ 2 m; +n; +p; -yM, +0, +Pp,
3aMeTHM, 4TO €CIIH EIH £, , TO BEKTOPBI §1,$ koyunHeapHsl. Torna
m;, n;, p
L=—1=2 (1.47)

m, 1N, Pj

VYcnoBus (1.47) Ha3bIBAIOTCS YCI0BUAMU RAPATIEALHOCIU _08YX _NPAMDBLX 6

3
npocmpancmee R~ .

Ecmxe /(L 0,, 01 S_I_LQ Torna (ng,
cosg=0< mm, +nn, +p;p, =0. (1.48)
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VYcnosue (1.48) Ha3bIBaeTCs yeioguem nepneHOUKyIapHoCHU 08yX NPAMBIX 8

3
npocmpancmee R~ .

I[TPUMEP 1.18. Haiitu ypaBHEHUsS NpAMOW, NPOXOIAIIEH 4Yepe3 TOUYKY
M, (2;-3;4) nepuennukymnsipHo aBym mpsimbiv £ u £ 5.

x-=1 y+2 z-3 X+3 y-4 z-2

0 0
b3 4 27721 53

Pemenne. Tak kak MCKOMasi IpsiMasi POXOAUT 4epe3 JaHHyIo Touky M, To ee

x—2 y+3 z-4

ypaBHEHHS OyJeM UCKaTh B BUJIC , rae S = {m;n;p} ee He-

m n
V3BECTHBIN HANPABISAIOLIMNA BEKTOP.
[To ycinoBuIO HCKOMasi mpsiMasi meprneHaukyisipHa npsmeim ¢, 0 ,. Torma

S1 §,§ 1 g,rz{e S_1 = {3;4;—2},5 = {1;5;3} ecrp HampaBiOmME BEKTOPHI JaH-

HBIX IIPAMBIX. CHGI{OB&TGJ’IBHO, 3a HaHpaBJ'IﬂIOIHI/Iﬁ BCKTODp S MoXHO IIPHUHATH BCKTOP

1 j k
S=S,xS,=3 4 -2=22i-11j+11k.
1 5 3
Torma m=22,n=—11,p =11, a ypaBHenussmu uCKOMOi TIPSIMOIA SIBJISIOTCS

YPaBHEHHS:

x-=2 y+3 z-4 x-2 y+3 z-4

= N
22 —11 11 2 -1 1

1.24. IPSIMASL M IIJTOCKOCTH B MPOCTPAHCTBE R*

3
[Tycts B mpoctpanctBe R~ nanel cBouMu ypaBHeHUssMHU npsiMast { W IUIOC-
KOCTb OL:

l: 27 % _ Y7 Yo =Z_ZO,0L: Ax+By+Cz+D=0.

m n p
Jna ompeneneHuss B3aMMHOIO PACIIONOXKEHMST NPSAMOW M IUIOCKOCTU B IIPO-
CTPAHCTBE JIOCTATOYHO YCTAHOBUTH, MapajuieiibHa Jid mpsmas { IUIOCKOCTH Ol WIIH
HeT. Ecii HeT, TO B KaKOM TOUYKE €€ MEPECEKACT U MO KaAKUM YIJIOM.

¥Yroa Mexay npsiMoii U MJI0CKOCTHIO
[Tox yrmom Mexmy mpsIMOW M TUIOCKOCTHIO TIOHMMAIOT JIFOOOW W3 IBYX CMEXK-
HBIX YTJIOB, 00pa30BaHHBIX MPSIMON U €€ MPOEKInel Ha TIocKocTh (puc.1.27). O6o-
3HAYUM OJIMH U3 CMEXHBIX YTJIOB MEXKy TIPSIMOM M €€ MPOEKIMeH Ha TIOCKOCTh Ye-
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pe3 (O, a yroa MexX1y HOPMaJabHBIM BEKTOPOM N{A;B;C}HHOCKOCTI/I o W Halpas-

p T
JISIOIIAM BEKTOPOM S = {m;n;p}npﬂMoﬁ ¢ uepes 0. Torma au6o @+ 0 =—, aubo

Qo+0= 37% Orcrona sin @ = sin(g — 6) =cos0 WITH

sin @ = sin(?)z7T — 6) = —cos®6.

4

%

1

//
¢

a
/jf

Puc. 1.27
NS

N

CrenoBatenbho, Sin@ = +cosO ==+
Torna, B koopauHaTHOU popme:

sing = + Am+ Bn+Cp
=% : 1.49
\/A2+B2+C2-\/m2+n2+p2 (1.49)

Yacrupie caydan. Ecim npsiMast ¢ neprneHaMKyIsipHa IIOCKOCTH O, TO BEKTO-
pot S u N kommneapusl. Torua

A B C
A_B_Y (1.50)
m n p
Eciu ke EH o,10 @ = 0.Crnenosarensio u sin @ =0 .Torxa
Am+Bn+Cp=0. (1.51)

VYenosus (1.50) u (1.51) Ha3bIBalOTCS COOTBETCTBEHHO YCI108UAMU NEPREHOU-
KVIAPHOCHU U RAPAIETbHOCHU NPAMOU U NAOCKOCHIU.
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Touka nepeceyeHus1 NPAMOHU € IIOCKOCTHIO

[lycte mpsmvas £ 1epecekaeT IUIOCKOCTh O B HEKOTOPOHW  TOYKE
M, (X,;y;2;)-Torma musi onpeneneHnss KOOPAWHAT ITOH TOYKH JOCTATOYHO pe-
IIUTh CUCTEMY YPABHEHHI

Ax+By+Cz+D =0,
X=Xo _Y~=Yo _2"% (1.52)

m n p

[Iporie Bcero pemuTh 3Ty CUCTEMY TIEPexoJisi OT KaHOHHUYECKOH GopMBbI 3a/1a-
HUS ypaBHEHUS TIPSIMOM K €€ 3aJaHHI0 B apaMeTpudeckoit popme, T.€. K popme

X =X, +mt,
y =Y, tnt, (1.53)
zZ=12Z,+pt,

rae t — mapamerp.
IToncraBnss BMecto X,Y,Z ux BbelpaxeHus u3 (1.53) B mepBoe ypaBHEHHE

cuctemsl (1.52) nnst onpenenenuss 3HaueHUs mapaMmerpa t JJis TOYKU NepecedeHus,
MOJIyYUM

A(x +mt)+B(yy +nt)+C(zg +pt) + D=0 < 154
< (Am+Bn+Cp)t =-Ax, -By, -Cz,-D 9

Tak kak 1O  yCIOBUIO  IpsMas  [EPECEKAET  IUIOCKOCTb,  TO
Am + Bn + Cp # 0.CnenosarensHo, 3HaueHre napaMerpa t Juisi TOYKH Tiepecede-

HUS HaiaeTcs 1o ¢popmyiie

Ax, +By,+Cz, +D
R e (1.55)
Am+ Bn+Cp

[ToncraBnss HaitnenHoe o (1.55) 3Hauenue t B kaxxnoe u3 ypaBHeHuu (1.53),
BBIYHCIINM KOOPAUHATHI X, Y ,Z| ICKOMOi Touku M.

[TPUMEP 1.19. Haiitu mnpoekuuto Touku M(9;-13;-18) Ha 1II0CKOCTH
O9x —17y—-152+23=0.

Pemenue. [IpoBenem uepes Touky M npsmyro £ HEpHEHAMKYISPHO 3aJaHHOM
miockoctu (puc.1.28) . YpaBHeHUs 3TOM psiMolt OyieM KCKaTh B hopme
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x-=9 y+13 z+18
= = . (1.56)
m n p

U3 ycnosus (1.50) neprneHuKkyIsspHOCTH IPIMoi U 1iockoctd mipu 4 =19,
9 -—-17 -15
B=-17,C=-15 noayunm, yro — = = . Torma, 3a mnpoexuuu
m n P

M,N,p HANPaBIAIOMIEr0 BeKTOpa S OpsAMOH ¢ MOKHO MNPUHATH 4YKCIIa

m=9n=-17,p=-15.

LM
| ]
5| V]
!
o M,
Puc. 1.28

[MoxcraBisist ux B ypaBHeHus (1.56), HaiiieM ypaBHEHHS TIEPIICHIUKYIsApa £ :

x—9 y+13 z+18

. (1.57)
9 —17 —15
3anuieM ypaBHeHue npsimoit (1.56) B mapamerpudeckoi Gopme:
x=9+9t,
y=-13-1, (1.58)
z=—-18-15t.

Boeruucnum 3nauenue napamerpa t A TOYKY nepecedeHus mpsiMoil ¢ TUIOCKO-
cThio 110 hopmyre (1.55):

_Axg+Byy+Cz,+D 99+ (=17)(-13) +(-15)(-18)+23
Am+Bn+Cp 9-9+(-17)-(-17)+ (-15)-(-15)

[Moxcrasnss 3uauenne t =—1 B ypasuenus (1.58), HalizeM KOOpAMHATHI HC-
komoit touku M, : X, =9-9=0,y, =-13+17=4,z, =-18+15=-3.
Otser: M (0;4;-3).
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1.25. HIOBEPXHOCTH BTOPOI'O ITOPAAKA

B nmxecnenyroomnux naparpadax paccMaTpUBaIOTCS HEKOTOPbIE T€OMETpUYe-
ckue o0pasbl anreOpanyeckux ypaBHEHUN BTOPOM CTENEHU OTHOCHUTENIBHO TpeX Iie-
PEMEHHBIX:

Ax* +Bxy+Cy2 +Dxz + Ez* +Fyz+Px+Qy+Rz+H =0, (1.59)

rne A,B,...,H— neiictBurensaple uucia, npuuem crapire Kod(QQUIHMEHTHI
A,B,...,F ne paBubl nymo ogHoBpeMeHHO.

IToBepxHoCTh, onpenensseMas ypasHeHueM (1.59), Ha3bIBaeTCs nogepXHOCHbIO
6MOpo20 nopaodka.
[lycTh HexkoTOpas MOBEPXHOCTh JaHAa KaK MHOKECTBO TOYEK MPOCTPaHCTBA

3 o o
R, obmangarommx omnpemeseHHBIM CBOMCTBOM, M TpeOyeTCs HAWTH €€ ypaBHEHHE.

3
Hanpumep, nana chepa Kak MHOKECTBO BCEX TOYEK mpocTpaHcTBa R, paBHOyma-
JIEHHBIX OT OAHOM 3aJJaHHOW TOYKH 3TOTr0 MPOCTPAHCTBA.
Jlns BeIBOZAa ypaBHEHHUs 5TON cdephl B JEKapTOBOM CHCTEME KOOPIWHAT

XYZo6o3naunm uepes M, (XO Y05 ZO) KOOPJAMHATHl 3aJaHHOM TOYKH (LIEHTP
cepnl), a yepes M(X; y; Z) — KOOPJAMHATHI IPOU3BOJBHONW TOYKHM HPOCTPAHCTBA
R’

IMoctpoum Bektop M M = {X XY —Vo:2—2 0} U PaCCMOTPHM JIBa CIIy-

qaid.

1) ecin Touka M mpunauiexur cdepe, o MyM = R, rae R > 0 — pamuyc
cthepsl. Torna

Jx =% +(y-yo) +(z-2,) =R &

2 2 2 2 (1.60)
& (x=x¢) +(y—yo) +(z-2y)" =R%;

2) ecnu Touka M He mpuHAUIEKHUT cepe, TO ‘MOM‘ # R . CnenosarenbHho,

JUTSl TAKUX HE BBIMOJIHsETCS U ypaBHenue (1.50).

Torna u3 cinyuaeB 1) u 2) u onpezenenust 1.7 ypaBHEHUs TOBEPXHOCTH CIEIY-
er, uro (1.60) sBisercst ypaBHenuem cdepsl paamyca R ¢ 1eHTpoM B TOuKe
M (X05¥0320)-

VYpaBuenue (1.60) sBnsieTcss anreOpanyecKUM YpPaBHEHHEM BTOPOW CTEICHHU.
CnenoBarenbHO, cdepa SIBISIETCS MPEICTABUTENIEM ITOBEPXHOCTEH BTOPOTO MOPSIIKA.
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1.26. HWJIMHAPUYECKHUE IOBEPXHOCTHA

[ToBepxHOCTH, 0Opa3oBaHHAs BCEMH MPSAMBIMH, MPOXOIAIIMMHU MapalIeIbHO
JaHHoM npsMoii ¢ depes TOUkM JMHUK L, Ha3bIBaeTCSA UUAUHOPUYUECKOU NOGEPXHO-
cmoio (puc. 1.29).

L
Puc. 1.29

Ipu stom nunus L HasweiBacTcs Hanpasaouieil, a npsMbie, IPOXOISIIUE Ye-
pe3 Touku KpuBoi L mapaitensHo npsmoii £, HaspIBaeTCS €€ 0OpazyIowUMU.

z1 N
/
| M
0 >
v
X Puc. 1.30

[Tycre Ha wiockoctn X0Y mana cBoMM ypaBHEHHEM F(X, y) = 0 nexotopas
manus L (puc. 1.30).

[IpoBeneM yepe3 Kaxayro Touky kpuBoii L mpsmyro mapamiensno ocu 0Z.
Torga mosy4uM IWIMHAPUYECKYIO MOBEPXHOCTh C 00Pa3yHOUIMMU, NapajljiebHbIMU
3TOM OocH. JIoKakeM, UTO ypaBHEHHE OyJIeT ypaBHEHUEM 3TOM MOBEPXHOCTH.

F(x,y)=0. (1.61)
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Beibepem Ha kpuBoii L. mpoussosnbhyto Touky N u mpoBemem gepes Hee 00-
pasyrouyro napawienasno ocu 0Z . BeibepeM Ha 310ii 00pasyromieil Npor3BOILHYIO
touky M (puc. 1.30). Torma touku N 1 M GyayT uMeTh OfHU U Te e KOOPAWHATHI
X u y. CnenoarenbHo, ypaBHeHuto (1.61), He cogepxalieMy MepeMeHHyo Z, Oy-
OyT YIOBJIETBOPATH KOOPAMHATBI 00E€UX TOYEK. A 3TO 3HAYUT, YTO YpaBHEHHE
F(X,y) = 0, He comeprallee NEPEMEHHON Z, ABISAETCA YPABHEHUEM IMIMHIAPUYE-
CKOI MOBEPXHOCTU ¢ 00Opasyromumu, napamienssivu ocd 0Z.. AHanoruuso moka-
3BIBACTCS, YTO YPABHEHHS F(X, Z) =0u F(y,z) =0, He comepralye nepeMeHHbIE
Y U X COOTBETCTBEHHO, ONPEIEISAIOT UINHIPUUYECKUE MOBEPXHOCTH C 00pasylo-
My, napaensasivi ocsiM 0Y u 0X coorsercTBenno. CrieoBaTenbHo, U anre6-
panudeckue ypaBHeHus (1.59), He coneprkaliye no OJHOW U3 MEPEMEHHBIX, OIpeie-

JUIIOT HMUWIMHAPHUYCCKHUC ITOBCPXHOCTH, O6p33y10HH/IC KOTOPBIX HAIIPABJICHBI BIOJIb
COOTBCTCTBYHOIIUX ocen KOOpJAHHAT.

v

-
-
-’
.
s
’
’
’

Puc. 1.31

2 2 2
Hampumep, ypaBuenne X~ +y~ = R”® B mpocrtpancTBe Tpex mepeMeHHBIX

onpeenseT KpyroBoi MUIMHAP ¢ 00pa3yomuMH, napauieasusivu ocu 07 .
3aMeTHM, YTO Ha3BaHUE LUIMHAPUYECKON TMOBEPXHOCTH OIpEAeNsieTcs Ha3Ba-
HHeM Hampasjsonieii. Hampumep, eciam Hanpasimsiomas L jgaHa ypaBHeHHEM

2 o
X~ =2py, 1o kpuBas L sBusiercs mapadonoii ¢ oceto cummerpun 0Y . Torma 3to

K€ YpaBHCHHE B TIPOCTPAHCTBE R’ ompeaensieT NapadoIuIecKUii MUIUHAP ¢ 00pa-
3yromumu, napaaneasasiMu ocu 07 (puc. 1.31).

2 2
X° z
AHanoru4Ho, ypaBHeHue —+t—= 1 onpenenser >AIMNTHYECKUN HUIUHIP
a C
2 Z2
¢ oOpasyromumu, napaaiensasiMu ocd 0Y, a ypaBHeHue =5 = 1 onpenensier
b® ¢

runepOOIMYECKUil UIMHAP ¢ 00pasyromumu, napamieasasiMu ocu 0X.
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1.27. JJINIICON

OnHyMM W3 OCHOBHBIX METOJIOB M3YyYE€HHUsSI IMOBEPXHOCTH, 3aJaHHON CBOUM
ypaBHEHHEM, SIBJISIETCA METOJ| ceueHui. B 3ToM MeTone mpeasiaraercsi OnpeaeanTh
BUJI TOBEPXHOCTHU IO €€ JUHUSM NEepPEeceUYeHus C Pa3IMYHbIMHM TUIOCKOCTsIMU. Pac-
CMOTpPHUM MOAPOOHEE CYUTHOCTh 3TOT0 MpUEMa MCCIIEIOBAHUS MOBEPXHOCTU Ha MPH-
Mepe ypaBHEHUs

+—+—=1, (1.62)

rae a,b,C — monoxuTenbHbIE AEHCTBUTENLHBIE YHCIA.

PaccMoTpum BHavasie IMHUMA TIEPECEUCHUSI ATOM MOBEPXHOCTH C TOPU30HTAIIb-
HeMu 11ockocTaMu Z = h, rne h € R. B ceuennn, B o6mem cnyuae, oGpasyercs
KpHBasi, orpeaessemMas ypaBHEHUSIMU

X2 y2 Z2 X2 y2 hZ
;i o=l ot T T
a~ b° ¢ < 1a” b C (1.63)
z=h z=h.
2 2
3ametuM, 40 —- + “— 2 0 npu mo6bix 3HaueHMAX X 1 Y. Clle0BaTeNBHO -
a” b
2
ecmm 1 — — < 0, To ecth ‘h‘ > C, TO MEPBOE YPAaBHEHHE HE BBIIOJIHIETCA HHU NPH
C

KaKUX 3HAYEHHMAX X M Y. DTO 3HAYMUT, YTO IOPM3OHTAIbHBIE IUIOCKOCTH Z = h,
rae ‘h‘ > C, HE MEepPEeceKaroT JAHHOW MOBEPXHOCTH (B CEYEHUHU 00Pa3yrOTCs MHUMBIE

KpPHUBBIE).
h2
Eciu ‘h‘ =C, TO 1——2 =0 u nepsoe ypasuenue u3 (1.63) cnpaBennnBo
C
Tosbko nipu X = y = (. Cnenosarensho, B ceyennsx Z=h =c u z=h =—c no-
JIy4UM TOUKHU (O;O;C) u (0;0;—0).
2
Haxkonen, eciau ‘h‘ <C, TO 1——2 > (. Torna B ceueHHuu TOPU30HTAIIBHOU
C
mockocTeio Z = h, rne — ¢ < h < ¢, nonmyunm nuamo

2 2 2 2
h

5 +—y2 =l-— < X*z - y*z =1, (1.64)
a” b C a b
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Trac

Vpasuenue (1.64) na mnockoctu X0Y omnpeznenser e ¢ noayocsaMu a
%
u b . CienosarenbHo, Ha TOPU3OHTAIBHOM TI0cKocTH Z = h |, rie ‘h‘ < C TOIYyYuM

SJUIAIIC ¢ TEMH K€ MOIYOCIMH. 3aMETHM, YTO HAMOOIBIIKE IIOJYOCH, PABHBIE 4 U D,
obpasyrorca nmpu h = 0. Ilpu yBennuenun ‘h‘ OT HyJId 1O C TOJIyOCH 3JUIMIICA

YMEHBIIIAIOTCSA JI0 HYJIEBBIX Pa3MEPOB.

HraK, B CEYEHUSAX TOPU3OHTANLHBIMHU INIOCKOCTAMU Z = h 1mpm ‘h‘ < C obOpa-

3YIOTCS DJUIMIICHI, IIPH ‘h‘ = C DJUIMIICHI BBIPOKIAIOTCA B TOYKH (O;O;C) u (O;O;—C),

npu ‘h‘ > C IUJIOCKOCTH HE MEePeCceKaroT MOBEPXHOCTb.

Tak xak ypaBHeHue (1.62) obnagaer cuMMeTpUel OTHOCUTENBHO EPEMEHHBIX
X,y U Z, TO B CEUEHHAX BEPTUKAIBHBIMU IUIOCKOCTAMH X = h, rae ‘h‘ <awu

y=h, rze ‘h‘ <b, Tak ke 00pa3yrOTCA ILIUIICH UK TOYKH.

B ocranbHBIX ClIydasdaX BCPTUKAJIBHBIC INNIOCKOCTH HC IICPCCCKANOT ITOBCPX-

HOCTB.

HOJ'Iy‘-IeHHBIC CCUHCHUA ITO3BOJIAIOT IMOCTPOUTH HMCKOMYIO ITOBCPXHOCTH (pI/IC

e e

-_—— _\}k_
L}
L}
[}
|
|
|
]
|
v

Puc. 1.32

1.32), Ha3bIBaEMYIO LIUNCOUOOM.

3aMeTUM, YTO JLIMIICOU TpU a = b = C npespamiaercs B chepy.
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1.28. DJUIMIITUYECKHUHA ITAPABOJIOU ]

ITycTp 3a1aH0 ypaBHEHUE

: (1.65)

rae p,q > 0, sBasiomeecs yacTHpIM citydaeM ypasaenus (1.59). M3yunm Buj mo-

BEPXHOCTH, COOTBETCTBYIOIINIA ypaBHEeHUIO (1.65), METO0M ceueHUH.
PaccMOTpUM CEYeHHsI MOBEPXHOCTU TOPM30HTAIBHBIMH INIOCKOCTAMU Z = h,
rae h € R. B ceuenun, B 061meM ciayuae, moayduM JIMHUIO:

2 2 2 2
X X
—+y—=22, —+y—=2h,
p q A p q (1.66)
z=h z=h
2 2
Tak kak 1o yciosuto p u > 0, 70 — +=— >0 npu 1r00bIX 3HAYECHUIX X
p q

u y. Cnenosarensno, mpu h < 0 ropusonTansHble mwiockoctd Z = h He mepeceka-

tor nmosepxHocTh. IIpy h =0, 10 ects ma mmockoctn XO0Y, momyunm Touky
(O;O;O). IIpu h > 0 ma mnockoctu Z = h monyuum nmunmo

2 2 2 2
X—+y—:2h = H‘F;—h—l
% % ph 2q (1.67)

' >
+
U‘s «
[l
[E—
)1
=]
(¢
o
*
[l
(\]
5
o’:Y‘
o
[l
5
e
=

*
Vpasuenue (1.67) na mockoctu X0Y omnpezpenser s/unmne ¢ moayocsaMu a

k
u b . CinenoBarenbHO, B CEUYEHMSX TOPU3OHTAILHBIMHU IUIOCKOCTAMH Z = h, rme
* %
h > 0, o6pasyrorcs smmIcsl ¢ moayocamu @ ¥ b . 3aMeTuM, 9TO IIPH yBEIUYEHUH

h or 0 1o 0 momyocu syTHIICA HEOTPAHUYEHHO YBEIUYMBAKOTCS.
PaccMOTpUM ceueHue BEPTUKAIBLHON 1iockocThio Y = h, rie h € R . B ceue-
HUH TIOJYYUM JIMHHIO:

2 2 2 2
X—+y—=22, X—+h—=2z,

P q At P q (1.68)
y=h y=h
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2
) h
Vpasuenune X~ = 2p| z—— | na muockoctu X0Z onpenenser mapabomny ¢
2q
ocero cummerpun 07, mapameTrpoM P M BEPIIMHON, HAXOMAAIIEHCS B TOYKE
h2
0;— |. CrnenoBarensHo, Ha WIOCKOcTH Y = h mpu m00bix 3Hauenusx h Taroke
2q
TIOJIyYrM I1apaboily ¢ IapaMeTpoM, PaBHBIM P, BEPIIMHA KOTOPOM HAXOIUTCS B TOY-
h2
Ke O;h;2— . 3aMeTHM, 4TO NpH yBeIM4YeHHd h ot 0 10 00 BepmMHa mapaboIIbl
q

HEOIPaHUYEHHO MOJHUMaETCs Hal miockocThio XO0Y .

Puc. 1.33

I/ITaK, B CCUCHMAX BCPTHKAJIBbHBIMH ITIJIOCKOCTAMU y = h Ipr JIFOOBIX 3HAYECHH-

ax h o6pasyrorcs napaGobL.

AHanornunsie napabosl 00pasyroTcs B CEUEHUX IIOCKocTaMu X = h (moka-
3aTh CAMOCTOSITEIIBHO).

Tak KaKk B CEUEHHMsAX BEPTHKAIbHBIMH IUIOCKOCTAMU X =h m y =h o6pasy-
10TCs 1apabolibl, 4 B CEUEHUSIX TOPU3OHTAILHBIMU IUIOCKOCTAMU Z = h o6pasyrorcs

AJUIUATICHI, TO TIOBEepXHOCTh (puc. 1.33), onpenensemas ypaBHeHueM (1.65), HazBaHa
ILAUNMUYLECKUM NAPADOIOUOOM.
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3aMeTuM, 4To eciu B ypaBHeHHH (1.65) p =, TO B CEUEHUSIX TOPU30HTAIIb-
HBIMH  IUIOCKOCTSIMH  oOpasyroTcs OKpykHocTtu. (CreaoBaTenbHO, YpaBHEHHE

x% + y 2= 2pz onpenenser napadonoud epawienus ¢ ocvio cummerpun 07,

1.29. OJJHONOJOCTHBI TMIEPEOJION ]

O0HonoNOCHHBIM 2UunepHo10udOM HA3BIBACTCS TTOBEPXHOCTD, ONpeaessieMast
ypaBHEHUEM

22 =1 (1.69)

B ceuenusx ropuzoHTanbHeiMK IiockocTamu Z = h, rme h € R, nomyuum
JIUHUU

X z
2+y2_ >y =1 _2+y_2:1+_2’
a b C < Ja b c: =
2 2

X y 2 2

+ :1 * h * h

422 p2 7 mea’=a’ll+— | bZ=b*1+—

c? c?

z=h
Taxum 006pa3oM, B CEYEHHUX INIOCKOCTAMU Z = h 06pasyroTcs sIuuIcs! ¢ mo-
* *
nyocsiMa @ u b . Ilpu yBenuueHun ‘h‘ OT HyJIA 10 OECKOHEYHOCTH TOJIYOCH 3JI-

JIUIICA HEOTPAHUYEHHO YBEIMYUBarOTCA. HamMeHbIIMe MONyoCH, paBHBIE & U b,
MMEET DJUTUIIC, PacioiokeHHbIN Ha miockoctn X0Y .

[Mycts y = h, rne h € R. B ceuenusx obpasyrores nmuuun

X2 22 h2
S D
a’  ¢? b2 (1.70)
y=h
hZ

Eciu ‘h‘ <b, 10 1——2 > (. Torma Ha WIOCKOCTH V = /I, MOJyYUM THIIEP-
b

x*  z *2 2 h? ¥ _ 2 h? y

6oy 0 =l,me a “ =a 1——2 , C =¢C 1——2 C JEUCTBUTEIIb-
a C b b
k %

HOU MOJIYOCBKD @ W MHUMOM C .
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Tak Kak HAEUCTBHUTENbHAS ITOJYOCh PACIIONOKEHA Ha MPSMOU, MApaAIIIEIbHON
ocu 0X, a MmEnmas — napawiensHoit ocu 07, to runep6ona (1.70) opuenTHpOoBaHa
Bosb ocu 0X.

2
Ecin ‘h‘ >b, 10 1— — < 0. Torga na mwiockocTu ¥ = /A moyuum runep6o-
b
22 XZ_ *2_2h2 *2_2h2 . .
Iy 5~y =1l mme ¢~ =c’| ——-1}| a”=a"| ——1|c neifcrBurensHoii
C a b b

* *
MOJIyOChl0O C Y MHUMOHU a

3aMeTuM, 4YTO JEHCTBUTEIbHAS IMOJYOCh PAaCIOJIOKeHa Ha MpsSMOM, mapal-
nensHol ocu 07, a munmas — napamnensuoit ocu 0X. CrenosarensHo, runepbona
(1.70) cmeHuna CBOKO OPUEHTALIMIO.

2
Ecnu ‘h‘ =b,101— b_2 = 0. Torna u3 ypasaenus (1.70) moayuum
2 2
X" z C
—2——2=O & Zz=1—X. (1.71)
a C a

VYpasuenus (1.71) onpenensitor napy nepecekaromuxcsa npsimeix. Utak, B ce-
YEHUSAX BEPTUKAIBLHBIMU IUIocKocTaMH Y = h, rme h € R, o6pasyrorcs nm rumnep-

6OJILI, HU3MCHAIOIIHUC CBOIO OPUCHTALNIO, WJIH ITAPEI IICPCCCKAIOIUXCA IIPAMBIX.

Puc. 1.34

B ceuennsx BepTukanbHbIMH IuiockocTssMu X = h, rme h € R, o6pasyrorca
TaK K€, KaKk U B cedeHusx Yy = h, mu6o rumep6osbl, MO0 IMapa MepeceKaroImxcs

OpsIMBIX ~ (MCCTIEIOBAaTh CaMOCTOSTENbHO). llomyueHHBIE CcedYeHHs] TIO3BOJISIOT
MOCTPOUTH UCKOMYIO MTOBEPXHOCTH (puc. 1.34).
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1.30. IBYIOJIOCHBIN T'MITEPBOJIN]

deynonocmuviym___2unepponoudom Ha3bIBACTCS TMOBEPXHOCTb, 3aJlaHHAS
ypaBHEHUEM

+——-—=-1. (1.72)

PaccMOTpUM CedeHus TOPU3OHTAIBHBIMU TiockocTssMu Z =h, e h € R. B
CEUYECHMSIX 00pa3yrOTCs JIMHUU

XZ y2 h2
ytiy =51
a® b° ¢ (1.73)
z=h.
2 2
Tak kak — + ) > 0 npu 100BIX 3HAYEHHAX X U Y, TO IIpu ‘h‘ < C meBpoe
a” b

YPaBHCHHUEC HE BBIMOJHACTCA HU HNPU KaKUX X U ). CJ'ICI[OBaTeJIBHO, ITINIOCKOCTH

z=h,rne —c < h < ¢, He nepecekaroT TaHHYIO HOBEPXHOCTb.
x2 y?

Ecnu ‘h‘ =C,T0 — + = 0 < x=y=0. CrenoBarenbHo, B CEYEHUSIX
b
IUIOCKOCTSAMU Z = —C W Z = C o0pasyercs mnapa ToueK ¢ KOOpAuHaTaMu (0;0;—0) u
(0;0;¢).
2
Ecnu ‘h‘ >C, TO —2—1 > (0. CnenoBarensHo, nepsoe ypasuenue us (1.73)
C
MOJKHO 3aIicaTh B popMme
2 2 2 2
X * h * h
*2+y*2=1,rj:[ea2=a2 —2—1,b2=b2 —2—1 . (1.74)
a b C C

* *
Vpasuenue (1.74) sBisercs ypaBHEHHEM DIUIMIICA C ONYOCIMU & H b . 3a-
METHUM, YTO MPU YBEINYEHUHU ‘h‘ OT 3HaYeHuss h = €10 6ECKOHEYHOCTH MOTYOCH -

* *
urca @ W b Tak jKe HEOTPaHWYEHHO yBenuduBaroTcs. Mrak, npu ‘h‘ < C IUIOCKO-

cTH Z = h He mepecexkaroT MOBEPXHOCTH, IIPH ‘h‘ = C B CEYeHHsX 00pasyroTcs TOY-

KH, TIPH ‘h‘ > C B CEUEHHUSX 00Pa3yIOTCs JJUIUIICHI.

ITycts y =h, rme h € R. Torna B ceueHunsx, moay4num JTHHUM
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X
a’ b? ¢? < c_2 a b2’ (1.75)
y =h. y =h.

CnemoBarenbHo, Ha miockoctd Y = h mpu mo6eix 3navenusx h obpasyercs

runepbona
2 2 2 2
V4 X * h * h
. *2=1,1j[[eC2=C2 1+—2, 212:'612 1+—2 , (1.76)
C a b b

C JCUCTBUTCIIbHOU MOJIYOChO C M MHHMMOMU ITIOJIYOChIO 4 , OPUCHTHPOBAHHAA BJ1OJIb

ocu 07 .

v

Puc. 1.35

B ceuenusax BepTHKanbHBIMU IniockocTaMu X =h, rme h € R, rtak xe
o0pasyrorcs Tunep0oibl, opueHTHpoBaHHbE BHodb ocu 07  (ucciemosath
CaMOCTOSITEIILHO).

Utak, B ceYeHUsX BEPTUKATBLHBIME IIocKocTAMU X = h u y = h npu mo6bix
3Ha4eHMAX h 006pa3yroTcs TUIEpOOIIBI, B CEYEHUAX TOPU30HTAIBHBIME IIOCKOCTSIMU
z="h npu ‘h‘ > C o0pa3yroTcs Tu00 TOYKH, MO0 uHnch (puc. 1.35).

B 3akmrouennn ormetuM, uto ypaBHenus (1.60), (1.62), (1.65), (1.69), (1.70)
SBIISIIOTCS. ~ YaCTHBIMH  CllydassMu  anreOpamueckoro — ypaBHeHus — (1.59).

CnenoBarenbHO, PACCMOTPEHHbIE TOBEPXHOCTH  SIBJISIOTCS  PA3HOBHUIHOCTSIMU
MOBEPXHOCTE BTOPOTO MOPSJIKA.
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YYEBHO - METOJJMMECKHH KOMILJIEKC

PA3JIEJI 2 cKAHAJIMTUYECKASA 'EOMETPU S

2. MeToauueckue yKa3aHus JJIsl CTYJACHTOB



2.1. INIOCKASA JIMHUA U EE YPABHEHHE

[TycTh Ha TUIOCKOCTH 3a1aHbl JekapToBasi cuctema koopauHat XOY u Heko-
Topast iuHus L.

VYpaBuenue F(X, y)= (0 HaspIBaeTCs ypaBHEHHEM IUIOCKOW JuHWH L B BBHI-

opannoii cucreme koopauHat XOY , eciu 3TOMy ypaBHEHHIO YIOBICTBOPSIOT KOOP-
IUHATBI XU Yy Jr00oi Toukn M, nexamieir Ha muaun L, 1 HE yIOBIETBOPSIOT KO-

OpAVHATHI (X, y) BCEX TOUECK, HE JICKAIIUX Ha HEH.

VYpaBHeHue F(X,y)z 0 mHa3pIBaeTCsl anreOpaMdecKuM, €CIH BBIPAKCHHE

F(x €CTh CyMMa KOHEUYHOTO YHMcia ciaraeMbix Buma A-X" -y'. rme m u n -
9 9

1eJIbIC HEOTPHULIATENIbHBIC YUCIa, A - TEHCTBUTEIBHOE YUCIIO.

[Ipu >TOM HamOoOJbIIass W3 CyMM CTEIEHEH M+ N Ha3bIBACTCS CTCMEHBIO
ypaBHeHUs. B aHanmuTHYECKOW TeOMETpUH Ha TUIOCKOCTH HM3y4YaroTCsl TeOMeTpudye-
cKkre 00pa3bl anreOpanvecKux ypaBHEHUU TMEPBOMl M BTOPOM CTENEHH, T.€. 00pa3bl
ypaBHeHuii Buga A-x+B-y+C =0,

Ax*+B-x-y+C-y’+D-x+E-y+F=0,
rne A,B,C,D,E,F - mo6sie neiicTBUTEILHBIE YHCIA.

VYpaBuenus nmuaun L moxer ObITh 3a1aHO B mapaMmerpuyeckoi opme ¢ mo-
MOIIBIO COBOKYITHOCTU IBYX YPABHEHUH X = X(t), y = y(t), rae t - mapamerp.

YA
T S M(p, o)
p j
M(x,y)
0 X
0 X X
Puc. 2.1

Hamnpumep, ypaBHenust X = cost, y =sint npu 0 <t <2 -7 onpenensior Ha
wiockoctd XOY OKpPYKHOCTh € LIEHTPOM B Hadalle KoopAwHAT paamyca R =1.
. . 2 2
JIeliCTBUTENBHO, UCKIIFOYAs mapaMeTp t W3 3TUX YpaBHEHWH, MOJIyYHM X = COS” t,

y® =sin’t. Torma X  +y° =cos’t+sin’t=1. IlonydeHHO® ypaBHEHHUE

2 2 .
X" 4+y” =1 u ecth ypaBHeHHE OKPYXHOCTU. Eciii Hapsity ¢ cuCTeMOW KOOpAHMHAT

XOY BBecTM Ha IUIOCKOCTH IOIAPHYIO CHCTeMy KoopauHaT (puc.2.1), TO
X=p-COSQ, y=p-SinQ, rae

p= ‘O—M‘ =x* +y’ ;sing

;COS @

Yy _r
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Torga ypaBHeHUE JTUHUU F(X, y) = 0 B MOJIAPHOHN CHCTEME KOOPAMHAT MMEET

F(p-coscp;p-sin(p)z 0. (2.2)

2.2. BUJIbl YPABHEHMUS ITPSIMOM HA IIVIOCKOCTH

BUI
Y,
AN'/E
C X
Puc. 2.2
Ya -
//Kg
0 X
Puc.2.3
Ya f
/ﬁz
4 hd1
0 X
Puc.2.4

1) YpaBuenue npsimoii £ 1o Touke Mo(xo;yo) U
HOPMANbHOMY K MpsIMOii Bektopy N = {A;B} uMeeT
BUJI

Alx—x,)+B(y-y,)=0. (2.3)

2) Vpasuenne npsamoit £ 1o touke M, (X,;y, ) u
HaIpaBJsAonIeMy (MapauieiIbHOMY MPSIMON) BEKTO-
py S= {m; n} UMEET BH]I

X7Xo _ Y~ Y0

(2.4)
m n
3) Cucrema ypaBHEHUN
X=X,+m-t,
(2.5)
Y=Y, tn-t,

r7€ TOYKa MO(XO;yO)Ef, gz{m;n} - Hampas-

JSIOUIMN BeKTOp mpsimoid, t € R mapametp, Ha3piBaeTcs mna-

paMeTpUYECKUMU YPAaBHEHUSMH IPSIMOA.

4) Ypasuenue npsmoit { npoxosiueit yepes ABe 3aaHHbIe TOUKH M, (X1 Y 1)

7 Mz(xz; yz), 3aIIMCHIBAETCS B BUJIE

er /
P
o >
ol / X

X=X _Y™%

. (2.6)
X =X Yo ¥

5) VpaBHenue npsmoit ¢ mo Touke MO(XO;yO) 1

yrioBomMy Kodddurmenty k = tg oL umeer Bu

y—y, =k-(x—x,). (2.7)
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er /, 6) Eciu u3BecTHBI yrioBbie koddduuuents k,, k,

¢ nepeceKarommxces npsimMeix £, £,, T0 yroa @ Mexmy mpsi-
| MBIMH (TIpU P # n/ 2) BeIYMCIIACTCS 10 (hopMyIie
2 .
o’ X k, -k
Puc.2.6 2T ™
tgp=—=—. 2.8
B YACTHOCTH, €CIIH Klu l,,tok, =k,,ecmuxe £, L {,, 10
k, -k, =-1. (2.9)

Bripaxenus (2.9) Ha3bIBalOTCS YCIOBUSIMU MAPAIIICIbHOCTU U HEPHEHIAUKY-

JSIPHOCTH TIPSMBIX.
7) VpaBuenne A-Xx+B-y+C=0,rne A,B,CeR, 0 A u B oxnospe-

MCHHO HC DpPaBHbBI HYJIIO, HA3bIBACTCA 06HII/IM YPaBHEHHMEM IIPSMOM. BCKTOp

N= {A;B} SBJISIETCS. HOPMAJIbHBIM BEKTOPOM TMpsiMOi. EcCiiM 1aHbl JIBE MPSIMbIC
0,0, CBOMMU o0IMMH ypaBHECHUSIMU A -x+B,-y+C, =0 u

A, -x+B,-y+C, =0, To ycnosue napamiensHocTd (2.9) NpsIMBIX 3alMIIETCS B

A _B
BUJIE —— = —, @ YCIIOBUE MEPIECHAUKYISIPHOCTH (2.9) — B BUIE
2 2

A,-A,+B,-B, =0. (2.10)

: 8) Ecim i’ = {c0s0,sin B} ecTh equHmUHbBIH BEKTOD
HEPIEHANKYISPHBIA mpsamoit £ (puc.2.7), a uucino p = ‘@‘

PaBHO PAaCCTOSHHIO OT Hayaja KOOPAMHAT 10 mpsmoit £, To
ypaBHEHUE MPSIMON 3aUIIETCS B BUAE

><V

Xx-cosO+y-sinO-p=0. (2.11)

VYpaBuenue (2.11) Ha3pBaeTcsi HOPMHPOBAHHBIM
ypaBHeHUEM mNpsMou. [[is nmpuBenenus oOliero ypaBHe-
aust npsmoii A-x+B-y+C =0 x HOpMUpOBaHHOMY

BUAY AOO0CTATOYHO YMHOXHWUTB €TI0 Ha HODMI/IDVIOHII/Iﬁ

1
—F—=——, 3HaK KOTOPOro MpOTHBO-
VA® +B
4 noJio’keH 3Haky C.

9) Paccrosnne d 0T NPOU3BONBHOM TOUKH
Puc.2.8 MO(XO;yO) I0cKocTd 10 npsamoi £ (puc.2.8) Bbrumc-

MHOXUTENb L =1
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asiercs o Gpopmyne

- ‘AXO + By, +C‘

: 2.12
VAT B =

IIpumeps! pelienus 3axa4

[TIPUMEP 2.1. Jlana mpsmas 2X +3y+4=0. CocraButh ypaBHEHHE Mpsi-
MO, IIPOXOIALIEH UEPE3 TOUKY MO(Z;I): a) mapajjieJbHO JAaHHOM IpAMOIL; 0) mep-
MEHIUKYJIAPHO K JaHHOM TPSIMONA.

Peurenpe. a) Borancnum yrnosoit koadduuuent K, naxHoii npsivoii. Mmeem

2x+3y+4=0& y= —EX —ﬂ. CnenoBatensHo, Y,
3
2
k, = 3 Tax xax KIH ?, (puc. 2.9), To mo popmyie
2.9): k, =k, z—g. Ecm (¢, L/7,, Torma
3 9
3
kl'kZ =—1 :>k2:5. Puc. 2.9

Touxa MO(Z;I) el,l,.

CrenoBatenbHo, ypaBuenus ¢, ¢ , Haiiayrtes o popmyne (2.7):

WA y—1=—§(x—2)@ 2X +3y-7=0;

2) 0, y—lz%(x—2)<:> 3x =2y —4=0.
I[TPUMEP 2.2. Jlanpl BepIIMHBI TPEYTOJbHUKA
A(l;—l), B(— 2;1), C(3;5). CocTaBUTh ypaBHEHUE

IEPIEHANKYJISApa, OMYLIEHHOTO0 M3 BEpPIIMHbI A Ha
MeIrany, IPOBEICHHYIO U3 Bepumuel B (puc. 2.10).

Pemenve. BJl - meamana. Tak kak Touka [ Pic.2.10
JETAT CTOPOHY AC IOII0JIaM, TO
X, +Xo 143 + —1+5
X =2 €= =2, Yy = YaTVe _ =72 . Haiinem ypaBHeHHE
g 2 2 . 2 2

menuanbl B/ kak ypaBHeHMe mpsiMoii, IPOXOIAINEH Yepe3 JBe AaHHbIE TOYKH. 110
dbopmyne (2.6) umeeM
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ATAp _ Y7 VB :>X+2=y_1:>y=lx+l:>kBH=l. Eciu
Xp—Xg  Yp—VYs 2+2 2-1 4 2 4

1
AM L B/, 1o k. = T =—4. Torma cormacuo Qopmyie (2.7) ypaBHeHHE
B
BbicoThl AM 3ammimercs B Bune y + 1 = —4(X — 1) < 4x+y-3=0.
[TPUMEP 2.3. JIBe CTOpOHBI KBapara JiexaT Ha npsMbix X —12y —65=0,

5x =12y +26 = 0. Boruuciurs €ro miomiaip.
Pemenne. Tak kak Ko3QpGUUUEHTH IpU X U Y paBHBI MEXIy COOOH, TO JaH-
HbIE NpsAMBIE NapasulesbHbl. Touka Mo(l;—S) IIPUHAUIEKUT TIEPBOU IPSAMOU, Tak
KaK > — 12(— 5)— 65 =0. Onpenenum o popmyite (2.12) paccrossane d oT Touku
M, o Bropoii npsmoii. Umeem d = ‘AXO By, C‘ = ‘5 — 12(_ 5)+ 26‘ =
" JA? +B? V5% 4122
91

— =77 . Tax Kak AjMHa CTOPOHKI KBajapaTa paBHa 7, 10 S =49

13
I[TPUMEP 2.4. TlpsimMast 0poXOJIUT Y€pe3 TOUKY (2;—3) M OTCEKAET HA OCHU Op-

auHat otpe3ok b = 3. Haiitu ee ypaBHeHuE.

Pemenue. Bynem uckars ypaBHenue npsamoii B Buge y = kx +b. Dro neneco-
o0pa3Ho cenaTh MOTOMY, UYTO B 3a/1a4e 3a/laH OTPE30K, OTCEKaeMBbIi MPsIMON Ha OCH
opaunar, T.e. b =3. HUrak, y = kx + 3. Crnenoarensto, Tenepb 0cTaaoch ONpesie-
JIUTh TOJBKO yriuoBoi koddduuuent K. ITo ycinoBuro npsMas OpOXOIUT YEPE3 TOUKY
(2;— 3). Ecnu nuHMS mpoXoauT Yepe3 TOYKY, TO KOOPAMHATHI 3TOM TOYKH yJIOBIIE-
TBOPSIIOT YpaBHEHUIO JHHUU. [lofcTaBUM B TOCIIEHEE ypaBHEHHE 2 BMECTO X U —3
BMecTO y. ITonyunm ypasHenue s onpenenenus K :—3 =k-2+ 3. Pemas ypas-
HEHWe, HaxoauM, uto K = —3. CieoBarenbHO, HCKOMOE ypaBHeHue: y = —3X + 3.

[TPUMEP 2.5. JlaHbl BEpLIMHBI TPEYTOJIbHUKA
A(O;O), B(— 6;8), C(3;4). OrmpenenuTs: a) ypaBHe-
uue Beicotel CK u ee mmuny; 6) ypaBHeHHe GUCCEK-
tpuckl AE (puc. 2.11).

Pemenue. 1) UtoObl HanucaTh ypaBHEHHE BBHICO-

i CK (puc.2.11) Haiizem yrinoBod kod(duimeHt
npsimoii AB:

X—Xa _ Y=Y¥a x-=0 y-0

XB_XA yB_yA _6_0_8_0 Puc.2.11

= -0y =8x, yz—gx :>1<AB:—§ 1

npsmass AB umeer ypasuenne 4x +3y =0.
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Tax kak mnpsmas CK  nepmenmukynsppa mpsmoin  AB, To

1 1 3
=— =— = —. Torga no ¢opmyie (2.7) ypasuennem CK sasnsercs

k.. = —
Kk —4/3

y—4:%(x—3):> 4y—-16=3x-9, 3x—-4y+7=0. Jiuay BBICOTBI MOXHO

HaiiTH Kak paccrosuue or Toukn C mo npsmoit AB o dpopmyiie (2.12):

G A% By, +C|_[4-3+3-4 24

VA® +B? V42 +3°

IBE| |AB|

2) U3 cBOMCTB OUCCEKTPHUCHI

EC [ad]
AC|=+/(3—0) +(4-0)* = = J(-6-0) +(8-0) =10. Cue-
nosatenso, Touxa B pemur otpesox BC B orsomenun A = % 10 e
nem koopauHaTE Touxy B,

Urak, E(O;?). Banuiiem ypaBuenue ouccekrpuckl AE, 3Has ee nBe Touku

A n E (oM. Qopmyny 2.6): RTRA _ YT YA :X_O_ y-0

Xg—Xx Yp—-Ya 0-0 16/3-0’

1
?6 X =Yy -0. Ypasuenne 6uccexkrpucst AE: x =0.

2.3. KPUBBIE BTOPOI'O ITOPAAKA

['eomerpudeckue oOpasbl (OKPYKHOCTb, AIJUIUIIC, TUIepOoia, mapaboina) ai-
reOpanvyeckoro ypaBHeHHUs! BTOPOH CTENEHU
Ax* +Bxy+Cy’ +Dx+Ey+F=0
B MPSAMOYTOJBHON JEKapTOBOW CHCTEME KOOpPJMHAT HA3bIBAIOTCS KPUBLIMU
BTOPOro nopsaka. PaccMoTpum yacTHbIE citydae ypasHenus npu B =0,
1) MuoxectBo Touek miockocth XOY , paBHOYIAIEHHBIX OT OJHON (PUKCHPOBaAH-

HOH €€ TOYKH MO(X 0 Yo ), Ha3bIBAETCS OKPYKHOCTBIO. Ee ypaBHEHUE 3annChIBaeT-

Csl B BUJE
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(x—xo) +(y-v,) =R?, (2.13)

rne M, (Xo;yo) €CTh IIEHTP OKpYXHOCTH, R - ee pammyc. Kanonnyeckoe ypaBHe-

HHC OKPYKHOCTH 3aIlIMChIBACTCA B BUAC
2, .2 2
x“+y =R". (2.14)

2) DJIMICOM Ha3bIBA€TCS MHOXKECTBO BCEX TOYEK IUIOCKOCTH, JUISI KOTOPBIX
CyMMa pacCTOSTHUM OT JABYX (PMKCHPOBAHHBIX TOYEK IUIOCKOCTH, Ha3bIBAEMBIX (hOKY-
CaMH, €CThb BEJIMYMHA TOCTOSHHASL.

KaHnoHnueckoe ypaBHEHHE JUIMIICA UMEET BU

2 2
X y
Eal A (2.15)
a’ b’

B o0uieM cnydae ypaBHEHUE 3JUIHIICA 3aUChIBAETCS B hopme

2 2
@—fﬂ +@I§J _1 (2.16)
a

3) I'unep00.10ii Ha3bIBA€TCSI MHOKECTBO BCEX TOYECK IINTIOCKOCTH, a0COJIIOTHAS
BCIIMYWNHA PAa3HOCTHU paCCTOHHI/II\/’I Ka}I(,Z[OfI N3 KOTOPBIX OT ABYX (I)I/IKCI/IPOBaHHBIX TO-
YCK IINIOCKOCTH, HAa3bIBACMBIX (I)OKYCaMI/I, €CTh BeJIMYrHa nocTosiHHas. KaHoHndeckue
YPaBHCHUA FI/IH€p6OJ'H)I C HeﬁCTBHTeHLHBIMH OCiAMH, JICKAIIMMHU Ha OCAX KOOPpAWHAT

OX u OY, umeror Bug

2 2
X y y X
a—z—b—z—lﬂa—z—?—l. (217)

B o0mem ciiydae ypaBHeHuUs: Tunepoo0I1 3anuchiBaeTcs B hopme

a’ b’ a’ b

(X_Xo)2 (}’—}’o)2 “1u (Y_YO)2 (X_Xo)2 ~1. (2.18)

4) I1apa60.10ii HA3BIBACTCS MHOXKECTBO BCEX TOYEK IIJIOCKOCTH, PABHOY IaJICH-
HBIX OT JIAHHOW TOYKH, Ha3bIBaeMOM (hOKYCOM, U JIAaHHOW MPsIMOM, Ha3pIBAaEMOM H-
pekTpucoii. KanoHnyeckue ypaBHEHHUS Mapadoi ¢ OCIMH CUMMETPHUH JICKAITUMU Ha
ocax OX u OY , 3anuceBaroTcs COOTBETCTBEHHO B (hOPME

y2 =2pX u x% = 2py, (2.19)
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rzae p - napaMerp napadossl.
B o6miem ciydae ypaBHeHue napadoi UMEIOT BUT

(Y_YO)2 = 2P(X_Xo) " (X _X0)2 = 2P(Y_YO)- (2.20)

3aMeThM, 4YTO C TOMOIIBI0 (POpPMYJN TMapaieIbHOTrO MepeHoca KOOpAMHAT
X—Xy=X,Y—Yo,=Y ypasHenus kpusbix (2.13), (2.16), (2.18), (2.20) npuso-

JISITCSL K KAHOHMYECKUM UX (popMam.
IIpumeps! pemienus 3axa4

[TPUUMEP 2.6. Haiitu koopaunatsl ieatpa C u paguyc R okpyxHOocTH
x> +y> —2x+4y-20=0.
Pemienue. JlononHsigs 10 MOJIHOTO KBaapaTa CliaraéMele, COAEpKallue mepe-
MEHHBIC X 1 Y, momyunm X~ —2X +1+y> +4y+4-20-1-4=0

— (X — 1)2 + (y + 2)2 = 5%, CienoBarensHo, C(l; — 2), R =5.

[IPUMEP 2.7. Jlan snamnc 9x° +25y2 = 225. Haiitu: a) ero nomyocu; 0)

KOOPJIMHATHI (JOKYCOB; B) KCIICHTPUCUTET; T') YPAaBHEHUS TUPEKTPUC.

Pewienue. Pa3nenuB Bce 4iieHbl ypaBHEHHS Ha 225, MPUBEAEM ypPaBHEHHE 3JI-

9x* 25y° x* 2 x* 2
+22 l, —+ LA I, — +y—2 =

225 225 25 9 5 3

JI0BATENLHO, 0OIBLIAS TIOAYOCh dJuMIca a = 5, manas nomyoch b =3 . Tak kak ¢o-

1. Cne-

JIMIICA K KAHOHUYCCKOMY BUY:

KYCBI 3JUIUIICA PACIOJIOKEHBI B Toukax I (C;O), F, (— C;O), rie ¢ =a’ —b*, 10
c’=25-9=16< c=4. Torna F (4;0), F, (— 4;0). DKCUEHTPUCUTET DJUIUIICA
BBIUMCIIAETCA 110 popMyse € = C/ a. Torma € = 4/ 5. JIupeKTpHUCHI 3IUTHAIICA OIpejie-

ns0TCs ypaBHeHuaMu X = ta/e npu a > b u ypapuennavu y =+b/e npu b >a.
25

Tak kak 5 > 3, TO AUPEKTPHCAMU SABJIAIOTCA IPAMblE X = X —— mm X =+ —.

4

TIPUMEP 2.8. Jlana runep6ona 9x° —16y” +90x + 32y —367 = 0. Haiitn

koopauHatkl ee nenTpa C, monyocu, SKCLEHTPUCUTET, yPaBHEHHSI ACUMIITOT U yPaB-
HEHUS JUPEKTPUC.
Pemienne. MeTonoM IONOJHEHU 10 MTOJIHOTO KBAJApara NPUBEIEM YPABHEHUE

runep6onsl k  Bumy  (2.18). Hmeem  9x° —16y° +90x +32y—-367=0
&9 (x> +10x+25-25)-16-(y> 2y +1-1)-367=0 <
9(x+5) —225-16(y—1)’ +16-367=0 < 9(x +5)" —16(y —1)* =576
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2 2
(x+5) _(v-1) i

= 82 — 62 =1. CrnenoBaTeiabHO, ICHCTBUTEIbHAS MOJIyOCh, PacCIOJIO-
KE€HHas Ha npsaMoii, mapamtensHoit ocu OX , papra a = 8. MuumMas mosayocs b =3.
LlenTp runepOoIILl HAXOAUTCS B TOUKE MO(— 5;1). ®oxycel runepbonsr F,F, yna-
neHbl Ha paccrosHue, pasHoe C, roe ¢ =a’ +b”, Torma ¢ =64+36=100
< ¢=10. Urak, F (—15;1), F, (5;1). Dkcuentpucutrer €=c/a. Torma €=75/4.
VpaBHEHUs] aCUMITOTHI JJIs TUIIEPOOJIa CO CMELIEHHBIM LIEHTPOM 3allMCHIBAETCS B

b
BUIE:Y — Y, =T — (X - X, ) CrnenoBaTeibHO,
a

y—l==% g (X + 5) S 4y—-4= i3(X + 5). VpaBHEHHE AUPEKTPHC HaiaeM 1o

dbopmye X—X,=*% a/ € npu a>b. CrnenoBatelnbHoO,

X+5=ii<:>X+5=i2.OTCIOI[aX=zH Xz—ﬂ.
5/4 5 5 5

ITPUMEP 2.9. JTana nmapabona y = 4x* —8x + 7. Haiitn KOOpAHHATHI €€ Bep-
mHbl A, pokyca F u Benmuunny mapamerpa p.
Pewenue. JlonosHss 10 IIOJIHOTO KBaJpara, NOJIyYUM

y=4-(x2 —2X+1—1)+7, y=4(x—1)2 +3<y-3 =4(x—1)2. Crnenosa-
TenbHO, cornmacHo Qopmyre (2.20), ee BepuIMHA HAXOAUTCS B T.A(l;3). Tak kak
2p =4, 1o mapamerp p =2. ®okyc F mapaGonsl yaanen or ee BepIIMHBI Ha pac-

P y
crosune — =1. JlanHas mapaGoja CMMMETPHYHA OTHOCHUTEIHLHO IPSAMOM, mapa-

nensnoi ocu OY . Ee Gpokyc pacmnonoxex B T. F(l;4).
[TPUMEP  2.10. Omnpenenutb, Kakasg JIMHUSA  JaHa  YPaBHEHUEM
3p(1—cos@)=1 B nomspHEIX KOOPMHATAX.

Pemenue. Tak kak p = JxZ 4+ y2 , COS(P =

, TO JaHHOE YpaBHEHUE

X

VX2 +y°
X
samiceiBaeTes B BuAe 33X +y | - ————— |=1 & 3 /x +y° =1+3x
VX2 +y°
2 1

:>9(X2 +y2):9x2 +6x+1=9y° =6x+1 =y’ :§(X+§j. Cpas-
HUBas 3TO ypaBHEHHE ¢ ypaBHeHUeM (2.20), Haliiem, 4To KpuBas ABIsIeTCs mapado-

1 1
noii ¢ ockro cummerpun OX, ¢ BepUIMHOM B T. (— 5;0 , TapaMeTp KOTOpor P = —.
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2.4. IIOBEPXHOCTbHb U EE YPABHEHHUE

ITycTe B TpEeXMEpPHOM MPOCTPAHCTBE JaHa ICKapTOBas CHCTEMa KOOPAWHAT
XYZ v HekoTOpasi MOBEPXHOCTb.

YpaBHeHHE F(X,y,z) =0 HaspIBaeTCs ypaBHEHHEM IIOBEPXHOCTU B BHIOpaH-
HOM CHCTEME KOOpJHHAT, €CIM 3TOMY YPABHEHHUIO YIOBIIETBOPSIOT KOOPAMHATHI
(X, Y, Z) 00011 TOUKH, JIe)KaIel Ha MOBEPXHOCTH, U HE yIOBIETBOPSIIOT KOOPANHA-
TBhI BCEX TOYEK IIPOCTPAHCTBA, HE JIEXKAIMX HA HEH.

YpaBHeHHe F(X, Y, Z) =0 wna3bBaeTcs anreOpauuecKuM, €CJIM BbIPAXKEHUE

F(X,y,z)=0 ecThb CyMMa KOHEYHOro uucia ciaraembix Buga AX"y'zP, rne
m,n,p - meible HeOTpUIlaTeNbHbIe uncia; A - nedictBuTensHOe uncio. Hanbous-
11ast U3 CyMM I + N + P Ha3bIBACTCS CTCIICHBIO YPABHCHUS.

B ananmutuyeckoy reomMeTpuu B IPOCTPAHCTBE M3Yy4arOTCs T€OMETPUYECKHUE
o0pa3bl aredpanyecknux ypaBHEHUHN MEPBOM U BTOPOW CTENEHU OTHOCUTEIBHO TPEX
IIEPEMEHHBIX. TaK KaK NEepeceYyeHUEeM JBYX IIOBEPXHOCTEU SBIISETCA JIMHMSA, TO €€
ypaBHEHHUE MOKET ObITh 33/1aHO CHCTEMOI1 YpaBHEHHI

E(x;y;2)=0,

F(x;y;2)=0. 22D

B mapametpuueckoit hopme ITuHUS 3aa€TCS ¢ MOMOIIBIO TPEX YpPaBHEHUM BUA
x =x(t), y=y(t), z=2z(t), (2.22)
rae t - mapamerp.
2.5. BUJIbl YPABHEHUH IJIOCKOCTH

1) Ypasuenue miockocta O (puc.2.12) mo Touke M, (Xo;yo;zo) € Ol ¥ HOp-

MaJIbHOMY K TUIOCKOCTH BekTOpy N = {A, B, C} MMEET BUL

Z

A

N

’_<V

< Puc. 2.12
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A(x—x%,)+B(y-y,)+C(z-z,)=0. (2.23)

2) Ecinut ©3BECTHBI TPU TOYKH
M, (X;y,:2,), Mz(xz; Y,:Z,), M,(X5;y532;) miockoctn oL, He nesa-
IIIMe Ha OJHO} MPSIMOH, TO ypaBHEHHUE [IOCKOCTH 3aIHUCHIBACTCS B BUC

X=X Y=v, 2—-1%
X, =X, Yo,—Y: Z,—7|=0. (2.24)

X3 =X Y37™Y1 2377

3) Anrebpandeckoe ypasaenue nepsoii crenenn AX +By+Cz+D =0, rae

A,B,C,D e R u crapume koappunmentsr A, B,C oxHoBpeMeHHO He paBHBI Hy-
JII0, Ha3bIBAETCS OOIIMM YPABHEHHEM IIIOCKOCTH.

4) Ecnu nanel ABE INIOCKOCTH OL;, O, CBOMMH OOIIMMH yPaBHEHUSIMH, TO YIOJI
(P, IO KOTOPBIM MEPECEKAIOTCS ITH IJIOCKOCTH, BBIYUCIIAETCA 10 popmyIie

COS (= NN, _ AA, +BB, +C,C, (2.25)
\NlHNz\ JAZ+B2+C? A2+ B2 +C? '
Ecnn OLlH o, , TO
AL_B G (2.26)
AZ B2 CZ .
Ecm o, L a,, TO
AA,+BB,+CC,=0. (2.27)
5) YpaBHeHue
X-cosa+y-cosB+z-cosy—p=0, (2.28)

PI(S {COS oL; cos3;cosy } - HOPMQJIbHBIN €IMHUYHBIN K MIJIOCKOCTHA BEKTOP,

P - pacCTOsHME OT Ha4dajJla KOOPAMHAT 0 IIJIOCKOCTH, HA3bIBACTCS HOPMAaJb-
HBbIM YPaBHCHHEM INJIOCKOCTH.

6) Ecm Touka M, (XO; YosZg ) & oL, T0 paccrosiHue d OT TOYKHM 0 IIOCKOCTH
Ol BBIYHCIISIETCS 110 (hopMyIIe
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d_‘A'XO+B'YO+C'ZO+D‘
JAZ+B*+(C? .

(2.29)

IIpumepsl penieHus 3aaa4

[TPUMEP 2.11. CocTtaBuTh YpaBHEHHE IUIOCKOCTH, MPOXOIALIEN Yepe3 TOUKY
M0(3;—2;—7) napajienbHo miockoctn X —3y+2z2—-3=0.
Pemenne. YpaBHeHHs BceX IIOCKOCTEH, MPOXOMAMUX yepes Touky M, nme-
0T  BHI A(X — 3)+ B(y + 2) + C(Z + 7) =0 (cm. ¢opmyny 2.23). Bexkrop
= {5;—3;2}, BBUY MapalIeIbHOCTU IUIOCKOCTEH, SIBISETCS HOPMAJIbHBIM BEKTO-
pom u as uckomoii miockoctu. Torma A =5, B=-3,C=2 (cm. popmyny 2.26).
CrnenoBarenbHO, ypaBHEHHE TUTOCKOCTH 0 IpUMET BUJI
5-(x=3)-3-(y+2)+2-(z+7)=0
< 5x—-3y+2z—-7=0.0tmBer: 5x-3y+2z-7=0.
I[TPUMEP 2.12. CocTaBuTh ypaBHEHHE ILIOCKOCTH, npoxoz[ﬂmeﬁ yepes TOUKY
(3 4; 5) MapajuIeNIbHO IBYM BEKTOpaM a; = {3 I 1} {1;—2;1}.
Pemenne. Tax kak Touka M, € 0L, TO ypaBHEHHE INIOCKOCTH O OyIeM HCKAaTh
B BHIC A(X 3)+ B(y 4)+ C(Z + 5) 0 (cm. dpopmyny 2.23). Tak Kak BeKTOpa

a,,a, HmapauleIbHbl INIOCKOCTH O, a BEKTOP N= {A;B;C} HEPIECHANKYISAPEH O,

1] k
o N = a, xa,.Torma N=3 1 -1= {— 1;—4;—7}. CnenoBatenbHo, A = —1,
1 -2 1

B=-4, C=-7. Torma ypaBHeHHE IUIOCKOCTH 3allMIIETCS B  BHJE
~1-(x=3)-4-(y-4)-7-(z+5)=0 © x+4y+7z+16=0.

[TPUMEP 2.13. Berauciauts paccrosaue d or Touxm P(— 1;1;—2) 710 ILIOC-
KOCTH, IpoXosiieil uepes Tpu Touku M, (l;—l;l), Mz(_ 2;1;3), M, (4;—5;—2).

Pemenue. Haiinem, mo ¢opmyne (2.24), ypaBHEHHE MIOCKOCTH OL, TIPOXOJIS-
1IEM yepe3 JaHHbIe TpU TOUKU. meem

x—1 y+1 z-1
-3 2 2 |=0=2x-3y+6z—-11=0.

3 -4 -3
Beruucium paccrosuue d BOCHOJIBSOBaBHII/ICB dbopmyoii (2.29):
\2 )=3-1+6-(-2 —11\_28_4
J 2243216 7
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I[TPUMEP 2.14. Haiiti ypaBHEHHE IUIOCKOCTH, TapaiensHoit ocu OZ u mpo-
XOZSIIEH Yepe3 TOUKH A(2;3;—1) u B(— 1;2;4).

Penienne. YpaBHeHue IUIoCKocTH, mnapaiensHoii ocu OZ, wumeer Buja
Ax+By+D =0. Ecitiu m10ckocTh MpOXOJUT Yepe3 TOUKY, TO KOOPIAMHATHI 3TOM
TOYKH YJIOBJIETBOPSIOT YPABHEHUIO IUIOCKOCTH. ITOJACTaBIIsASI KOOPAMHATHI TOYEK
A(2;3;—1) u B(— 1;2;4) B ypaBHenrne AX + By + D =0, nonyunm nBa ypaBHenwus:
{?A+3B+D=O,

—-A+2B+D=0.

TEMY JIBYX OJHOPOJHBIX JIMHENHBIX YPABHEHUN C TPEMs HEU3BECTHBIMU. COCTaBIIsIEM

2 31 -
12 1) CHoJb3yeM (HOpMyIbl,

IIO3BOJIAIOIIME PELINTh CUCTEMY ABYX JUHEHWHBIX OJHOPOIHBIX YPABHEHHM C TPEMs
HEN3BECTHBIMH:

Jlns onpeneneuus koddpunuentos A, B,D Mbl umeem cuc-

MaTpuly Ko3(p(UIUEHTOB 3TUX YpaBHEHUU: (

ax+by+cz=0,
ax+by+cz=0,

rie

b ¢
b, ¢

C a

X = ‘t,y= -t 2.30
y a b (2.30)

¢ 4

1
1¢=@—ﬂ¢=u

[Monyuyaem o popmyie (2.30): A = ‘2

2 3
t=(4+3)-t="7t.
IREEICER)

[Moncrasnsis Haiinennsie 3Havenuss A, B,D B ypasuenne Ax+By+D =0,
nonyunm tX — 3ty + 7t = 0. Tlocie cokpamenust Ha t ypaBHeHHE HCKOMOM ILIOCKO-

1 2
B=1 1-t=(—1—2)-t=—3t, D=

cru pruodperaer Bux X —3y+7=0.

I[TPUMEP 2.15. CocTaBUTh ypaBHEHHE IUIOCKOCTH, MEPIEHIUKYISIPHOU OCHU
OX u npoxozsiiueit yepe3 Touky M, (3;7;—1).

Pemenuie. Tak Kak IIIOCKOCTh meprenaukyispaa ocu OX, To oHa mapaieins-
na miockoctu Y OZ, a noromy ee ypasaenue umeer sug AX + D = 0. IToacrasnss
B 3TO ypaBHeHHe KkoopauHatbl Touku M, momysum A-3+D=0=D=-3A.

O10 3nauenue D moxacrasum B ypasaenne AX + D =0. ITonyyaem Ax—3A =0
, cCoKpaias Ha A, OyjeM umets okonuaTeapHo X —3=0.
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2.6. BU/Ibl YPABHEHM ITPAIMOM B TIPOCTPAHCTBE

1) Ecmm 1, = {XO; yO;ZO} €CThb paJiiyC — BEK-
TOp (PMKCUPOBAHHOMN TOYKM npsmMoii £, T = {X; Y, Z}
€CTh paguyC — BEKTOP IMPOW3BOJHHOW TOYKH TMIPS-
Moii, S = {m;n;p} - HANPABJISAIOIIMN BEKTOp Mps-

Moi (puc.2.13), To ypaBHEHUE

’_<V

T=T,+S-t,rreteR (2.31)
ABIISICTCA BEKTOPHBIM YPABHCHHUCM HpHMOﬁ.
2) YpaBHeHuUs

X=Xo_Y~=Y¥_277%
m n p

X Puc.2.13

: (2.32)

rae MO(XO;yO;ZO) (GUKCHpOBaHHAs TOYKA MPAMOM S = {m;n;p} - HaIlpaBJIAAIO-

M BEKTOP MPSIMOM HA3BIBAKOTCS KAHOHUYECKUMU YPABHEHUSMU MPSIMOM.
3) COBOKYNHOCTb ypaBHEHUI

X=X,+tmty=y,+nt,z=z,+pt, (2.33)

rae t € R - nmapamerp, HasbiBaeTcs mapaMeTpUYECKMMU YPABHEHUSIMU IIPAMOM £ .
4) Ecnu Toukn MI(XI; Y1;Z1) u Mz(xz;yz;zz) IPUHAIJIEKUT IPSIMOii £, TO

YPaBHEHUE NPSIMOU 3aMUCHIBACTCS B BUJIE

X=X _Y™H _ 274 (2.34)

X=Xy Yoo V1 Z4,—Z

5) Tak kak JHHHEN nepecedyeHus ABYX IUIOCKOCTEH sBIseTca mpsmas, TO 00-
IIME YPABHEHUS NPSIMOU UMEIOT BUJ

(2.35)

Ax+By+Ciz+D, =0,
Ax+B,y+C,z+D, =0.

6) Eciu aBe mpsimbie £,/ , naHbl CBOMMH KaHOHHYECKHMH YpPaBHEHHSIMU
(2.32), To yron (0 MeXAy HUMU BBIUUCIIAETCS IO (popmyIie

S-S, mm, +nn, +p,p,

cosP = =. (2.36)

S|-[S:|  Jm?+n?+p7 - /m2+n+p2
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Ecin €1H€2 , TO
m, n, p,

Ecmm ¢, L /,, 10
m;m, +n,n, +p,p, =0. (2.38)
IIpumepsl pemienus 3axayqy

I[TPUMEP 2.16. Haiitu ypaBHEHUs MPAMOW, MNPOXOIALICH 4YEpe3 TOUYKY
M0(3;2;—1) HEPIEHIUKYIISAPHO IBYM MPAMBIM:
x—1 y=-7 z+4 x+3 y+5 z-9
l,: = = ul,: = = :
2 -3 5 4 1 -2

Pemenue. YpasHeHue m000i npsiMoii, mpoxopsmeit uepes Touky M, 3anu-

x=3 y-2 z+l

CBIBACTCA B BUJIE . Tak kak uckomas ipsiMast £ TieprieHIuKY-

m n p
nsipHa ipsiMbiM £ |, £, TO, COTJIACHO YCIIOBHIO TIEPIICHANKYIISIPHOCTH IPsAMBIX (2.38),
2m-3n+5p =0, 5
IIOJIyYUM [Monarast, Hanipumep M = 1, HaiijieM 0HO U3 YacT-
4m+n-2p=0.

HBIX pemieHuii 9toi cucremsl. [Toayunm n = 24, p =14 . Urak, Hanpasisiommm
BEKTOPOM S sIBISIETCS S = {l; 24;14} ¥ UCKoMas nipsivasi £ MMeeT ypaBHEHHUE
x=3 y-2 z+l
1 24 14

I[TPUMEP 2.17. CocTaBUTh NapaMeTPUUECKUE YPABHEHUS MIPSAMOM, TPOXOIS-
mieit uepes Touxy M, (1;—1;—3) HapajiebHO BEKTOPY A = {2;—3;4}.

Pemienne. YpaBHEHUsI BceX MPSAMBIX, TPOXOISAIINX Yepe3 TOUKY Ml(l;—l;—3),

X =1+ mt,
uMeror Bun <y =—1+nt, Ilo ycrnoBuro mnpsmas { mapauiesabHa BEKTODPY
z=-3+pt.

a= {2;—3;4}. CreoBareNbHO, SHE, e S = {m;n;p} - HAIPaBIIAIONINI BEKTOP
rckomoii tipsimoit. Torma m =2, n =—3, p =4 u ypaBHeHHs PAMOIA 3aMUIITYTCS B

BUJIE
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X =2t+1,
y=-3t—-1,
z=4t-3.
[MPUMEP  2.18. CocTraBuTb  KAaHOHMYECKHME  YpPaBHEHUS  MOPSIMO
X—2y+3z-4=0,
{3X+2y—52—4=0.

Pemenue. JIjis npuBeaeHUs OOIIEro ypaBHEHHUs NPAMON ¢ K KaHOHUYECKOMY
BUY (2.32) 10CTaTOYHO HANTH OJHY M3 €€ TOUEK U yKa3aTh €€ HaNpaBIISIONINIA BEK-

Top S.
1) s onpenenenus Touku M, € £ B naHHOl cucteme ypaBHEHHUI MOJIO0-

’KAM WM3BECTHOM OIHY U3 KoopauHar, Hanpumep, Z = 0. Torma, aus onpeneneHus
OCTaBILIUXCS KOOp/IMHAT, MOJIYy4YUM CHUCTEMY

X —2y =4, X =2,
& = M,(2;-1,0)e /.
3x +2y =4. y =-—1.

2)  ns ompenelicHUs KOOPAWHAT BekTopa S 3ametum (puc. 2.14), uro

S1IN,,SLN,,rze N, ={l;-2;3}, N, ={3;2;-5}. Torza

1 ] k
S=1-(N,xN,)=r-] -2 3|=
3 2 -5

= - (41 +14]+8Kk) =1 {4;14:8}.

Iomaras A =1/2, maiizem, uto m=2, n=7,
p=4.

[ToxcTaBisss HalJCHHBIE YUCIa B KAHOHMYECKHE
ypaBHeHUs (2.32), momydum

Puc.2.14

Xx=2 y+1 z
2 7 4
I[TPUMEP 2.19. Ilpu kakomM 3HauY€HUU
x+2 y z-1
gucia M TpsMbIe = = u
—3 4

x=3 y-1 z-7

= = nepeceKaroTcs?

m 4
Pemenne. [psimete £, ¢, (puc. 2.15) ne-

pECeKaroTCs, €ClM BEKTOpa gl, §2, MM, Puc.2.15

KOMIUTaHapHbL. 110 yCIIOBHIO §1 = {2;—3;4} u
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S, ={m;4;2}, M,(-2;0;1) e ¢,, M,(3;1;7)e ¢,. Torna MM, = {5;1;6}. Bex-

TOPBI KOMILIIaHAPHBI, CCJIN

2 -3 4
(S,xS,)MM,=0<|m 4 2=0<22m-66=0 < m=3.
5 1 6

OtBer. m = 3.
2.7. IPSIMAS ! IIVIOCKOCTD B ITPOCTPAHCTBE R3

3
B  mpocrpanctee R JaHbl  CBOMMH  ypPaBHEHUSMH  TUIOCKOCTB
X=X _Y~=Y_277%
m n p

1) lns onmpenenenust koopauHat toukn M, mepeceuennst npsmoit £ u mioc-

Ax+By+Cz+D =0 u npsamas

KocTu O (puc. 2.16) 1OCTaTOYHO PEUIUTh CUCTEMY YpaBHEHUN

Ax+By+Cz+D=0, N
X=X,+mt, y=y,+nt, z=2z, +pt,

r7e ypaBHeHUs mpsMoil ¢ 3amucaHbl B apaMer-
puueckoit popme (2.33).

[ToxcraBnsst B mepBoe ypaBHEHUE BbIpaXke-
HUA Uil X,Y,Z, HalAeM 3HA4YE€HWE I[apamerpa

t =1t,, onpenensiomee KOOpAUHATEI TOYKH M,
TepecedeHust IPSIMOH U IIOCKOCTH.

2) Yrusl, 10J KOTOPBIMH IIPsAMast IepeceKa- Puc.2.16
€T IUNIOCKOCTb, BBIYUCIIAIOTCS 10 (hOpMyIaM
. Am+Bn+Cp
SImo = + \/AZ B2 C2 \/ > > S (2.39)
+B"+C"-ym”+n" +p
Ecmu ¢ L o, 10
A B C
m - n - ; (2.40)
Eciu / H oL, TO
A-m+B-n+C-p=0. (2.41)
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IIpumeps! pelienus 3axaq

[TPUMEP  2.20. Haiitu 0OpOEKUHI0  TOYKH §T _
P(S;Z;—l) Ha TI0CKOCTh 2X —y+3z2+23=0. P TN

Pemenvie. Ecnu Touka M ecTh mpoekmms TOYKH
P(5;2;—1) Ha JAaHHYI0 IUIOCKOCTh, TO HAaIpaBIISIOIIUIA

BekTop S npsamoii MP komnmunaeapen HopMmanbHOMY Bek- tM

TOPY N (puc. 2.17) mnockoctu O . [Tonaras S =N, no-

TyduM S = {2;—1;3}. Torna npamas MP 3anaercs
ypaBHenusmu X =35+2t, y=2—-t, z=—-14+3t. Ilox- Puc. 2.17
CTaBJIsisl BBIpAXKEHUA U1 X,Y,Z B YPAaBHEHME IIJIOCKOCTH
Ol , TOJy4UM
2-(5+2t)—(2-t)+3-(-1+3t)+23=0 < 14t +28=0 = t =-2.
[loxcraBnsis HailieHHOE 3HaueHUe napameTpat B ypaBHEHUs NpPSMOil, MOIy-
YUM

x=1, y=4, z=-7. 3nauur, Touka M(l;4;—7) €CTh IPOEKIUSA TOYKH
P(S;Z;—l) Ha JJAHHYIO TJI0CKOCTh 2X —y +3z2+23=0.
x+1 y-2 z+3
n =2

ITPUMEP 2.21. ITpu kakoM 3Ha4€HUU N mpsiMas na-

pautenbHa miockoctd X —3y+6z+7=07?

Pewenne. [To yenosuo S = {3;n;—2}, N= {1;—3;6}. [psvas /¢ H oL, eciu
S-N=0. Torma, mno ¢opmyre (2.41) A-m+B-n+C-p=0, nomyunm
3-3n-12=0 < n=-3. 3uauur, npsamas ¢ OyaeT napajieibHa IIOCKOCTH O
npu n = -3,

I[TPUMEP 2.22. CocTaBUTh ypaBHEHUE TJIIOCKOCTH, IPOXOSIICH Yyepe3 TOUKY
x=1 y+1 z-7 x+5 y-2 z+3

=3 = =

Ml(l;Z;—3) apaUICIIBHO MPSIMBIM

b

3 -2 -1
Pemenne. Touka M, e o = o: A(X — 1)+ B(y — 2)+ C(Z + 3) =0. Inoc-
KOCTh OLH 14 . OLH 14 ,- CneposarenbHo, N L §1, NL §2. Torma, HOpMaJIbHBEIM BEK-

TOPOM IIJIOCKOCTH N MOXKET CIIY’KUTb BEKTOP

i ]k
N = S_1 X 8_2 =2 -3 3= {9;1 1;5}. Torna mIOCKOCTL O MMEET ypaBHEHHUE:
3 -2 1
9-(x=1)+11-(y=2)+5-(z+3)=0. Oger: 9x +11y+5z-16=0.
[TPUMEP 2.23. CocTaBuTh ypaBHEHHE IUIOCKOCTH, MPOXOJSALIEH uyepe3 ABe

x—2 y+1 z-3 x-1 y-2 z+3
IMapaJluICIIbHBIC ITPAMBIC = = ) = = .

2 -2 3 2 -2
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Pemenue. TquaMl(z;—1;3) €, N‘T

M2(1;2;—3)e 0., (puc. 2.18). Eciu Bektop N HOpMaIh- S /
HBI BEKTOP IUIOCKOCTH OL, HPOXOJSIIEN depe3 o0e mpsi-

) S
! o T - /,
meie, 0 N L MM, u NL S, rze S= {3;2;—2}. Cre- E M, /
noBatensHo, N=M M, xS, rie M\M, = {— 1;3;—6}. M ¢,
2

Torna oc/
i j ok Puc.2.18
N=-1 3 -6/=6-1-20-j-11-k={6;—20;-11}
32 -2

[TnockocTs O mpoxoauT yepes mpsimyto /. CiaemoBatensHo, Touka M, € a.
Torga ypaBHEHHE IUIOCKOCTH O, MMEET BUJL A(X — 2) + B(y + 1) + C(Z — 3) =0,
rme N = {A;B;C}. TToACTABISIS KOOPAMHATEL BeKTopa N B 3TO ypaBHEHHE, HOIy-

ypm 6 - (X — 2) —20- (y + 1) —11- (Z — 3) = (0. 3HauuT, ypaBHEHHE MCKOMOM IIJIOC-
koctu umeet Bux 6X —20y —11z+1=0.

2.8. IOBEPXHOCTH BTOPOI'O ITOPAIKA

I'eometpudeckue oOpassl (cdhepa, FIUTUTICOU, THIEPOOION, TapaboIon/I, 1H-
JUHJIP, KOHYC, ...) areOpandeckoro ypaBHEHUs BTOPOI CTETIEHU

Ax® +By” + Cz* + Dxy + Exz + Fyz+Px + Qy+ Rz+ H=0. (2.42)

OTHOCHUTENIBHO TPEX MEPEMEHHBIX X,Y,Z B MPAMOYTOJIBHOW JEKapTOBOW CHUC-

TeMe KOOPIMHAT HA3BIBAKOTCS IOBEPXHOCTAMH BTOPOTO IMOPSIKA.

B nmannoMm maparpade paccmaTpuBaroTCs HEKOTOpbIe 00pa3bl ypaBHeHUs (2.42)
npu D=E =F=0. OcnoBubIM MeTOIOM M3yueHUs MOBEPXHOCTH MPU M3BECTHOM
eé ypaBHEHHH SIBJISIETCS METOJ CEYEHHI, COCTOANIMIA B ONPEAEICHHN JIHHUH IIEpeCe-
YeHHs TIOBEPXHOCTH C IUIOCKOCTAMH, MapajlIeIbHBIMA OCAM KOOPIHHAT.

3 y
1) MHOKeCTBO TOoYek mpocTpaHcTBa R°, paBHOyHaleHHBIX OT OJHON (PUKCH-
POBAHHO¥ ee TOUKU MO(XO; YoZ, ), Ha3biBaeTcs cdepoii. E€ ypaBHEHIE UMeeT BH/T

(x—x0)2+(y—y0)2+(z—zo)=R2. (2.43)

rJie TOYKa MO(XO; yo;zo) - entp cepel, R > 0 - e€ paguyc.
2) DAJHIICOMIOM Ha3hIBAETCS IOBEPXHOCTH, ONPEACIIicMas ypaBHEHHEM
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(X_X0)2+(Y_YO)2+(Z_Z0)2 ~1 (2.44)

2 b2 CZ

Yucna a,b,c >0 maseBarorcsa momyocsmu smumrncouzaa. Ecou a,b,c - pas-

JUYHBIE YKCIa, TO MOBEPXHOCTh (puc.2.19) Ha3bIBae€TCsI TPEXOCHBIM AJUIUIICOUJIOM.
Ecnu nBa u3 HUX paBHBI MEXAYy COOOM, TO AIUTUIICOU SBIISAETCS MOBEPXHOCTHIO Bpa-

Z

Puc. 2.19

Puc.2.21

Puc. 2.20

wenus. [Ipu a = b = ¢ smmmnconn Bepoknaercs B cdepy.

3) OanonosiocTHBIM runepoosouaom (puc.2.20) Ha-
3BIBACTCS TOBEPXHOCTh, ONpe/eiisieMas YypaBHCHHEM

2 2 2
(X_Z(o) +(y—fzyo) _(Z—fo) —1. (45
a b c

Ipu X, =y, =2, =0 ypaBuenue (2.45) Ha3biBaeTCs

KAaHOHMYECKUM YpPaBHEHHUEM OJIHOIIOJOCTHOTO THIIEpOOJIOHN-
na. TunepGonoust ¢ ocsmu cummerpud OX u Oy 3anaror-

Cs YpaBHCHHAMU

- —+

2
X

2
a

2 2 2 2 2
Z X Z
—yz X =n A T
C a b C

o



4) JIByXnoJiocTHbIM runep0osaougom (puc. 2.21) Ha3bIBaeTCsl MOBEPXHOCTb,

onpejessieMas ypaBHEHHEM
(X_XO)2+(y_YO)2_(Z_ZO)2 —_1. (2.47)

a’ b? c?

Ipu X, =Yy, =2, =0 ypaBHenne (2.47) Ha3bIBacTCS KAaHOHHYECKUM ypaB-

HEHUEM JIBYXIIOJIOCTHOTO TUIIEpOOIona.
Tunep6omonssl ¢ ocsmu cummerpur OX u Oy 3amarorces ypaBHEHUAMU

2 2 2
Z
-5 =,
a b C
X2 5 22 (2.48)
__y__|__: -1

5) DaAMNTHYeCKUM Napadoioua0oM Ha3bl-

y4 BACTCA ITOBCPXHOCTD, OIIPCACIIAICMAA YPaBHCHHUCM
2 2
/ X —X -
: ( 0)+(y Yo) =2(z-z,) (2.49)
; p q
rae p,q > 0.

Ipu X, =y, =2, =0 ypasuenue (2.49) na-

3bIBACTCS KAHOHUYECKUM YpaBHEHUEM DJUTUITHYC-
ckoro mapabonouna (puc. 2.22). Ilapabomouasl c

-
,.<V

X Puc.2.22 ocamu cummerpud OX u Oy coorBercTBEHHO 3a-
ZA JIAl0TCsl YpaBHCHUSIMHU
N
2 2
v/
I pZ ox ,
P 9
2 2 (2.50)
X" z
—+—=2y
P q
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IIpu p = q ypaBHeHus (2.49), (2.50) onpenensitoT COOTBETCTBYIOLINE IOBEPX-

HOCTH BpAILICHUS.
6) Konycom Ha3bIBaeTCsi IOBEPXHOCTb, OMpeielisieMasi ypaBHEHUEM

(X—)2<0)2+(y—370)2_(z—§0)2 —0. (2.51)
a b C

Ipu X, =Yy, =2, =0 ypaBuenne (2.51) Ha3bIBacTCS] KAHOHUYECKUM ypaB-
HeHueM Konyca (puc.2.23). Konycei ¢ ocsamu cummerpun OX u Oy cooTBETCTBEHHO
3a1a10TC YPABHEHUSMU

XZ yZ Z2
— 5ttt 3=0,
a“~ b° ¢
X2 yZ ZZ
—2+—2:O.
C

(2.52)

a

Gﬁ

Ilpu a=b, b=c, a=c B coorsercrByromux ypasaenusx (2.51), (2.52) o6-
pa3yroTCs KPYTOBbIE KOHYCHI.

IIpumepsl pemienus 3axaqy

[TPUMEP 2.24. BpiBecTu ypaBHEHUE MOBEPXHOCTH, KaxKJas TOUKa KOTOPOM
PACIIONIOKEHA BIBOE OJIMKE K TOUKE A(Z;O;O), 4eM K TOYKE B(— 4;0;0).
Pemienne. Eciu S - IIOBEPXHOCTh, 3aJaHHas YCJIOBHUSAMM 3aJa4yd, TO

M(X,y,z)e S B TOM M TOIBKO B TOM Cilydyae, KOraa p(M,B): 2-p(M,A) WIn

2 2
\/(X + 4) +y +z7 =2 \/(X — 2) +y +27. Orcroza oJIy4aem
2 2
(x+4) +y>+7° =4-((X—2) +y? +22):>3X2 —24x+3y* +3z° =0
WJIM, BBIIEJISISE TIOJIHBIA KBAJIPaT B CJIAaraeMbIX, COAEPKAIIMX X, MOJYYaeM MCKOMOE
2
ypaBHEHHE TOBEPXHOCTU B BHIC (X — 4) +y® +2z>=16. Us Hero BuaHO, 4TO 3a-

JlaHHas OBEPXHOCTL S ecTh cepa paauyca 4 ¢ HEHTPOM B TOUKE (4;0;0).
[TPUMEP 2.25. UccnenoBatb popMy KpuBoi I', 3a1laHHON ypaBHEHUSIMU

2
(x—1) +y* +z" =36,
y+z=0.
OrnpeieNTuTh BUJI €€ POEKInK Ha TIockocts OXYy .
Pemenue. KpuBas [ 3amama kak JuHUS  mepecedeHusi  cepbl

2
(X — 1) +y° +2> =36 ¢ mockocteio Y+2Z =0 u, cregoBaTenbHO, €CTh OKDYXK-

HOCTh. Tak Kak IEeHTp chepsl C(I;O;O) JIEKHUT B TUIOCKOCTH ceuenns Y+ 2z =0, to
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IIEHTP OKPYXHOCTH coBrazaer ¢ Toukoir C, a ee paauyc paBeH paauycy cdepsl, T.e.
R =4. Ycranosum dopmy mnpoekimu okpyskaoctu I' Ha mwiockocts OXy . Hckiro-

2, 2, 2
4asi Z U3 CUCTEMBI (X 1) tyHzn =36, HoJIy4aem (X—1)2 —|—2y2 =36, wm
y+z=0,
2 2
(-1, y
36 18

ocu koToporo conarnpasiensl ¢ ocsiMu OX u Oy, neHTp HAXOAUTCS B TOUKE (1;0), a

=1 . OTCIOI[a 3aKJIII0YacM, 4TO UCKOMas IMPOCKIUsA — IJIIMIIC, I'TIaBHBIC

mosyocH pagHb @ = 6, b=3+/2.

[MTPUMEP 2.26. MeTtonom ceuenuii uccienoBarb GopMy U MOCTPOUTH MOBEPX-

2 2
X ¥y

HOCTb, 3aJIaHHYI0 ypaBHeHHeM Z = 2| | —— ——

16 25

Pemienue. B ceueHnM MOBEPXHOCTH TOPU3OHTAIIBLHOM INIOCKOCTEIO Z = h ume-
em kpuByto I', , mpoekuus koropoii Ha mnockocts OXY omnpenessercs: ypaBHEHHEM

2 2 2 2
h=2{1-> Y lum >y =2 n. (2.53)
16 25 16 25

Vpasuenne (2.53) npu h > 2 He umeer pelienunii OTHOCHTENHLHO (X,y). 310

03HAYaeT, YTO COOTBETCTBYIOLIEE CEUYECHHE IIyCTO, T.€. pacCMaTpuBaecMas IIOBEpX-
HOCTB IIEJIMKOM Pacrioyoxena Huke miockoctd Z = 2. [Ipu h <2 ypasuenue (2.53)

onpezenser sumnc ¢ noiayocsmu a =4+/2—h u b =>5+/2—h, Bepoxnaromuiics
B Touky X =y =0 npu h = 2. 3amerum, uT0 BCe IIUIUIICHI, MONYYAIOMIUECT B CEUE-

HHSIX TIOBEPXHOCTH ILIOC-
koctamu X =h <2, mno-
JOOHBI  MEXIy  Cco0oi

a
—=const=—|, npu-
b 5

4eM ¢ yMeHbIIeHHeM h mx
MOJIyOCH HEOTPAHUYEHHO
Y MOHOTOHHO BO3PacTaroT.
[Tonyuennoit  mHpOpMa-
MU JOCTATOYHO, YTOOBI
MOCTPOUTH 3CKU3 TOBEPX-
HOCTH. JlanbHeree
yTouHeHHue ee  (opMmbI
MOXHO TOJYy4YHUTh, €CIIH
pPacCMOTPETh CEYEHHUS KO-
OpJIMHATHBIMU  TUIOCKO-
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cossmu Oxz u  Oyz. Ceuenne mockocteto Oxz:y=0 gaer kpusyio

2 .
X = 16(2 — Z), T.e. mapaboiy C mapamMerpoM P =&, BEpUIMHOW B TOUYKE
X =0, Z =2 u BeTBAMH, HANPABJIEHHBIMHA B CTOPOHY YObIBaHUs 3HayeHuii Z. Ceve-

nue twiockoctbio Oyz: X =0 maer mapaGony y2 =25(2—Z) C MmapaMeTpoM

25

p= 7, BepuinHoOi B Touke Y =0, Z=2 u aHAIOTUYHO HAMPABICHHHIM BETBSMH.

3ajaHHasi MOBEPXHOCTh €CTh JUTUNITUYECKUH ntapadosion (puc. 2.24).
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YYEBHO - METOJJUYECKHWN KOMILJIEKC

PA3JIEJI 2 ckAHAJIMTHYECKAS I'EOMETPU S

3. MaTepuaJbl JJs CAMOCTOATEIbHON Pad0ThI CTY/ICHTOB



WX WD =

3.1. KOHTPOJIBHBIE BOITPOCBI

Bunpl ypaBHeHUM NpsAMON Ha INIOCKOCTH.

B3auMHoe pacnosioxkeHue npsambix Ha MIIOCKOCTH.

Kpusbie BTOpOro nopsjika, ix KAHOHUYECKUE YPABHECHMUSI.
Bunbl ypaBHEHUM TIIIOCKOCTH.

B3auMHOe pacnoiokeHue mIoCKOCTEN.

Bunbl ypaBHEHUMI TPAMON B TPOCTPAHCTBE.

B3auMHOe pacnosioxkeHue npsmeIX B IIPOCTPAHCTBE.
B3auMHoOe pacnosioxkeHue npsamMon 1 mIoCKOCTH.
[ToBepxHOCTH BTOPOTrO MOPSAJAKA, UX KAHOHUYECKUE YPABHEHHUS
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3.2. 3AJAYM M YIPAJKHEHUSI 1JISI CAMOCTOSATEJIBHOM
PABOTbBI

3.2.1. Jlausr mse Toukn A (1;3) u B(4;6). Haitru: 1) ypassenne npsivoii AB;
2) yrioBoi K03 PHUIMEHT K 3TOM MpsMoii; 3) yros HakiIoHa mpsmoii k ocu 0X.

3.2.2. Jlapl TpU TOYKH A(O; 4), B (l; — 2), C(S; 6). Hatitu: 1) ypaBHeHue
npssmoit BC; 2) ypaBHeHHe mpsMoil MpoXoAasmied 4epe3 TOYKy A TapaiesbHO
npsimoit BC; 3) ypaBHeHHe npsaMoi poxXoasmieid yepe3 TouKy A MepreHauKyISIpHO
npsimoit BC.

3.2.3. Haiitu mpoekmuo To9ku A (— 6; 4) Ha ripsimyto 4x -5y +3=0.

3.2.4. Haiitu Touky B cumMMmerpuunyro TOUKe A(— 5; 13) OTHOCHUTEIHHO
npsimoit 2x —3y—-3=0.

3.2.5. Yepes Touky nepeceuenus npsimMeix X +y—1=0 u 2x+3y+4=0
MPOBECTH NpsiMyto: 1) mepreHaukysapHo npsmoit 3X —y + 7 = 0; 2) napauiensro
JTOU MPSIMOH.

3.2.6. ITox kakum yriom npsMas Y = 2X + 3 nepecekaer ocs OX ?

3.2.7. Haiitu yron mexay mpsmbiMu: 1) y=-2X+3 u y=3x+35; 2)
3x+4y-7=0u4x-3y+8=0.

3.2.8. Haiitu paccrosHHe MeEXAYy [JBYMs NapaUIeIbHbIMU MPSIMBIMHU
3x+4y—-12=0u 6x+8y+26=0.

3.2.9. Haiit ypaBHEHHE TPSIMOM, MPOXOISAIICH dYepe3 TOUKY (— 4;3) u
yAaJIeHHOM OT Hayaia KOOPJAWHAT Ha PACCTOSIHUE 5 e]1. MaciTada.

3.2.10. [Tansl 1BE IPOTHBOIOJIOKHbBIE BEPIIMHBI KBaApaTa A(— 1;3), C(6;2).
CocTaBUTh ypaBHEHUS €TI0 CTOPOH.

3.2.11. Jlaubl aBe BEPIIMHBI TPEYroJbHUKA A(Z;l) u B(4;9) M TOYKa
HIEPECEUYCHUS €T0 BBICOT N(3;4). Haiiti ypaBHEHHE CTOPOH TPEYTOJIbHHKA.

3.2.12. Tpeyronsuuk ABC 3agan xoopauHaramu CBOMX BEPLIMH A(2;—2),
B(6;1), C(— 2;0). TpeGyercs: 1) nanucars ypaBuenue croponsl AB; 2) nanmcars
ypasuenue Bbicotbl CD w Bbrumciuts ee mmmny h; 3) waiitu yron ¢ wmexmy

Boicoroit CD n memmanoit BM; 4) nmammcare ypaBHenne Guccexktpuc L, L,

BHYTPEHHETO U BHELIHETO YIJIOB IIPU BEPIIMHE A .
3.2.13. CocTaBUTh YypaBHEHHs CTOPOH TpPEYTOJIbHUKA, 3HAas €ro BEPIIMHY

(4;3), a Takke ypaBHeHus Ouccektpuchl X +2y—5=0 wu wmemuausl
4x +13y —10 = 0, npoBesieHHBIX U3 OJHO BEPIINHBI.

3.2.14. Ha mnpsmoit 2X—-y—5=0 wnaiitu Takyro Touky P, cymma
paccTosHUN KOTOPOM 70 Touek A (— 7; 1) u B (— 5; 5) Obl1a OBl HAUMEHBIIICH.

3.2.15. Ha mpsmoii 3Xx—y—1=0 mnaiitu Ttakyro Touky P, pasHocts
pacCcTOSTHUI KOTOPOH JI0 TOYeK A (4; 1) u B (0; 4) Obl1a OB HAMOOIIBITICH.
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3.2.16. CocTtaBuTh ypaBHEHUSI CTOPOH TPEYTOJbHUKA, €CIIM JIaHbl OJJHA U3 €TO
BepmiiH B (— 4;—5) U ypaBHeHHs JBYX BbicOT SX+3y—4=0 wu
3x+8y+13=0.

3.2.17. Hailtu ypaBHEHUsI CTOPOH TPEYrojbHUKA, 3HAs OJHY €ro BEpIIUHY
C(4;—1), a Taxxe ypaBHennus BHICOTEl 2X — 3y +12 = 0 u Meuansr 2X +3y = 0,

MPOBEICHHBIX U3 OJJHON BEPILIUHBI.

3.2.18. Cpeau mpsMbIX, MPOXOJANIMX Yepe3 TOYKy P (3; 0), HAlTH Takylo,
OTPE30K KOTOPOH, 3aKITFOUEHHBIH Mexay mpsmMbiMd 2X —y—2=0,x+y+3=0,
aenutcs B Touke P momomnam.

3.2.19. Touka A (2; — 5) SIBIIICTCSl BEPIIMHON KBajpaTa, OJHAa U3 CTOPOH
KOTOPOTO JISKUT Ha TIpsiMOl X —2 'y — 7 = (. Beruucaute 1iomaap SToro KBaapara.

3.2.20. [IBe cTOpOHBI KBajpaTa JIGKHT Ha NpsaMbIX SX —12y—65 =0,
5x—=12y+26 = 0. Beraucnuts ero miomamp.

3.2.21. Jlauer 1Be cvexHbie Bepmmmbl kBampata A(2;0) u B(-1;4).

CocTaBuUTh ypaBHEHUS €TI0 CTOPOH.
3.2.22. JIyu cBera HampasieH 1o npsmoit X —2y +5 = 0. [doiias 10 npsamoi

3x —2y+7 =0 nyu ot Hee orpazmics. COCTaBUTh YpaBHEHUE MPSMOU, HA KOTOPOH

JIOKUT OTPAKCHHBIN JTyH.
3.2.23. CocTaBUTb YpaBHEHUE MPSMOW, MPOXOIAIIECH YEpe3 TOUYKY
nepeceueHust npsiMbix 3Xx+y—5=0, x—2y+10=0 u orcrosmeil oT TOUKH

C(~1;—2) na paccroszmm d = 5.

3.2.24. Hanucatb ypaBHEHHUE OKPYKHOCTH, MPOXOJAIIECH 4Hepe3 TPU TOUKHU:
(0;1), (2;0), (3;-1).

3.2.25. CocTaBuTh YpaBHEHHE OKPYKHOCTH, IPOXOJAIICH YEepe3 TOUKHU (3;1),
(— 1;3), €CJIM €€ LEHTP JISKHT Ha npsimoit 3X —y —2 =0,

3.2.26. BbluucnuTh paccTosTHUE OT LIEHTPa OKPYKHOCTH x* + y2 =2X 110

IIPSIMOW, MPOXOASIIIEN yepes TOYKHU IepeceyeHus OKPYKHOCTEU
X*+y>+5x-8y+1=0, x° +y”> -3x+7y-25=0.
3.2.27. CoctaBuTth ypaBHEHHUE KacaTeJIbHOU K OKPYXHOCTH

(x +2)° +(y—3)° =25 B 1ouxe A(-5;7).
3.2.28. Jlan ommance 9x° + 5y2 =45. Haiitu: 1) ero mnoayocu; 2)

KOOPJIMHATHI OKYCOB; 3) SKCHEHTPUCUTET; 4) ypaBHEHUS TUPEKTPUC.
3.2.29. BblyucnuTh MIOMIA/Ib YETHIPEXYTOJIbHUKA, JABE BEPIIMHBI KOTOPOIO

2 2
nexar B pokycax smmmnca X + 5y =20, aBe apyrue coBHanaroT ¢ KOHIAMH €ro

MaJIOH OCH.
3.2.30. Ilpsmas X—y—5=0 «kacaercs ommnca, (OKyCbl KOTOPOIO

naxonsrcs B toukax F, (—3:0) u F,(3:0). CocraButh ypaBHeHHE 3TOro0 3JIuIICA.
1 > 2\ y
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3.2.31. Touka (3;—1) SBISETCS KOHIIOM Majlod OCH 3JUIHICA, (DOKYCHI
KOTOpPOTo JiexaT Ha npsamoit Y+ 6 = 0. CocraBuTh ypaBHEHHE 3TOrO DILIUIICA, 3HAS

€ro KCIIEHTPUCHUTET € = \/5 / 2.

3.2.32. Jlana runepbona 16x”> —9y° —64x — 54y —161=0. Haiitu: 1)

xkoopauHatel ee uenrpa C; 2) momyocu; 3) sKcueHTpucureT; 4) ypaBHEHUS
ACHUMIITOT; 5) YpaBHEHHUSI TUPEKTPUC.
3.2.33. CocraButh ypaBHEeHHE THUNEPOOIBI, (OKYChI KOTOPOW JiexaT B

pepimmMHax ommnca  64x’ —|—100y2 = 6400, a JUpeKTPUCHI MPOXOAAT YEpE3

(OKyCBI ATOTO JILTUIICA.

3.2.34. Haiftu ocTphlii yroia Mexay acUMOTOTaMH THIEPOOJIBI, €CIU €€
AKCLICHTPUCUTET PaBEH 2.

3.2.35. CocTaBuTh ypaBHEHHE TUTIEPOOIIBI, €CITM U3BECTHBI €€ IKCIICHTPUCUTET

g =15/4, dpoxyc F(S;O) U ypaBHEHHE COOTBETCTBYIOLIEH aupeKkTpuchl X —16 =0.
3.2.36. IlapaGona cummeTpuyHa OTHOCHTENbHO ocu (OX, mpoxomur uepes

TOYKY (4;—1), a BEpILMHA ee JIeKUT B Havase koopAauHaT. COCTaBUTh €€ ypaBHEHHUE.
3.2.37. YcTaHOBUTH, KAaKUE JINHUM ONIPEIEIAIOTCS CIAEAYIOIUMA

ypasuenusimu: 1) 4y — x* =4x +8;

2) y=-2vx;
3) 16x* —9y? —64x—54y—161 =0;

4)y=-3Vx"+
5)3x+4y* +9=0;

6) X =—2\/—5—6y—y ;

7) 16x* + 25y +32x —100y — 284 = 0;

8) p(3 —\/Ecoscp): 12;

9) p(3 —4c0scp)= 15;

10) p(4 —5cos ) =18;

11) p(3 —3coscp)= 1.

3.2.38. HaliTu KaHOHWYECKUE YPABHEHHUS NPSIMOM, MPOXOIALIEH Yepe3 TOUKHU
A u B, ecm: 1) A(1;4;3), B(2;0;5);2) A(2;—-1;4), B(3;5;7).

3.2.39. Hailtu napameTpuyeckue ypaBHEHUSI NPSIMOM, MPOXOIAIICH uepe3
toukn A u B, ecmm: 1) A(2;5;—1), B(3;4;5); 2) A(4;0;6), B(~1;2;3).

3.2.40. Haiiti obmue ypaBHeHHs MPsIMON 3aJJaHHOW B KaHOHUYECKOU (hopme:
0 x—4 _ y+3 _ z—l; %) X+35 _ y—1 _ z+4.

2 3 5 3 4 —1

3.2.41. Haiitu oOuiye ypaBHEHHMs MNPsAMOHM, 3aJlaHHON B NapaMeTpUUYECKON

dbopwme:
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X=2t+1, X=—t+4, X=3t+4,
)sy=3t—4, 2)Jy=2t-5  3)<y=t—1,
z=5t+6. z=3t+1. z =t.

3.2.42. HaiiTu KaHOHMYECKHE YypaBHEHHUS NPsAMON 3aJaHHON oOUMU
2X+y—z—2=0,2 3x—4y+z-2=0,
x+4y-5z=0. 4x+y—-3z-9=0.
3.2.43. Haiitu mapameTpuyecKue ypaBHEHHUS NPSAMOW 3aJaHHOW 0O0ImUMHU
?ax—y+z—1:O,2 2x+3y+z-4=0,
x-y+2z-1=0.

ypaBHEHUSIMU: 1) {

6x+y—-9z=0.
3.2.44. JIoka3aTb napaJIeIbHOCTD MPSAMBIX:
x+2 y-1 1z x+y-z=0,
1) = =—u
3 -2 1 X—-y—-5z2-8=0;
Xx+3y+z+2=0,

ypaBHeHUsIMU: 1) {

2y x=2t+5, y=—t+2, z=t-7Tmu
x—-y-3z-2=0;

3) Xx+y—-3z+1=0, Xx+2y-5z-1=0,
u
Xx-y+z+3=0 x—-2y+3z-9=0.
3.2.45. Jloka3arb NEpIEHANKYISIPHOCTD IPSAMBIX:
y-1 z {éx+y—5z+1=@

npE=Y—_-Zy
1 -2 3 |2x+3y-8z+3=0;

=2t+1,
2x+y—-4z+2=0,
2)qy=3t-2, u
4x-y—-5z2+4=0;
z=—6t+1

Xx+y—-3z-1=0, 2X+y+2z+5=0,
u
2x-y—-9z-2=0 |2x-2y—-z+2=0.
3.2.46. Haiitu oCTpBIN yroJl MEKy IPSIMBIMU:
x+4 y+2 z+1 x-3 y-3 z-4

1 —1 V21 1 V2

3.2.47. OnpeaenuTb KOCUHYC yIia MEXAY MPSIMbIMU
X+y+4z-3=0, x+1 y-4 z+2
{2X—y+z—1=0 7 3 5
3.2.48. Jloka3arb, 4yTO NpsIMbIE 3aJaHHBIC NTAPAMETPUUYECKUMU YPABHECHHUSIMU
x=2t-3, y=3t-2,z=-4t+6 u x=t+5 y=—4t-1,z=t-4

IICPCCCKAOTCA.
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X +2 z-1
3.2.49. Ilpm xakoM 3HAYe€HUM M  TPsAMEIE =7 ,

~3 4

x=3 y-1_z-7

nepeceKkaroTcs?
m 4

3.2.50. CocraButh ypaBHeHHe IutockocTd: 1) mapamiensnoit ocu Oy wu
IPOXOAILEH Yepe3 TOUKH A(2;l;—2) u B(— 7;—2;1); 2) mapauIeNbHON MIOCKOCTH
OXxZz u npoxozsiien yepe3 TOUKy (2;—3;4); 3) npoxonsuieii yepe3 ocb OX u uepes
TOYKY (2;1;3).

3.2.51. Haiitu paccrosHHe MEXAY NapAJUIEIbHBIMU  IUIOCKOCTSMH
5x+3y—-4z+15=0, 15x+9y—-12z-5=0.

3.2.52. HaiiTu ypaBHEHHE IIJIOCKOCTH, MPOXOMSIIEH uYepe3 TOUYKY (1;—3;2)
napajuiensHo miockoctn /X —4y+z—-4=0.

3.2.53. UYepe3 ToukH (1;2;3) u (— 2;—1;3) IPOBECTU  IJIOCKOCTh
IEPICHANKYIISIPHO Tiockoctd X +4y —2z2+5=0.

3.2.54. CocTaBUTh ypaBHEHHUE IUIOCKOCTH, KOTOpPasi MPOXOAUT Uepe3 Hadallo
KOOPJMHAT  MEPNEHAUKYJIAPHO K JByM Iiockoctsm 2X—y+3z—1=0,

Xx+2y+z=0.

3.2.55. HanucaTte ypaBHEHHE IIOCKOCTH, MPOXOALIEH Yepe3 TPU 3aJaHHbIE
rouxn: 1) (1;2;0), (2:151), (3;0:1); 2) (1), (0;-1;2), (2:3;-1).

3.2.56. Haiitu oCTpbIi yroyl MEKly IPSIMbIMU

{2X+3y—4z+5:0, {X—y+22—420,
n

x—-y+z=0. 2x+y—-z-5=0.
3.2.57. Yepes TOUKY (2;—1;3) IPOBECTH MPAMYIO, Mapaienbayo ocu OX.
3.2.58. HamucaTtb KaHOHMYECKOE YypaBHEHUE MPSIMOM, MNPOXOJIAIICH uepe3
TOYKY (2;0;—3) nmapajienbHo: 1)  BEKTOpy 5(2;—3;5); 2) npAMoi
x=1 y+2 z+1 3x-y+2z-7=0,

5 2 —1 x+3y—-2z-3=0.

; 3) ocu OX; 4) ocu Oz; 5) npsmoii {

6) mpsimoit X = —2+t, y=2t, Zzl—%.

3.2.59. Haiitu ypaBHEHHE IIOCKOCTH, MPOXOAIICH Yepe3 TOUKY (1;2;—1)
x=3 y-2 z+l

NEPHEHAUKYJIAPHO MPSIMON =

~3 4

. .ox—=1 y+1 z-2
3.2.60. Haiitu TOuYKy IIepecedeHHs] MpsAMOU = = c

3 —1 5

WIocKocThio X + Yy —2Z2—4 =0.
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3.2.61. CocraBuTh ypaBHEHHE IUIOCKOCTH, IMPOXOJIAIIEH Yepe3 TOUKY (1;1;—2)

x-1 y-3 z
U IIPSIMYTO = =—.
1 5
3.2.62. Haiitu ypaBHEHME IUIOCKOCTH, MPOXOMSIIEN dYepe3 MpAMYIO
x—1 +2 z
" -7 " = 5 MEPIICHANKYIISIPHO TIOCKOCTH 3X — Y +22—2 =0,

3.2.63. Haiitn ypaBHEHME IUIOCKOCTH, MPOXOIAIIECH Yepe3 B MapajlIeIbHbIE

x+2 y-1 z x-1 'y z+1
psiMbIE: = =—u = = .
-1 3 4 -1 3
3.2.64. VYCTaHOBHUTH THUIl 3aJJaHHBIX IIOBEPXHOCTEW M MOCTPOUTH HUX: 1)
2 2 2 2 2 2
X

e ) LR B e et T TR S S S
9 4 25 16 4 36

x?—y?+2° +4=0; 5) 3x*+5y’ =12z; 6) 4x’ -8y’ +162° =0; 7)
8x> —4y° +24z> —48=0; 8) 4x* —12y* — 62" =12.

3.2.65. CocraBuTh YypaBHEHHE IUIOCKOCTEH, KacaTelbHBIX K cdepe

2,2, .2
X" +y" +2z° =9 unapamnensusix wiockoctu X +2y —2z+15=0.
3.2.66.  YCTaHOBHTH, IPM KaKMX 3HAYEHHMAX M IUIocKocTh X +mz—1=10

. 2 2 2
TepeceKaeT ABYIONOCTHBIN Tunepbosonn X +y~ —z” =—1: 1) no smurcy; 2) mo
runepoose.
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OTBETHBI

321 )y=x+22) k=1 3)a=§.

322. 1) y=2x-4,2) y=2x+4;3) x+2y—-8=0.
3.2.3. (- 2;-1).

3.2.4. B(11;-11)

325. 1) x+3y+11=0;2)3x—-y—-27=0.
3.26.tgp=2; ¢ =63°26".

3.2.7.1) ¢ =135°;2) ¢ =90°.

3.2.8. 5 exn. macirra0a.
3.29. 4x -3y +25=0.

3.210. 3x -4y +15=0, 4x+3y-30=0,
3x-4y—-10=0, 4x+3y-5=0.
3.2.11. (AB¥x-y-7=0; (BC)x +3y—-31=0 (AC) x +5y-7=0.

32.12.1) (AB)X =2 = ¥YF3 o) (cp) XH2 y4,h:4;3)
coscpzl/\/ﬁ;

4)
L X—2 y+2
4205 3445

L2:(4—2\/§)-(X— 2)+ (3+\/7) (y+2)=0
3213. x+y—-7=0,x+7y+5=0, x-8y+20= 0.
3.2.14. P(2;-1).
3.2.15. P(2;5).
3.2.16. 3x —5y—-13=0, 8x-3y+17=0, 5Sx+2y—-1=0.
3217.3x+7y-5=0,3x+2y-10=0, 9x+11y+5=0.
3.2.18. 8x—-y—-24 = 0.

3.2.19. 5.

3.2.20. 49.

3.2.21. JlBa  kBajgpara: 1) 4x+3y—-8=0,4x+3y+17=0,
3x-4y-6=0,3x-4y+19=0; 2)

4x+3y—-8=0,4x+3y—-33=0,3x-4y-6=0,3x-4y+19=0.
3.2.22. 29x -2y +33=0.
3.2.23. 3x -4y +20=0.

SSRGS
3224, | X+—| +|y+—-| =—.
2 2 2



3.2.25. (x =2)* +(y—4)’ =10.

3.2.26. 2.
3.2.27.3x -4y +43=0.
3.2.28. 16.
3.229.1) /5 13;2) F(0;-2) n F,(0;2);3) £ =2/3; 4) y = +9/2.
2 2
3.2.30. —+ Y =1. Vkazanue. Bocnonp3oBaTbCsi CBONWCTBOM AILIMIICA:

IPOU3BEICHUE PACCTOSHUNA OT (POKYCOB 10 JIFOOOM KacaTeabHOM K AJUIUIICY PaBHO
KBaJIpaTy MaJioi MOJYOCH.

3.231. x” + 2y —6x+24y+31=0.
32.32. 1) C(2;-3);2) a=3;b=4;3) £=5/3; 4) 4x-3y-17=0,
4x +3y+1=0;55x-1=0,5x-19=0.

2 2

3233 Y .
60 40
3.2.34. 60°.
2 2
3235 > _ Y 1.
16 9
3.2.36 2—lx
2.36. y R

3.2.37. 1) mapabona; 2) 4acTh mnapaOoJibl, PacIoJIO)KEHHAas B YETBEPTOM
KOOPJIMHATHOM YTI1y; 3) runepOoiia; 4) BeTBb rUnepOoibl, pacioiokKeHHasi B HIKHEH
MOJIYTUIOCKOCTH; 5) BETBb TUTNIEPOOIIBI, PACTIONOKEHHAS B JICBOM MOJIYIUIOCKOCTH; 6)
MOJIOBUHA AJUIMIICA, PACMOJIOKEHHAs B JIEBOM MOIYIUIOCKOCTH; 7) U 8) asumic; 9)
runepOosna; 10) mpaBas BeTBb runepOosl; 11) mapadona.

1 v-4 z- _ _
3238 ) 1oy T4_ 273, x=2 y+l_z-4
1 -4 2 1 6 3

3239. ) x=t+ 2, y=—-t+5, z=6t -
2)x=-5t+4,y=2t,z=-3t+6.

3x-2y—-18=0, 4x -3y+23=0,
3.2.40. 1) 2

S5y-3z+18=0. y+4z+15=0.
3.2.41.

1) 2) 3)
3x-2y—-11=0, 2x+y-3=0, x—3z-4=0,
S5y—-3z+38=0. 3y—-2z+17=0. y—z+1=0.

saap Xty 2=l x=2 y-1_z
-1 9 7 11 13 19

3243. 1) x =8t +1, y=33t+3, z=9t + |;
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2)yx=T7t, y=-3t+1, z=-5t+1.
3.2.46. 60°.

41
3.2.47. cosp = —.
P 83

3.249. m =3.
3.250.1) x+32+4=0;2) y+3=0;3)3y—z=0.
3.2.51.6

32.52. Tx —4z+1-21=0.
3.253. 2x —2y—-3z+11=0.

3.2.54. 7x —y—-5z2=0.
3255. 1) x+y—-3=0;2)2x—-y—-1=0.
3.2.56. cos @ =0,9445; ¢ =19°11".
y+1=0, x=2 y+1 z-3
nim = = .
z-3=0. 1 0 0

3.2.57.

x—2 'y x+43 x—2 y z+3
3.2.58. 1) =7 = :2) === ;
2 -3 5 5 2 -1
x—2 y z+3 x—2 z+3
3) =2 = ,4) =2 = ;
1 0 0 0 0 1
5)X_2:X:Z+3;6)X_2:X:Z+3_
-4 8 10 1 2 —1/2
3.259. x -3y +4z+9=0.
3.2.60. (—2;0:3).

3.2.61. 2x+y—-z-5=0.
3.2.62. 4x+ 2y -5z =0.
3.2.63. 4x+13y—-z—-5=0.

3.2.64. 1) smmmncoun; 2) OAHOIMOJOCTHBIN Tunepbomona; 3) Kouyc; 4)
JBYIIOJIOCTHBIM THHEpOOIONa; 5) 2IUIMNTHYCCKUK mapabonoua; 6) KoHyc; 7)
OJTHOTIOJIOCTHBIN rutiepoosou; 8) NBYIMOJIOCTHBIN TUIIEPOOTOHI.

3.2.65. x+2y—-22-9=0; x+2y—-22+9=0.
3.2.66. 1) 1 <m <~/2;2)|m| <1.
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3.3. PACYETHBIE 3ATAHUA

3aganmne Nel
Jatel xoopauHatsl BepiiuH TpeyroabHuka ABC. Tpebyercs: 1) Bbrumcnuthb
IJIMHY CTOPOHBI [AB]; 2) cocrasuth ypasemme mummun (AB); 3) cocraBuTs
ypaBHEHHUE BBICOTHI, IPOBEAECHHON U3 BepumMHbl C; 4) BBIYUCIUTH PACCTOSIHUE OT
seprmnsr C 10 croponst [AB]; 5) cocraButs ypaBHeHue Meianbl, IpOBEICHHOI 13
BEpLIMHBI A ; 6) BEIYUCIUTH YTol A B pajilaHax ¢ TOYHOCTBIO JIO IBYX 3HAKOB.

Ne | A B C Ne | A B C

L | (-6-4)(10-1) | (6:1) |16, |(,-2) |(%4) (6:10)
2. | (120) | (18;8) (0;5) [17. | (-11) (7;7) (4;13)

3. [ (-2-6)|(-6;—-3) | (10;—1) [18. | (1;-1) 9(-6;5) | (6;11)
4. | (82) |(1410) | (-47) |19 | (-1,-2) |(7:4) (4:10)
5. 1(2:-4) [ (=2-1) [ (141) [20. |(1;2) (9;8) (6;14)

6. |(2:-1) [(87) (-10;4) | 21. | (12;-10) | (=6;14) | (=12;-3)
7. | (5-3) | (1;10) (17;2) [22. |(5-8) |(-=13;16) [(=19;—1)
8. |(14-6) |(20,2) | (2-1) |23. |(18-12) | (0;12) | (~6;~5)
9. [(34) (7)) 1059 |24 |(27;5) | (929) | (312
10. | (;-2) |[(7:6) (-11;3) | 25. | (30;—=7) |(12;17) | (6;0)
1L | (=5-1) [(1;5) | (411) [26. [(1513) | (=3;37) | (=9;20)
2. /(=21 [(67) |(313) |27 [(311) | (=1535) | (-2L18)
13,/ (2;-1) [(10;5) | (7;11) [28. [(9;20) | (=944) | (=15,27)
14. | (1;1 (9;7) (6;13) |29. | (=3;-31) | (-21;=7) | (-27;-24)
15. | (-12) |(7:8) (4,14) [30. | (7;19) (-11;4) | (-17;26)

3aganue Ne2
1. Haiitn ypaBHEeHHME AuaroHajiu napajuiejorpamma, He HpOXOIsllel udepes
TOYKYy mepecedeHus ero cropoH X —y—1=0 u y—1=0, ecnu usBecTHo, 4ToO

JMaroHaIv TapajuieJorpaMMa MepeceKarTCs B TOUKE (— 1;0).

2. HaliTu KoOpAauHAThl TOYKH, CAMMETPUYHON TOYKE (2;—4) OTHOCUTEJIBHO
npsimoit 4x +3y+1=0.

3. CocTaBUTh ypaBHEHUE MPSAMOU, MPOXOIAIIECH Uepe3 TOUKY A(— 1;2) TaK,

4TO CepelrHa ee¢ OTpe3Ka, 3aKIIYCHHOT0 MEXIy MapauieJbHBIMH PSMbIMU
X+2y+1=0wu x+2y—-3=0, nexxut Ha npsimoit X —y —6 =0.
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4, JlaHel ypaBHCHHS JBYX CTOpPOH TpeyroiabHuka: 4X—-5y+9=0 wu
X +4y —3 =0. Haiitn ypaBHEHHE TPEThCH CTOPOHBI, €CIIM U3BECTHO, YTO MEAUAHA
3TOTO TPEYTOJIbHUKA MEPECCKAIOTCS B TOUKE (3; 1).

5. BBIYUCIIUTH KOOPAMHATHI BEPIIMH poMOa, €CiM M3BECTHBI YPaBHEHUS ABYX
ero cropon: 2X—y+4=0 u 2x—-y+10=0 wu ypaBHeHHEe OAHOH H3 ero

nuaronaned X +y+2 =0.

6. Jlamer nBe Bepummmbi Tpeyromshmka A (—4;0) u B(4;1) u Touka
nepecedeHust ero Beicot D (3; 5). CocTaBUTh ypaBHEHUSI CTOPOH TPEYTrOJbHUKA.

7. Jaubl ypaBHenus BbicoT TpeyrodbHuka ABC: 3x+2y+6=0 wu
X —y+5=0 u koopauHATBI OJHON W3 €ro BepmMH A (— 5;3). Haiitn ypaBHenus

CTOPOH TPEYTOJIbHUKA.
8. JlaHbl ypaBHEHHs [BYX CTOPOH TpeyroibHuka: S5Xx—2y—-8=0 wu

3x —2y—8=0. CocraBuTh ypaBHECHHE TPETbEH CTOPOHBI, €CIIM U3BECTHO, YTO €€

cepellnHa COBIIAJAET C HAYAJIIOM KOOPAUHAT.
9. CocTaBUTh ypaBHEHHUSI CTOPOH TPEYTOJbHHKA, 3Has OJHY U3 €r0 BEPIIHUH

A(Z;—S) U ypaBHeHUs 1BYX BBICOT /X —2y—10=0u 2x-7y+3=0.
10. Jlabl ypaBHEHHSI OCHOBaHHMS pPaBHOOCAPCHHOIO  TPEYrOJIbHHKA
X+y—4=0 u GokoBoii cTopoHsl X —2Yy+4=0. Touka A(—2;3) nexur Ha

BTOPOI1 O0KOBOI cTopoHe. HalitTn ypaBHEHHE BTOPOil O0KOBOI CTOPOHHI.
11. JlaHbl 1BE HPOTHBOIOJIOXKHBIC BEPIIMHBI poMba A (3; 4), C (l; — 2) u

ypaBHeHUEe OMHOM W3 ero cropoH X —y+1=0. HaiitTh ypaBHEHUS OCTaIbHBIX
CTOPOH pomoa.

12. JlaHbl cepeauHBI CTOPOH TpeyroibHuka M (2,1), N (5; 3), P (3;—4).
CocTaBUTh ypaBHEHHsI CTOPOH ITOTO TPEYTOJIbHUKA.

13. CocraBuTh ypaBHEHUS CTOPOH TPEYTOJIBHUKA, €CJIM U3BECTHBI OJIHA U3 €TI0

BEPIINH (l; 3) ¥ ypaBHeHUs 1ByX MequaH: X —2y+1=0uny—-1=0.

14. CoctaBuTh ypaBHEHHE MPSIMOW, MPOXOSAIICH Yepe3 TOUKY A(l;3), TaK,
4TO CepelldHa €€ OTpe3Ka, 3aKIIOYCHHOTO MEXIy MMapauieIbHbIMU TPSIMBIMH
X+2y+5=0u x+2y+1=0, npuramiexur npsmoit X -y —5=0.

15. CocraBuTh ypaBHEHHUS CTOPOH TPEYTOJIbHHKA, 3HAsl BEPIIHMHY A(O;Z) 7
ypaBHeHuss BeicoT BM:x+y=4 u CM:y=2x (M- Touka mepeceucHus

BBICOT).

16. Cropousr AB u BC mapamnenorpamma ABCD 3amansl ypaBHEHUSMU
2x-y—=5=0wu x—2y+4 =0, 1tuaroHanu ero nepecekarTcs B TOYKE M(1;4).
Haiityu 1iuHbBI €ro BBICOT.

17. HaiiTi BepIIMHBI IPSIMOYTOJILHOTO PABHOOCAPEHHOTO TPEYTOJIbHUKA, SCITH
naHa BepmuHa npsimoro yria C (3; — 1) U ypaBHEHHUE TUNOTeHy3bl 3X —y +2 = 0.
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18. JIBe CTOpOHBI mMmapajuieiorpaMma 3aJaHbl ypaBHEHHAMH Y =X—2 H
Sy=x-6. [lnaroHanm ero TmepecekaroTcs B Hadaie KoopauHaT. Hamwmcarts
ypaBHEHUSI IBYX JPYTrUX CTOPOH MapauiejorpaMMa i ero JuaroHasei.

19. Berauciuth iomiap pomoa, 3Hasi OJHY U3 €ro BEepIIUH A(O;—l), TOYKY
nepecedenns ero muaronaneii M (4;4) u touxy P(2;0) Ha cropone AB.

20. Yepe3 Touky mepecedeHus mnpsamMbix 2X—S5y—1=0 u x+4y-7=0
IPOBECTH MPIMYIO, ACAIIYI0O OTPE30K MEXAY TOoukamMu A (4;—3) u B(l;—2) B
oTHOIEeHUA 2:3.

21.  Omnpegenuth, MNpM KAaKMX 3HAYEHUAX M U N 1psaMas
C2m-n+5)x+(m-3n-2)y+2m+7n+19=0 mnapamiensia ocu 0Y u

orcekaroT Ha ocu 0X oTpe3ok, paBHBIM S5 (cuMTas OT Havajga KoopauHar). Hamucarhb
YPaBHEHUE 3TOU MPSAMOM.
22. Onpenenurs, npu KaKoM 3HAYEHUU a npsmas

(a+2)x+(a2—9)y+3a2—8a+5=0 1) mapamtenbHa ocu abcruce;  2)

napauieibHa OCH OpAMHAT; 3) IPOXOIMT Yepe3 Hayallo KOOPIUHAT.
B xaxx70oMm ciydae 3anucaTh ypaBHEHHUE MPSIMOIA.
23. JIBe CTOpOHBI KBajapaTa JekaT Ha HpAMbIX SX—12y—-65=0 wu

5x—12y+26 =0. Berauciaurs ero miomias.
24. Jlanbl 1B CMEXHBIC BEPIIUHBI KBajpaTa A(2;O) 51 B(— 1;4). CocTaBUThH

YPaBHEHHSI €r0 CTOPOH M BBIYUCIIUTD TUIOIIA/Ib.
25. Touka A(S; — 1) SIBIIIETCS BEPIIMHON KBaJpaTa, OJIHa U3 CTOPOH KOTOPOTO

nexut Ha npsmord 4X —3y—7 =0. CoctaBuTh ypaBHEHHS MPSIMbBIX, HA KOTOPHIX

JIe’KaT OCTaIbHbIE CTOPOHBI 3TOTO KBaJpara.
26. CocTaBUTh ypaBHEHHE MpPSIMOM, MPOXOJAIIECH 4epe3 TOUYKY IMEepEeCceUCHUs
npssMbix 3Xx—2y+5=0, 4x+3y—-1=0 wu oTcekaromeii Ha ocu OpIUHAT

orpe3ok b = -3.

27. CocTaBUTh ypaBHEHHME IPSAMOM, NMPOXOIAIIECH Yepe3 TOUYKY IEPECEUECHUS
npssMbix  2X+7y—-8=0, 3x+2y+5=0 nox yriuom 45%  x IpSIMOI
2x+3y-7=0.

28. B tpeyronbauke ABC nanbl ypaBHenuss Beicor AN :x+5y—-3=0,
BN :x+y—-1=0, cropoust AB:x+3y—1=0. CocraButh ypaBHCHHS [BYX
APYTHX CTOPOH M TPEThEH BBHICOTHI.

29. JlaHbl BEpIIMHBI TPEYTOJIBHUKA A (— 4; 3), B (4; — 1) M TOYKa MepeceueHust
BbIcOT M (3; 3). Haiitu tpethio Bepmuny C.

30. CoctaBuTh ypaBHEHHS CTOPOH MW JUArOHaIM poMOa, €CIM H3BECTHBI
ypaBHEHHS JIByX €ro cTOpoH X +2y =4, x+ 2y =10u ypaBHeHue 0JHOH U3 €ro

JMaroHaien y = X + 2.
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3ananue Ne3
Hcenonp3yss mapayenpHbIi NEPEHOC OCEW KOOPAMHAT, IPUBECTH YPaBHEHUE
KPUBOM 2-r0 MopsAJiKa K KAHOHUYECKOMY BUY U ITIOCTPOUTH KPUBYIO.

1.2x% —8x+y* —6y+1=0;

X* +4x+4y> =0;
.x2—8x—4y2=0;

Ly —6y—x>+2x=0;

.9x? —25y? —18x—100y—316 = 0;
C5x% —6y? +10x—12y—31=0;
x? —4y> +6x+5=0;
3xP—yr+12x—4y—-4=0;
Cx2—4y? +2x+16y-7=0;

10. x* —y* —4x+6y—-5=0;

11. 4x* +9y? —8x +18y—23=0;
12. 9x% —16y* —54x — 64y —127 = 0;
13. x> +y> =2x+6y—5=0;

14. x* +4y* +4x -8y —8=0;

15. x> +2y> +8x -4 =0;

16. 4x* +9y* —40x +36y +100 = 0;
17. 9x% —16y* —54x — 64y —127 = 0;
18.9x% +4y? +18x -8y +49 =0;
19. 4x> —y> +8x -2y +3=0;

20. 2x* +3y* +8x -6y +11=0;

21. x* +10x —4y+33=0;

22y —6x+2y-11=0;

23. X2 —4x+5y+14=0;

24.2y* +x—4y+2=0;

25. x> —8x+3y+19=0;

26. y* —5x+6y+4=0;

27.x* +6y+6x—6=0;

28. y> +6x -8y +22=0;

29. x2+8x—-2y+14=0;
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30.

y2 -3x+10y+16 =0.

3amanmne Ned

Hcenonp3yst mapannenbHbli MEPEHOC W NMOBOPOT OCEM KOOPIWHAT, NMPUBECTH
YPaBHEHHE KPUBOU 2-TO MOPSAAKA K KAHOHUYECKOMY BUy M IOCTPOUTH KPUBYIO.
l.2xy+6x+4y+11=0;

[
[

CAXT +4xy+yt +14x-8y+4=0;
. 8x? —6xy+48x+18y+63=0;

X?+4xy+4y’ —8x+4y+4=0;

5xT +8xy+5y° +36x+36y+63=0;

X +2xy+y- +14x -2y +33=0;

C5XT +12Xy++44x + 24y +32 = 0;

L 6xXy+8y’ +18x +48y+63 =0;

5x% —6xy+5y? —12x+20y—12=0;
10.
3x% +10xy+3y* —2x-14y—13=0;
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.

24.
25.

26.
27.
28.

X —2Xy+y  —-2x—6y+4=0;

25x% —14 xy+25y? +64x — 64y — 224 = 0;
4xy+3y* +16x+12 y-36=0;

7x* +6xy—y> +28x +12y+28 =0;

19x% +6xy+11y? +38x+6y+29 = 0;
5x% —2Xxy+5y" —4x+20y+20=0;

14x* +24xy+21y* —4x+186y—139 =0;
11x* —-20xy—4y> —20x -8y +1=0;

7x* +60xy+32y* —14x-60 y+1=0;
50x? —8xy+35y> +100y—8y+67 =0;
41x% +24xy+34y> +34x 112y +129 =0;
29x* —24xy+36y* +82x-96y—-91=0;
4x* +24xy+11y* +64x+42 y+51=0;
41x% +24xy+9y> +24x+18 y—36=0;
2Xy—4x+2 y+3=0;

5x? +12xy-22x-12y—-19=0;

x? +2xy+y2 +3x+y=0;

5% +6xy+5y° —16x—16y—16 = 0;
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29.5x% +8xy+5y> —18x—18y+9=0;
30. 4x*> +12xy+9y> —36x +100 = 0.

3aganue NeS
CocraButh 00I11€€ ypaBHEHHE TUIOCKOCTH, poxosiiei B No 1-10 uepe3 Touky
M neprnengukynsipHo miockoctsM o0 U 3 B Ne 11-30 uepes touku M, M,

NEPIEHINKYJISIPHO IJIOCKOCTH O .

Ne M o B

1. (2,1,-5) 3x-2y+z+7=0 5x—4y+3z+1=0

2. (1,—1,1) x—y+z—-1=0 2X+y+z+1=0

3. (2 11) 3x+2y-z+4=0 Xx+y+z-3=0

4. (1,8,2) 5x+6y+11z—-3=0 3x+y+4z-12=0

5. (-1,-2,0) |4x+6y—-5z-14=0 | x+3y—-2z-1=0

6. (5,1,2) x—T7y-2z-10=0 2x—2y-z—-13=0

7. (2, ,) X—2y+5z-7=0 2x-3y+7z-5=0

8. (1,1,1) Xx—2y+2z+8=0 3x+5y+7z-1=0

9, (1,4,-5) X+y+5z+3=0 3x+2y+82z-9=0

10. (3,0,7) Xx+y+4z=0 3x+2y+7z-2=0
M, M, o

11. (2,-1,4) @21) X+y+z-3=0

12. (1,1,1) (2,2,2) X=y-2=0

13. (0,-5,0) (0,0,2) X+5y+2z-10=0

14. (2,0,-1) (1,-1,3) 3x+2y-z+3=0

15. (-1,-2,0) |(1,1,2) X+2y+2z2-4=0

16. (1,—2,4) (2,-3,5) X+y-3z+8=0

17. (0,1,3) (1,2,7) X+2y+5z+6=0

18. (1,1,0) (2,-1,-1) 5x+2y+3z-7=0

19. (1,4,0) (2,14,3) X+6y+z-3=0

20. (9,1,1) (19,2,2) 17x+2y+z+11=0

21. (7,1,0) (26,2,3) IX+y+z—17=0

22. (0,1,2) (-1,2,3) X+y-z+2=0

23. (3,4,6) 615) X+2y+3z2-6=0

24. (4,1,0) ( ) x-y+z-3=0

25. (1,0,1) (- ,,) Xx+2y-z-1=0

26. (1,0,2) ( , ,) X—-2y+z+1=0
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27. (2,1,1) (0,1,2) X+2y+z-1=0
28. (0,1,-1) (1,2,3) 2x—y—-2z=0
29. (1,05,—1) | (1,2,1) x—2y+2z=0
30. (0,1,2) (1,2,1) Xx-2y-z=0

3aganue Ne 6
Haﬁz[I/ITe paccrostHAe OT TOYKH M 10 IJI0CKOCTH OL.

Ne o Ne | M o

1. (2 43) [2x-y+2z+3=0 16. (1,8,1) |[11x—2y-10z-45=0
2. [(2,-1,-1) |16x—12y+15z-4=0 |[17.|(1,5,4) |x+4y-8z+10=0

3. [(1,2,-3) |[5x-3y+z+4=0 18.](2,3,7) |2x+2y+6z-5=0
4. | (3,-6,7) |4x-3y-1=0 19.] (1,8,9) |[4x-3y—-12z+1=0
5. 1(9,2,-2) [12y-5z+5=0 20. | (5,3,1) |6x+18y-2z-2=0

6. | (2,1,1) X+y-z+1=0 21. | (-1,1,2) [ 15x+16y—12z+14=0
7. 1(0,0,0) 15x—10y+6z-190=0 | 22.| (1,-1,2) | 6x—15y+10z—-13=0
8. |(3,1,-1) |22x+4y—-20z-45=0 |23.](2,0,—1) | 20x+22y+4z—13=0
9. [(4,3,-2) |3x-y+5z+1=0 24.|1(3,4,5) |[2x+2y+z-6=0

10.] (0,0,-1/2) | 4x —4y+2z+17=0 |25.| (2,4,-3) | 12x—4y+32z+7=0
11.] (3,5,-8) |6x-3y+2z-28=0 [26.](1,2,3) | x+2y—-22z-5=0

12.] (1,3,-2) |[2x-4y-4z+12=0 [27.[(2,,0) | x-2y+2z-3=0

13. 1 (2,3,5) 4x —2y+5z-12=0 28.1(3,0,2) | x—-2y+2z-3=0

14. | (0,0,0) Xx—2y+2z-6=0 29.1(0,1,5) | x—-2y+2z-5=0

15. | (1,1,2) 4x —4y+2z-1=0 30.| (0,1,4) | x—-2y+2z-4=0

3ananue Ne7
Haiitu kanoHuyeckue ypaBHeHHs mpsimoil: B Ne 1-14 3amaHHON Kak JIMHHS
nepecedeHus: IByx Iiockocted o0 u 3, B No 15-18 mpoxomsieii yepe3 Touky A

napasuieabHo npsmoi £, B Ne 19-23 npoxoasieit uepe3 Touky A HepreHIUKyIIpHO
npsimeiM £ u £ ,, B Ne 24-30 npoxozsuieit uepes aqse Touku A, u A, .

Ne o B

1. x—2y+2z-8=0 x+2z-6=0

2. 3x-5y+z—-8=0 2x+y—-z+2=0
3. Xx—2y+3z-4=0 3x+2y-5z2-4=0
4. x+z—-6=0 x+2y—-4=0

S. Xx+2y—-4=0 X—2y+2z-8=0
6. x+2z-6=0 X+y+z-6=0
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7. X+2y+3z-13=0 3x+y+4z-14=0

8. X+2y+3z-1=0 2x-3y+2z-9=0

9. 2x+7y-z-8=0 X+2y+z-4=0

10. | x+5y+z=0 3x+4y+2z-8=0

11. | 2x+3y+13z+18=0 2x-y+5z-6=0

12. | x+2y+z-1=0 x-y+1=0

13. | x+5y+5z-8=0 x+5y-z=0

14. | 7x+5y+z-19=0 5x+8y—-z+7=0

Ne A 14

15, (iL_D {X+5y+2:0
3x+4y+2z-8=0

16. (ZQ—3) X—5:y+2:z—1
-5 2 -1

. (_%10) {X—2y+z—4:0
2x+y—-z=0

18, (L—Sﬁ) {2X—3y—3z—9=0
X=2y+z+3=0

Ne A 4, ¢,

19. (2—14) Xx+2 y-3 z+1 x+4 'y z-4

1 -1 1 2 1 3
20. (QLD x—2 y-3 z+l x+4 'y z-4
112 2 2 3
2. [(2,-3,4) |x=t, y=t z=2t+5 | x=3t+8, y=-2t-4, z=t+2
22. [(0,1,-1) |[x=3t+1, y=15¢, Xx=t y=2t-5 z=6
z=T7t=-2
23. [ (0,-1,1) |x=2t, y=t-5, X=-4t—1, y=—4t—-6, z=t—6
z=3t-2

Ne Ay A,

4. [ (1,-2,1) (3.1,1)

25. | (1,-2,1) (0,6,5)

26. | (3,1,2) (0,2,5)

27. 1 (0,1,3) (5.2,1)

28. | (7,1,3) (0,2,1)
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29. | (10,2

) )
30. | (3,51) (2,3,1)

3aganue Ne8

B Ne 1-5 HaiiTi poeKnuio TOYKM A Ha IIOCKOCTh O,

B Ne 6-10 HaiTH TOYKY, CAMMETPUYHYIO TOYKE A OTHOCHTEIBHO IUIOCKOCTH
a;

B No 11-18 HaliTH TOUKY, CHMMETPHUYHYIO TOUYKe A OTHOCUTEIBHO NPSIMOi / ;

B No 19-24 cocrtaBuTh ypaBHEHUS MNPSMOW, MNPOXOASUICH Yepe3 TOUYKU
TMIepPECeUCHNS IIIOCKOCTU O € IpAMBIMH £ U £ 5;

B Ne 25-28 Hamucarb ypaBHEHHsI MpPSMOM, JieKalled B IUIOCKOCTH O M
OPOXOMAIICH dYepe3 TOYKY IepeceueHHs] IJIOCKOCTH O ¢ mpsmod £,
NEPNEHIUKYJIIPHO BEKTOPY a ;

B Ne 29-30 cocraBuTh ypaBHEHHUsS NPSIMOH, MPOXOIsIIEH depe3 TOUKy A u
Yyepe3 TOUKY NepecedeHus mpsiMoi £ ¢ MIOCKOCThIO OL.

Ne o
1. @31) X+2y+2z-30=0
2. (1,3,-1) 3x+y+2z-20=0
3. (5,2,-1) 2x-y+3z+23=0
4. (4,-3,1) x—2y-z-15=0
5. (1L,—1,0) 5x—6y+2z-76=0
6. (, , ) Xx—2y+4z-21=0
7. (1,5,2) 2x—y—-z+11=0
8. (1,—3,—4) 3x—y—-2z=0
9, (5,2,-1) 2x-2y+3z+23=0
10. (3.-4,-6) 9x—7y-312-108=0
A /
11. (2,0,1) x—1=y+1=z+l
1 2 ~1
12. (4’3,10) X—lzy—2:z—3
2 4 5
13. (1,—1,2) E:y—3:Z—9
2 4 1
14. (3,2,0) x+14:y+1:z—1
1 4 3
15. (2,1’_5) X—1:y+1=Z+7
2 3 1
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16. 0.0.0)
17. (.2.6)
18. -3.2)
o
19. 2x+y—-3z=0 x—3=y_5_z+1
20 |3x-2y+z=0 x+1_y-2
21. 6x+3y—-z=41=0 X—6 y-2
22. |3x-y-2z+5=0 X-7_y-4 y-1_z+1
23. 2x+3y+z-1=0
24. | x-2y=0 x-4 _y-1
Ne o
25. 6x+3y—-z—-41=0
26. x+2y=0
27. x+2y=0
Ne o
28. |3x-y-2z+5=0 X-7_y=-4_2z-5
29. |3x-4y+2z-37=0
30. 3x-2y+z-3=0 x+1_y-3




3aganmue Ne9
Haiitu oO1ee ypaBHEHHE INIOCKOCTH, MPOXOAALIEH
B Ne 1-10 uepe3 napasmienshbie npsivbie £ 1 £ 5;

B Ne 11-15 uepes npsimyro /| mapayuiesnsHO npsiMoi £, ;
B Ne 16-20 uepe3 Touky M napamnensho npsambiM £ u £ ,;
B Ne 21-30 uepe3 nepecekarormuecs npsmsie £ u £, .

3 y
x—1 y+1 z-3 X _y+1 _z-1
1 2 3 | 3
x-3 y_z-1 x+1 _y-1_z
2 | 3 2 1 3
x+3y+z-10=0
x=2t+lL,y=-t,z=t+1
x+y-z=0
X+2 y+1_z X+y-z=0
3 -2 1 X-y-5z-8=0
x—2 y+1 z-3 x=1 y-2 z+3
3 2 -2 3 2 -2
x-3 y+1 z-2 x—8 y+1 z+6
5 2 4 5 2 4
X_y+2_z-1 x=1 y-3 z+2
7 3 S 7 3 5
X-5 y-2 z+7 x+3y+z+2=0
2 -1 1 X—y—-3z-2=0
x+2 y-1_z X-=5_y+2 z
1 2 1 1 2 |
x=3t—-4, y=2t-5, _y_z
z=—-t+3 3 2 -1
11. x+5 y-3 z-1 2x-y+z-3=0
1 4 2 Xx+2y-3z+5=0
12. x=3 y—-2 z-5 X _y
3 -4 15 18 —4 —40
13. x—1 y+1 z-3 X_y_z
1 1 -2 5 2 -3
14. x_y-1_z-4 x-3 _y+2 _z
1 -7 2 -1 9
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15. x=3t-1, y=-2t-3, Xx=2t+2, y=3t-1,
Ne l, l, M
16. X+2 y+5 z-8 2x-y+z-3=0 (_200)
2 3 ~2 X+2y-3z+5=0 .
17. X_y_z Xx—2 y—-2 z (611)
0 2 2 6 1 0 ”
18. x=2 y+1 z-5 i_y—l_z+1 (121)
3 4 -3 ) o
19. E_X_Z—S x—2_y+l_z (123)
1 2 6 2 2 9 o
20, | 2=Y_Z% x-1_y_z+2 0,0,2)
0O 1 =2 7 2 =2
Ne l, l,
21. X_y-2_ z+l X+3 _y-2 _z
1 =2 3 —1 1
22. x=z-2, y=2z+1 X—2:y—4:z—2
3 1 1
23. x+3=y+2=z—6 X=t+45 y=—4t—1, z=t—4
2 3 -4
24, x=t+l,y=-2,z=-t+1 Xx=2t,y=2t-2,z=-3t+2
2B xol_y+2 205 X=3t+7,y=2t+2,z=-2t+I
2 -3 4
26. x=3 y-2 z-1 X_y_z
0 1 2 5 2 -1
27. x=2t-3, y=3t-2,
x=t+5 y=-4t-1,z=t-4
z=-4t+6
28. X+3_y+3_Z_1 X+y_Z+4:O
4 1 2 2x-3y-z-5=0
z=-6t+1 1 -3 0
30. x_y-1_z+1 Xx-2 y+2 z-2
5

1 —1
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3aganme NelQ
Hanucarb ypaBHeHHE MCI[I/IaHI)I [AM] TpGerJ’ILHI/IKa ABC Y HAWTH ee JITUHY.

N |A B Ne C

L | (=121 |(2,-1,0) (0 3,2) |16. (4 3,-6) (7 1,0) |(3,3,8)
2. |(4,0,3) (3,-2,1) | (LL,0) [17. [(3,43) |(1,0,1) |[(7,6,5)
3. [(1,1,2) (-3,0,4) | (1,2,-2) [18. |(2,-7,3)|(3,2,5) |(3,—4.,3)
4. [(3,-3,2) |(2,0,5) |(2,4.3) [19. | (L0, 3) (-4,3,1) | (6,5,3)
5. | (-43,0) |(2,7,-1)|(0,53) [20. |(5-5,4)|(4,-3,1) |(-21,3)
6. |(32,-3) |(423) |[(-2,41)|21. |(1,-7,5)|(4,-5,2)|(2,1,4)
7. 1(0,2,7) (2,-3,5) | (4,5,-3) | 22. | (-3, 2 ,5) | (1,4,0) | (1,0,6)
8. |(3-4,5 |(27,0) |(4,3,6) [23. [(1L0,-1) |(3,-2,7)|(1,4,-5)
9. |(6,4,1) 3,5.-2) | (3,3,2) |[24. | (2, 7 ,5) 1(=3,5,4) | (1,9,2)
10. | (-5,4,-3)|(1,LL,1) [(3,-L5) |25 [(3,0,-3) | (4.5,-4)(2,3,4)
1. | (2,7,-5) |(2,0,3) |(4.6,—5)|26. |(1,2 3) (2,7,0) |(5,6,3)
12. | (1,1,0) (2,5,-3) | (4,-3,5) [27. |(7,-3,0) | (2,5,4) |(6,-3,2)
13. [ (8,-3,2) |(7,5,6) |(5-1,2) [28. |(5,4,- 3) (3,2,1) |(4,3,8)
14. |(0,1,2) (3,4,-2) | (5,2 4) 29. | (4,3,-1) | (1,0,1) | (3,—4.1)
15. (0,5-3) |(4,53) |(2,31) [30. |(1L45) [(532) |(3,7,-4)

3aganue Nell

HccnenoBath (opMy MOBEPXHOCTH METOAOM CEUEHHUS M TMOCTPOUTH ICKU3
IIOBEPXHOCTH.

1. x> +y> =27 16.3x* —y* —z* =3
2
2yi+2 -2 =0 17. xz =2
4
2,2 2 _
3.z=Xx"+y 18. 2" +4z-2x+6=0
2 2 3 2
4.5 -2 =0 9.5 +2 =27
4 9 3 1
5.x7 +y>+22 —6x+8y+102+25=0 20. x =9y
2 2 2
6. -2 +Z =1 21. 2> +2z-4x+1=0
6 5 1
2, 2 2 2 2 2
7272 Y 1=0 22 Yz
6 5 4 1 2
8.2x* —5y* -8=0 23.2x* +z> =1-y
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9.3x2+5y2:12z 24.X—+y——z—:
4 9 4
722 x?

10. x> +4y> -8=0 25. -~ =1
9 4

11.z° —4x =0 26. xy =4

12. 8x —y* -2z =0

27. 4x% —y* =227 =0

13. 4z =x> —y*

28.2x° +2y% =7*

2 2 2
14.8x% —4y> +2472 —48=0 205 Y L7 -9

8 4 1
15. 2y* +z* =1-x 30. y2 —4z=0

3aganue Nel2
UccnenoBath (popmMy MOBEPXHOCTH METOJOM CEUYCHHA W TIOCTPOUTH DCKH3
IIOBEPXHOCTH.
1.y=62° 16. 2x* +3z% =12y
2 2 2
2.x=22" 17.X—+Y_: _z
3616 9
3.yz=5 18.3x> —y* -z =3
2
4Z__X_=1 19. yz=4
5 7
2 2 2
5.9 72 X _ 4 20.2x2 —4y? 1822 =0
4 3
6. z=1-x> -y’ 21. x* -2y +z% =1
7.2+ (x% +y?)=0 22, 2x% +8y? =16 =0
2 2 2
8. 4x> 12y —62% =12 3. XY 7
1 2 4

9. 4x* —8y* +16z° =0 24. y> =67

2 2
10. - x> +2+Z =0
5 7

25.x* 22> +4y* =0

11. x° +%y2 —3z7-27=0

26. x> +2y° =4z

12.2x* —y* —z* =0

27.

13. y* =6x —4

28. y=32z°
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14.><2+y2=2(z—1)2 29. x=1-y* -z

15. x> +y> =2z 30. x> +2y* —z* -9=0
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